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RELATIVITY AND QUANTUM DYNAMICS 
EINSTEIN - PLANCK 


PREFACE 


THE same guiding principles have been followed in this con- 
cluding volume as in its predecessors, the chief one being that 
of presenting physical theory as a coherent logical unity. It has 
been necessary of course to omit many things, even important 
things, from the work; but I feel that little has been omitted 
which is important from the point of view of the principle 
mentioned. 

Relativity, which occupies the earlier part of the volume, has 
been introduced in a way which I believe to be new. LHinstein’s 
special theory of relativity is developed in what seems to be 
the most natural way, ie. by following the suggestions con- 
tained in the 4-dimensional character of many sets of equations 
contained in both of the Volumes I and IT, more especially those 
contained in the Maxwellian field equations as they appear on 
page 114 of Volume II. Moreover, during the development 
of the special theory the general theory has been kept in mind, 
so that the way into it has, I think, been made quite easy. 

A novel feature of the latter part of the volume is the dis- 
cussion of the remarkable analogy between geometrical optics 
and Hamiltonian dynamics and the use made of it, by expanding 
it so that it becomes an analogy between optics (using this term 
in its widest sense and as understood before the days of the 
quantum theory) and dynamics, to develop quantum dynamics. 

In writing the volume I[ have of course made much use of 
the works of authoritative writers on the subjects dealt with: 
in relativity, of the original papers of Einstein and Minkowski 
and of Eddington’s works ; in the quantum theory, of the papers 
of the great master Planck as well as of those of Bohr, Sommerfeld, 
de Broglie, Heisenberg, and Schroedinger, and of Dirac’s Quantum 
Mechanics. 

The volume is practically self-contained, though there are 
naturally many references to the earlier volumes, and the number- 
ing of the sections follows on from that of the preceding volume. 

I wish to express my indebtedness to Dr. R. C. Johnson for 
the figure illustrating the Stark effect and to Dr. Jessie Cattermole 
for the trouble she has taken in helping me with the proofs. 


W. W. 
October 1939 


CHAPTER I 
THEORY OF RELATIVITY 


§ 34. THE 4-DIMENSIONAL CHARACTER OF FIELD EQUATIONS 


WE have noticed occasionally that the equations describing 
vector or tensor fields can be given a 4-dimensional form. The 
sets of equations (10°55), (22°74), and (27°47) are instructive 
examples of this. The first of them describes the force per unit 
volume associated with stress and momentum in an elastic 
material medium, the second set consists of the electromagnetic 
field equations, while the third one determines the electro- 
magnetic vector and scalar potentials. We should now give 
closer attention to this 4-dimensional character, more particularly 
to the manifestation of it which appears in the electromagnetic 
field equations. These may be written in the form: 


4nA 0D i 4nApv 


= curl H, 
a at 
div D =p, 34 
4xA OD,, (34) 
iho ae. = curl €, 
a at 
div D,, = 0. 


In this form they are suitable for a region filled with a homo- 
geneous isotropic insulating medium containing charges (charged 
particles) which can move freely through it. The simplest 
insulating medium is empty space—if we may be permitted to 
apply the term “medium ’ to empty space—and by this is meant 
a region which has been exhausted by a pump, or which is empty 
in the same sense as such a region. We shall leave the question 
open for the present as to whether so-called empty space is 
occupied by some plenum which the exhausting devices of 
experimental physicists fail to grasp, and apply to it equations 
(34). The symbols D and D,, signify the electric and magnetic 
displacement respectively at some point; p is the charge density 
at this point and v its velocity of convection, while € and H 
are respectively the electric and magnetic field intensities. 
Finally A and a are the purely numerical quantities already 
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described in §§ 19-1 and 22-1. Our choice of units usually 
gives A one or other of the values 1 or 1/42, while a is usually 
either unity or has the same numerical value as the velocity, c, 
of electromagnetic waves in empty space. 

Each of the first and third of the equations (34) is really an 
abbreviated statement of three equations, so that (34) contains 
two sets of four equations. The first of these sets may be written 
in the form (cf. 22°74) : 


aFu gy! gFis gy 


rine ee as ee, anaes | 
aut" Ou? "Oat | Gat 
oft o 22 ofe3 of'4 = <2 
au!  aa® a8 at” 
OF31 gF3s2 goF33 gyrs4 : . (34:01) 
dat ' Oat * Out " Gat °’ 
offi off42 of4s ols _ 3! 
Out ax? a8 at 


The co-ordinate symbols x, y, and z have been replaced by 2}, 
xz*, and x respectively, while x* represents a certain product, 
cyt, where ¢, is a constant velocity, which for the present may 
remain undefined ; but to which we shall be able to assign a 
meaning and a value later. Its sole function meanwhile is to 
enable us to achieve the symmetry shown in equations (34°01). 
The symbols, 4%’, have the property : 


fob = FF Po 
so that 
po — 0, 
and 
LTE = H,, Pus A, pes — H,,, 
fu — 4nAc D, pe = 4nAc,D, pas 47Ac,D, 
a a , a ? 
gi — *tA pry 5p _ 4aApry ., _ 4nApr, (34-011) 
a a 2 a ’ 
coe 4nAcop 
a 


The substitution of these expressions for D, D,,, p, and v, or for 
their components, in (34) will be seen to yield the equations 
(34-01). 

- The summation convention, often employed already, enables 
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us to abbreviate very considerably the statement of equations 
(34:01). The third equation, for example, may be written: 
ols = g3 
dx 
and any one of the four equations may be expressed in the 


form: 


Ba 
eh... (34-012) 


We may write the third and fourth of the equations (34) in 
the following way: 


OF, | OF. | OF ss 


== '() 
oat Ee on 
OF ,, 4 OF ,, Zi OF yy _ 0, 
0x8 ox} ax* (3402 
Fy Fu, Fn _g 
ax} Ox? Oxt 
OF 1, OF a OF 59 22h) 
da? ax8 0x} 
the symbols having the meanings : 
is 42 ACD ing a AtACP ny 
a a 
. (34:021) 


f= ATACD ng 
a 


Py = e&,, Pa = c€,, Pas = € &,. 


For the present ¢ is any constant. We shall deal with its value 
and dimensions later. We have assigned the numerical sub- 
scripts to the components F in (34-02) on the principle that each 
component, for example #1, in (34:01) is proportional (when yu 
and K are constants) to the corresponding component, for 
example /#,,, in (34:02). Corresponding components like £4} 
and f’,, are distinguished from one another by the positions of 
the indices 4, 1. 

In the case of empty space uw and K are constants which we 
may represent by wu, and K, respectively, and since 


= | 2x 
Pra 4A’ 


it follows that, in empty space (cf. 34:011 and 34-021), 
Rigg ae ae . ee. (34:03) 
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and there are similar expressions for F,, and F,;. Further, 


Fy =e F",. . . . . (34:04) 


0420 


a 


m empty space. 

The suggestion now arises that 25, F°1, etc., as well as Fo,, 
F,, ete., constitute tensors of the second rank in a 4-dimen- 
sional continuum and we shall try the experiment of regarding 
them as the same tensor, in empty space, apart from a constant 
factor representing the ratio of a component of one of them, 
say J32, to the corresponding component, /';., of the other. 
The constant factor is of course 


_ Colo = a ‘ 
€ Ke - . .  « (3405) 
We thus obtain 
2) a* 
a 
: K 4 
or Cy = (ee 
0 V tok 
or finally 
Co=Ue,. . . . . . (34:06) 


where c is the velocity of electromagnetic waves in empty space 
and i= V—1\. 
The constant, ¢, is at our disposal and it is convenient to 
assign to it the value: 
a 
=t—— . . . . . (34:061 
ey (34-061) 
which has the dimensions of a reciprocal velocity. On introduc- 
ing this value in (34-021) we find that 


Fa, rm Dies 
P=)... . (34:07) 
12 = 442 
while 
wa 
a ae | 
__@ _ (34-071 
ne ae ( ) 
Pe 
Bas 4nA4c ~ 


The apparently arbitrary assignment of the value (34:061) 
to ¢ will be justified in § 35-2. 
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From (34:011) we have 
yP 
Fu — HH, 


while the substitution of ic for c, yields 


F® = H,, 
F' =H | - oe... (34:08) 


D, \ . . .  « (34-081) 


p43 — 


We have decided that we shall regard F*’ and Fy, as the 
components of tensors of rank 2 in a 4-dimensional continuum. 

The expressions for s1, s*, s3, and s* in (34:01) have the 
familiar divergence form which we have met (§ 9-9) in the equa- 
tions for the force per unit volume due to stress and elsewhere, 
and we shall therefore regard them as the components of a vector 
in a 4-dimensional continuum of a Euclidean character. 


§ 34:1. GALILEAN SPace-TIME 


In Euclidean space a change from one system of rectangular 
co-ordinates, X, Y, Z, to another, X’, Y’, Z’, leaves the square 
of the line element, dx? + dy? +- dz*, invariant, i.e. 

dx? + dy? + dz? = dx’? + dy'* + dz’?, 
and indeed 
x12 + y? + g2 — o'2 + y"? + 2/2, 
when the new axes, X’, Y’, Z’, are simply the result of turning 
the old ones about the origin and (xz, y, z) and (x’, y’, 2’) are 
the co-ordinates of the same point in the respective co-ordinate 
systems. 

The results of the last section suggest a kind of fusion of 
space and time! into a single 4-dimensional continuum—we 
shall call it Galilean space-time—in which the square of the 
line element is 


(dat)? + (da)? + (dx3)? + (dat)? » « (341) 
Just as in Euclidean space the square of the line element, 
(dat)? + (dx?)? + (dx)? or, as we more usually write it, 
da? + dy? + dz? is invariant under co-ordinate transformations, 
1Cf. H. Minkowski: Raum und Zeit. 
VOL. III.—2 
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so we shall now lay down that the expression (34:1) is an in- 
variant. The typical vector in the new continuum—we may 
call it a displacement—has the components : 


dx1, dx, dx®, da4, 
where dz}, dx*, and dx* are the components of the displacement 
referred to rectangular axes of co-ordinates (X, Y, Z) in space, 
while 

dut* =cydi=icdt, . . . . (34:101) 
where dt means the time during which the spacial part 

(dat, dx®, dx?) or (dx, dy, dz) 
of the displacement occurs. 
Since (dat)? is negative, it is possible for the square of the 


line element to vanish even when its individual components do 
not all separately vanish ; im which case 
(dat)? + (da)? + (da)? = c*(dt)?, 

or 

(da)? + (de®)? + (dx?) 

(dt)? 

This represents the special case where the spacial displacement 
is occurring with the velocity, c, of electromagnetic waves (light) 
in empty space. The invariance of the expression (34:1) necessi- 
tates that, if it vanishes in one system of reference, it must 
vanish in all, and consequently when anything whatever is 
travelling with this particular velocity, c, its velocity will 
be equal to c in all cases, whatever may be the frame of 
reference relative to which it is measured. 

We shall distinguish the axes of co-ordinates in the 4-dimen- 
sional continuum by (X?, X?, X%, X*), or sometimes, when this 
seems desirable, by (X, Y, Z, W), and when we wish to dis- 
tinguish the new mode of representing physical phenomena from 
the older one, we shall mark the former by the letter G and the 
latter by #. A fixed point in the # representation will obviously 
be, in the G representation, a straight line parallel to the X?* 
(or W) axis,! since its spacial co-ordinates (z, y, z) remain the 
same for all values of ¢ (or w) and therefore it is the locus 
represented by particular values of xz}, x2, and x? and all values 
of zt. A rotation of the G axes about the origin may cause 
this straight line to be inclined to the X* (or W) axis, so that 
in the G representation the spacial co-ordinates of the points on 
it increase (or decrease) with increasing values of x* (or w), and 


=e? . . . (34-11) 


1 The precise meanings of ‘straight line’, ‘ parallel ’, ‘ rotation ’, etc., 
in Galilean space-time are defined below. 
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at any point on it—this means of course a spacial point at a 
particular instant—dzx1/dzx* or dx/dw = dz/ic dt = v,/te and is 
constant. In the old-fashioned H# representation, therefore, we 
now have, not a point at rest, but one moving with a constant 
velocity (v,. Vy v,). Such a rotation of the G axes about 
the origin is equivalent, therefore,in the E representation, 
to a change from one set of rectangular axes of co-ordinates 
to another moving relatively to it with a constant velocity 
of translation. 

The terms ‘ straight line’, ‘ parallel’, ‘rotation ’, etc., have 
hitherto been used exclusively in regard to things in Euclidean 
space in which they have a certain visual significance which is 
absent when we apply them to relationships involving the X# 
(or W) axis in the Galilean continuum. These terms are used 
in connexion with the 4-dimensional continuum for things whose 
mathematical description is identical with that of the things so 
denominated in Euclidean space. 

We have already noticed that the particular velocity, c, 
namely that of light, or of electromagnetic waves, in empty 
space, is not modified by such co-ordinate changes as we are 
now contemplating, and we have thus at the very outset found 
a way of fitting the negative result of Michelson’s famous experi- 
ment (§ 33-4) into a place in a new and wider scheme. 


§ 34:2. Tur Lorentz TRANSFORMATION 


A rotation, if we may call it such, of a Euclidean set of rect- 
angular axes of co-ordinates about the origin, which leaves the 
Y and Z co-ordinates of a given point unaltered, i.e. one which 
makes 


Y=yY 
and 
Gi eee, 
must leave 
a! 2 — 42, 
and consequently 
w= +2o0r —%2. 


We have already met with these two cases in § 2:1 and we 
there learned that the change from x to — ~ is really a change 
from one kind of set of rectangular axes to another and not a 
rotation at all. Similarly when in the G representation we leave 
the co-ordinates y, z, and w of a point-instant unchanged it will 
necessitate that its X co-ordinate remains unchanged. 

Let us next consider a G rotation about the origin, in which 
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the co-ordinates z and w of a point-instant, P (Fig. 34-2), remain 
unchanged. Obviously in this case a’? + y'? = a? + y?, and the 
change is one which, in the # representation, would be called 
a rotation about the Z axis. The equations of transformation 
are in such a case: 


x =xcose — y SiN €, 

; 

y =2xsmM € + Y COS E ; 
Bia, (34-2) 
w = Ww, 


the angle « being that shown in the figure. 


xXx 


Fie. 34-2 Fie. 34°21 


We now proceed to study the case of a rotation of the G axes, 
about the origin, where two of the spacial co-ordinates of a point- 
instant are kept constant—say y and z—so that 


ay 
a Peoeh  . (3421) 


We can deal with this case very shortly and easily. Let us 
imagine, in Fig. 34:2, Y and Y’ replaced by W and W’ respec- 
tively and the angle « by ¢, as in Fig. 34-21. We thus learn that 

x =xcosd — w sin d, 

w =x sim ‘ + w Cos ‘ (34211) 
Of course the figure as now used has no other significance for us 
than that of shortly indicating the equations of transformation 
(34-211). Indeed, ¢ is not a real angle. Imagine a straight 
line x2,P’ passing through the projection, P’, of P on the XW 
or X’W’ plane and parallel to the W’ axis. Let it cut the X axis 
at x = 2,. And imagine another straight line through x, and 
parallel to the W axis. It will be seen that the angle between 
these two lines is ¢ and that 


tan d = (x — Xo)/w = («@ — X%)/ict . ~. (34212) 
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Now the points (point-instants) on the line x,P’ are points 
whose X’ co-ordinate retains the same value as w’ increases. 
They represent a spacial point at rest in the (X’, Y’, Z’) Kuclidean 
co-ordinates. Hence 


(v — Xo) /t 


represents the (constant) velocity, v, with which the new Eucli- 
dean axes (X’, Y’, Z’) are moving relatively to the old ones 
(X, Y, Z). So we may write instead of (34:212) 


tandg=v/ic. . . . . . (34:213) 
It follows at once from this equation that 
cos @ = (1 — v#/ce?)-? .  .  . . (34214) 


Thus cos ¢ is identical with the function of v (cf. § 27:2) we 
have already denoted by y. Clearly 
sin d = v cos d/i 
or 
snod=yv/ice . . . . . (34215) 
On substituting these expressions for cos¢ and sing in 


(34:211), and ict and ict’ for w and w’ respectively, we get, if 
we include equations (34:21), 


x’ = y(x — vb), 

y =Y, ; 
a © oe ee © (8422) 
t’ = y(t — va/c?). 


These equations constitute the Lorentz transformation, so 
named in honour of H. A. Lorentz.1 The transformation was 
also discovered by W. Voigt 2? as early as 1887. Certain con- 
siderations described in § 28 suggested the first of these equa- 
tions, but the fourth one is new. They arise quite naturally 
out of the adoption of the 4-dimensional Galilean continuum. 

The inverse transformation corresponding to (34:21) 
(34:211) is obviously expressed by: 


x =x’ cos¢ + w’ sin 4, 
ated . 2. (3423) 


ae ae 
w= x'(— sind) + w’ cos ¢. 


1H. A. Lorentz: Proc. Acad. Sc. Amsterdam, 6 (1904), p. 809. Also 
included in Das Relativitdtsprinzip. 
2W. Voigt: Géttinger Nachriehungen, p. 41 (1887). 
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That corresponding to (34:22) is 


x= y(x’ + vt’), 
y=y, 
z= 2, - oe ee (3424) 


In the £ representation, (34:22) expresses the transformation 
from rectangular co-ordinates (X, Y, Z) to rectangular co- 
ordinates (X’, Y’, Z’), which are moving with a constant velocity, 
v, relatively to the former in the direction of X (or X’), the two 
sets of co-ordinates being coincident at the instant ¢ = t’ = 0. 

In the old-fashioned Newtonian physics we have, of course, 
instead of (34:22), the equations of transformation : 


/ 
/ 
/ 


mee tee we (3425) 


wow vel & 


~ 


These equations are practically identical with (34:22) when v 
is very small compared with c, as indeed we should expect. 


§ 34:3. Somz APPLICATIONS OF THE LORENTZ 
TRANSFORMATION 


Imagine a particle moving in the X, Y, Z (#) system with the 
velocity (u,, Uy, U,) and in the X’, Y’, Z’ system with the velocity 
(u;', U,', U,). We inquire about the relationship between these 
two velocities. From (34:22) we have 


U == —— 
7 dt v da\’ 
y( dt — = 
Uy — “i Se _ dy aay 
dt au? dix 
4 ~ 2 
U, = dz! — dz 
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or 


j Uy —V 7 
ae ’ 
VUy 
cz 
u 
, y 
i ee ee : 
y 1 te ? rr (1-7) 
Wt ae 
4 UW 


instead of the familiar 


U, =U, — 2, 
/ 

Uy = Uy, 

UU, = Uz 


These kinematical equations (34:3) were first given by Ein- 
stein.! We shall now make some applications of them and of 
the Lorentz transformation from which they emerge. Imagine 
a rod fixed in the X’, Y’, Z’ (&) co-ordinate system and parallel 
to the X’ axis. The co-ordinates of its two ends might be, for 
example, (x,', 0, 0) and (z,’, 0, 0). Its length referred to this 
co-ordinate system, assuming 2,’ > %,', is therefore 

ee ee oe 
On the other hand, its length referred to the X, Y, Z (#) system 
of co-ordinates is x, — 2,, where x, and x, are the X co-ordinates 


of its ends, both corresponding to the same instant, t. It follows 
from (34:22) that 


Le 8 = VG = W) 
or 
[i=yl,. . . . .) . (8431) 


where L is the length of the rod referred to the X, Y, Z (£) 
system, relatively to which it is moving with the velocity, v. 
The relation (34:31) has already appeared, rather tentatively, 
in §§ 28 and 33:4 as the FitzGerald-Lorentz contraction 
hypothesis. It emerges quite naturally from our new 4-dimen- 
sional way of representing physical phenomena. The term ‘ con- 
traction ’, we now realize, is inappropriate ; the fact being that 
the dimensions of a body, just as much as its velocity, depend 


1A. Einstein: Ann. d. Physik, 17 (1905), p. 891. Included in Das 
Relathiwitdtsprinzip. 
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on the system of co-ordinates in which they are measured or 
expressed. 

It is instructive to derive (34:31) directly from the G repre- 
sentation, instead of using the Lorentz transformation. The 
XX, W and X’, W’ axes of 
co-ordinates are shown in 
Vig. 34:3. The rod in 
question is fixed in the 
X', Y’, ZB (&) system. 
This obviously means that 
its two ends are on two 
lines parallel to the W’ 
axis (Vig. 34:3), since the 
values of x,’ and x,’ are 
constants independent of 

Fie. 34-3 w’. Obviously LZ and L’ 

are the lengths illustrated 

in the figure, since L means the difference, x, — 2%, both 2x, 

and x, corresponding to the same instant, t, i.e. to the same 
value of w. The figure shows that 


L’ = L cos 4, 


or 


b= yh, 


which is the result we have already found. 
Consider next a clock fixed in the X’, Y’, Z’ (£) system of 
co-ordinates and used to measure the interval of time, 


pt _— ty’ — be 
between two events. We can get the time interval between 


these two events, referred to the X, Y, Z (£) co-ordinates, from 
the last of the equations (34:24). We have 


us WOE 
by = rt = =) 


, , wae! 
be = 7( ts ae a 
since the clock, being at rest in the X’, Y’, Z’ (#) system, has 
the same X’ co-ordinate, x’, at both instants t,’ and #,’.. Hence 


T = ce v (to roe ty’), 


or 
i ead 
We can get this result directly from the G representation 
with the aid of Fig. 34:31. The position of the clock is repre- 
sented by the line through 2’ parallel to the W’ axis. The points 
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(point-instants) w,’ and w,’ indicate the terminal instants of 
T’ = t,’ — t,', while w, and w, indicate the terminal instants of 
T =t, —t,. The figure shows at once that 


We — W, = COS d(w,. — wy’), 
and therefore 
w(t, — t,) = icy(t,’ — t,’), 
or 
LT 


as we have already found. This result asserts that a clock 
which is in motion relatively to an observer will give for the 
time interval between two 
events a smaller quantity 
than will the same clock 
when fixed relatively to 
him. It will appear, to 
observers in X, Y, Z, to 
go too slowly. This is 
the time analogue of the 
FitzGerald-Lorentz con- 
traction. The truth is 
that both length and 
time have now lost their Fic. 34:31 

absolute significance, hav- 

ing passed it on to a sort of combination of length and time, 
namely, the interval between two point-instants in the 4-dimen- 
sional Galilean continuum, the square of which is expressed by 
(34:1). 


§ 34-4. Tur ABERRATION AND CONVECTION OF LiGHT— 
DoprPLEeR EFFECT 


The negative result of Michelson’s experiment (§§ 31°3 and 
33:4) is an essential part of the very foundation of our new 
theory (§ 34:1) and may now be dismissed. We turn next to 
certain other important phenomena associated with the pro- 
pagation of light—more especially the aberration and convection 
of light, which before the advent of the theory of relativity could 
not be satisfactorily accounted for, nor entirely reconciled with 
Michelson’s result. 

Imagine a homogeneous and isotropic medium, fixed rela- 
tively to the X, Y, Z (H) axes and a plane harmonic light wave, 
or electromagnetic wave, travelling in the direction (J, m, n). 
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The equation describing the wave may be written in the 
form : 


s = Acos 2a = amt ™), . . (34:4) 
c/u 


in which the meanings of the symbols need no elucidation. It 
should be emphasized, however, that everything in the equation, 
including the refractive index, yw, is referred to the X, Y, Z sys- 
tem of reference in which the medium is, by hypothesis, at rest. 
Let us inquire how the wave (34-4) appears when referred to a 
system X’, Y’, Z’ (#) coincident with X, Y, Z at the instant 
{ = t’ = 0 and moving relatively to the latter system with the 
velocity, v, in the common X or X’ direction. We may write at 
once 


s = A cos 2nd y(t -+ 


c? c/ Mu 

if we make use of (34:24); and it should be remembered that 
s, A and u, the values of the displacement, amplitude and refrac- 
tive index respectively, are still referred to the original axes. 
Therefore 


s = A cos 2nv' {t’ — (L'x’ + M'y' + N’2')},. (34-41) 


= _ ly(a’ + vt’) + my’ + a 


where 


. (34:42) 
ee ca 


IN Se EE a 
low 
ee 
rte) 
The first of these four equations expresses the Doppler change 
in frequency 
—dv=y—y, 


which, if we neglect second order small quantities—v/c is a small 
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quantity—and suppose that / is not a second order small quantity, 
becomes 


— ov = ue 
C 
or, since vy = I1/r, 
ét = — Ov/v?, 
and therefore 
te why, oe (34-43) 


and when the wave is travelling in the common X or X’ direc- 
tion, i.e. when / = 1, 
dr =vut/e, . . . . . (34431) 

which is the expression used in § 33:2. 

If c’ be the phase velocity of the wave in the X’, Y’, Z’ 
system, then 

W/o? = 0% 4+ MM? + N", 

and when the wave is travelling in the common X or X’ direction 
(i = 1 and m =n = 0) 


2 
“-8 
ee oe clan ame 
ar) 
C 
and therefore 
a c(1 — vp/c) 
(1 — v/cp) 


¢ =F (1 -% +), 
Ht CCL 


¢=5—o(1—<) ... (34-44) 


This is the convection formula (33-26) discovered by Fresnel. 

It will be remembered that yu is the refractive index as re- 
ferred to the system X, Y, Z. If p’ be the refractive index 
referred to X’, Y’, J’, 


or 


he du 
w= e+ dr, 


or by (34:431), 


7 du vuUT 
ae a re 


16 THEORETICAL PHYSICS [Ch. I 


The second term is small and, since we are neglecting second 
order small quantities, we may write the equation as 


, ver! dw’ 


ete c dr 


We substitute this for « in the first term only (since we are 
neglecting second order small quantities) of (34-44) and replace 
w in the small term by yw’. Thus 


C 1 
: scarey aA Ty) 
; Vt 
een 


hic Oo a oe t’ du’ 
c= o(1 me: ie 7) . . (34-441) 


or 


The formulae (34:44) and (34-441) have already been given in 
§ 33-2. Their derivation was there based on the observational 
fact that the laws of refraction are independent of the relative 
motion of the medium and the source of light, to the first order 
of approximation. We have in the present derivation the great 
advantage that we have made no assumptions which have a 
peculiar application to the propagation of light; but only such 
as are inherent in the foundation of our new theory and which 
apply equally to all physical phenomena. 

When the wave (34:4) is travelling in the Y direction 
(m = 1,1 =n = 0) the equations (34-42) become 


/ 


y =yY?, 

L! = — o/c, . 
Maye . (34-45) 
N’ =0, 


and the direction cosines of the direction of propagation relatively 
to the X’, Y’, Z' system are 


v > 
L’ et =, 
_— a2 wu? 
date 
ke - . « « (34°46) 
Pa yoo 
= as 
ee ats site 
ct ye? 
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These equations express the aberration of light. For inter-stellar 
space, in particular, ~ = 1, and they become 

L' 

m’ 

n' 


— v/C, 
1/y, | oe ew ee (34:47) 
0. 


When the light is travelling from a star fixed in the X, Y, Z 
system and situated at x = 0, y = — o, z = 0, the light waves 
will be plane waves at the origin, O, and although not mono- 


ee a 


ll dl 


—_— 


YZ 


Direction of Observers Motion 
relative to Star / 
X,X 


X, 


Direction of Light Wawes U2 


Via. 34-4 


chromatic waves they may be represented as a superposition of 
a large (or infinite) number of terms like (34-4) in all of which 
yu = 1, and it follows that the direction cosines of the composite 
wave, in the X’, Y’, Z' system in which the observer on the 
earth may be supposed to be fixed, will be those described by 
(34°47). He will find the direction of the wave to be perpen- 
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dicular to the Z’ axis (n’ = 0) and to make the small angle, e, 
(Fig. 34-4) with the Y’ axis as shown in the figure; so that, 
since 
l' = — v/e, 
Sne=v/f/e, . . . . . (3448) 


and we have an expression for stellar aberration, which is in 
agreement with the observations and entirely consistent with the 
negative result of Michelson’s experiment (cf. § 33:3). 


§ 34:5. THe PRINCIPLE OF RELATIVITY 


At this point we shall look back and review the ground we 
have covered. Acting on the hint given by the 4-dimensional 
form of many important sets of equations—more especially Clerk- 
Maxwell’s electromagnetic field equations—we have been led to 
treat space and time as a single 4-dimensional continuum, and 
not as two quite separate and disconnected continua. This new 
4-dimensional continuum, which we have called a Galilean 
continuum, may be said to have the mathematical characteristics 
of the Euclidean continuum extended to a further dimension. 
Apart from its 4-dimensional character it also differs from a 
Euclidean continuum in a certain particular which, though 
mathematically trivial, is of cardinal importance from a physical 
point of view: this difference lies in the fact that the square 
of the interval (34:1) can vanish even when its constituent 
terms do not separately do so. It is this peculiarity which has 
enabled us to solve the problems associated with Michelson’s 
experiment. 

In pre-relativistic physics the equations describing physical 
phenomena are equations connecting Euclidean vector or tensor 
quantities, and these equations have precisely the same form 
in all systems of reference which are fixed relatively to one 
another—fixed, we might say, in the same Euclidean space. 
For instance, the expression ies namely, 


Ob ex Obes Ob en 
Ox ~ oy dz” 


which represents the X component of the force per unit volume 
due to a condition of stress in a homogeneous isotropic elastic 
solid, referred to rectangular axes of co-ordinates X, Y, Z, will 
also represent the same component of the force per unit volume 
in any other set of rectangular axes of co-ordinates X’, Y’, Z’ 
(fixed relatively to X, Y, Z), provided we replace t,,, t,,, etc., 
by the corresponding components 1,,', t,,’, etc., of the same 


(34:5) 
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tensor referred to the new axes, and provided we replace (a, y, 2) 
by (x, y’, 2’). In the transformations of pre-relativistic physics 
the time was naively assumed to be an invariant. Unlike the 
co-ordinates (x, y, 2) it suffered no change in the passage from 
one system of co-ordinates to another fixed relatively to it. 
The reason why the expression (34:5) represents the X com- 
ponent of the force per unit volume in any system of reference 
is of course that both are the X components of vectors and are 
therefore transformed or changed according to the same rule on 
passing from one system of co-ordinates to another. 

The statement made above, namely, that in pre-relativistic 
physics the equations describing physical phenomena are equa- 
tions connecting vector and tensor quantities and that they have 
consequently the same form in all systems of reference which 
are fixed relatively to one another in Euclidean space is in 
reality a statement of a very restricted form of the principle 
of relativity. What is new in the theory of relativity is not 
so much the introduction of this principle as its recognition and 
extension. 

Now that we have met with strong grounds for the view that 
we can render a still better and more coherent account of physical 
phenomena by building up a more comprehensive 4-dimensional 
continuum, in which space and time are woven into a single 
whole, we are almost forced to imitate as closely as we can, 
with the new continuum, the old-fashioned procedure with the 
old Euclidean one. That is to say, we are now forced to regard 
the equations describing physical phenomena as vector and tensor 
equations in the new continuum and we must lay down that 
they shall have the same form in all G co-ordinate systems 
which are ‘ fixed’? relatively to one another in Galilean space- 
time. This means that the equations describing physical 
phenomena are to have the same form in all E reference 
systems which are moving relatively to one another with 
constant velocities. This is the principle of relativity as 
enunciated by Einstein in 1905. We shall, however, employ 
this term for the principle as extended still further by Einstein, 
at a later date, to apply to all reference systems and shall use 
the term special principle of relativity (also adopted by 


1 The term ‘ fixed ’ is used here for want of a better one. When used 
earlier with reference to co-ordinate systems ‘fixed’ relatively to one 
another in Euclidean space its meaning was clear enough. The relation- 
ship between such co-ordinate systems has a simple mathematical descrip- 
tion: namely, the equations of transformation. The term ‘fixed’ as now 
used has the same meaning for Galilean co-ordinate systems. Cf. 34:1 
where the meanings of ‘straight line’, ‘ parallel’, ‘ rotation ’, etc., in a 
Galilean continuum are explained. 


20 THEORETICAL PHYSICS [Ch. I 


Einstein) for the somewhat restricted form of it which we are 
now studying. 

We may say that the special principle of relativity affirms 
that the equations describing physical phenomena, whether they 
are referred to one set of rectangular # co-ordinates or to any 
other moving relatively to it with a constant velocity of trans- 
lation, are identical in their form. The term ‘relativity’ as 
originally used had special reference to this fact. It is worthy 
of notice that the special principle of relativity applies com- 
pletely to the elementary equations of Newtonian dynamics in 
its old-fashioned form, i.e. without giving up the older view of 
a Euclidean space and a separate invariant time. Consider, for 
example, the equations representing the force exerted on a 
particle and carry out the transformation from a co-ordinate 
system (X, Y, Z) to another (X’, Y’, Z’) using the old-fashioned 
equations of transformation (34:25). The mass, m, of the 
particle and also the time are invariants,! so that md*xz/dt? is 
in fact identical with md?z’ /dt’?. The association of the special 
principle of relativity with a 4-dimensional continuum of space 
and time is necessary to enable us to extend it to the electro- 
magnetic field equations and the propagation of light, which 
would be impossible if we were to retain the older view of the 
independence of space and time. It is true that Einstein did 
not, in his first paper, employ the notion of a 4-dimensional 
continuum, which appears to have occurred first to Minkowski, 
but he used the negative result of Michelson’s experiment as an 
axiom and this, combined with his special principle of relativity, 
amounted to the same thing. 


§ 34-6. THe AETHER 


Einstein, as indicated above, was not led to his special theory 
of relativity by the line of thought set out in this introduction. 
He was impressed by the fact that Maxwellian electrodynamics, 
as originally interpreted and applied, leads to asymmetries which 
do not show themselves in any observations, and he pointed 
out in illustration that, in the case of the relative motion of a 
conductor and a magnet, the observed effects depend only on 
the relative motion, and that it does not matter in any way whether 
the conductor is ‘ at rest ’ and the magnet ‘ in motion ’ or whether 
the conductor is ‘in motion’ and the magnet ‘at rest’. Ac- 
cording to the old interpretation the magnetic lines of induction 
are in motion through the aether in the former case, giving rise 
to an electric field and a consequent induced current; while in 


1In Newtonian dynamics. 
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the latter case the lines are at rest in the aether; there can be, 
it would seem, no electric field produced; but nevertheless an 
induced current is observed. Thus, while the two cases are 
observationally identical, the old theory, or at any rate the old 
interpretation of Maxwell’s theory, distinguishes one from the 
other. Reflections such as these, combined with the problem 
raised by Michelson’s negative result (§ 33:4)—a result difficult 
or impossible to reconcile with the view that light is propagated 
through an aether—led Einstein to ignore the aether altogether 
and to adopt as a fundamental principle that relative motions 
alone determine the nature of the phenomena observed. 

The abolition of the aether renders the view of the nature of 
electromagnetic waves, that we have expressly or tacitly held up 
to this point, untenable. The transport of energy which is 
associated with them—through free space as well as through 
material media—requires that we must either (a) assume a 
medium (aether) in which the energy is seated, or (b) adopt an 
entirely new interpretation of the significance of Maxwellian 
electromagnetic theory and of electromagnetic waves. The latter 
alternative is forced on us not only by the theory of relativity, 
but by the observed facts of photoelectricity and of the emission 
of light (spectra) and their theoretical explanation by Planck’s 
quantum theory, more especially by its modern developments, 
among which may be mentioned here the wave mechanics of 
Louis de Broglie and Erwin Schroedinger. Roughly speaking, 
we have to revert to Newton’s views about the nature of light 
and regard it as made of ‘ rays’, as Newton termed them : some- 
thing resembling small particles or corpuscles—they are called 
photons—with each of which is associated some kind of 
phenoméne periodique (Newton’s ‘ fits’). The mathematical 
expression of electromagnetic theory, including electromagnetic 
waves, remains intact, with a new significance the description of 
which we shall leave till a later chapter. 
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CHAPTER II 
THE SPECIAL THEORY OF RELATIVITY 


§ 34-7. VECTOR AND TENSOR ANALYSIS IN THE 
GALILEAN CONTINUUM 


IN this and the following section we shall continue to use ortho- 
gonal (rectangular) co-ordinate systems, i.e. co-ordinate systems 
in which the square of the interval ds has the form 


ds? = dx? + dy? + dz? + du®, 
or ds* = da? + dy? + dz? — c? dt. 


It is, of course, open to us to use, for example, polar co-ordinates 
for spacial determinations, in which case the square of the interval 
ds will be expressed by 


ds* = dr* + r°d0? + r? sin? Odd? — c? dt?, 


and we shall enlarge the scope of tensor analysis in § 36-2 so that 
it will be entirely independent of the choice we make of co- 
ordinate systems. Meanwhile, however, we shall confine our 
studies to a somewhat narrower field. 

The typical vector in the Galilean continuum, just as in the 
Euclidean one (cf. §§ 2:2 and 34:1), is the displacement, 


(dx, dy, dz, dw), 


the components of which are referred to axes X, Y, Z, W. Itis 
easy to see that the components 


(dx, dy’, dz’, dw’) 


of this vector, referred to the axes X’, Y’, Z’, W’, are related to 
those referred to the former system by equations of the form: 


da’ = 04, dt + ay. dy + a1, dz + a1, dw, 
dy" = 1 AX + Og dY + Ogg AZ + Og, dw, 34.7 
dz’ = ts, dx + O .dy + a3, dz + a5, dw, ( ) 
dw’ = 4, dx + oy, dy + O43 dz + a4, du, 


where the coefficients, a, are constants. This in fact is just as in 
Euclidean space—the only difference is the extension to four 
22 
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dimensions. The Lorentz transformation, (34:21) and (34:211), 
is the particular case where 


Xi 
X33 


cos d, &4 = — SIN gd, he = 1 
1, da = sind, a4, = Cos 9g, 


and the remaining «@’s vanish. 

The invariance of the expression (34:1) under the transforma- 
tion (34-7) leads necessarily to relationships of which the following 
are typical examples: 

O1® + er? + og1® + Gy? = I, 
Ori%r2 + Leen + Kgi%s2 + Kahan = O, 
(cf. § 2-2). These relationships may be more compactly 
expressed as follows: 
lr=p, 


Oo Onekne T= Dia en = 
F rs“ns ; sr“sp 0,r <9, 


which we shall often abbreviate by the use of the summation con- 
vention, that is to say we shall drop the symbol 2, and leave the 


s 
repetition of the s to perform its function, thus: 


1, ',= D, A A ‘ 34-71 
Ayslpg = Agrlsy = 10. 7 Fp. 


To these relationships may be added another, which in fact 
emerges from them, namely 


X11, X19, Aig, Ay, 


Gar, Sea, Ses, Sea) po (34-72) 


Asi, 2302, Ags, Ksa 


Aar, Xg2, Kaz, Naa 


It can be established by applying the rule for multiplying 
determinants to the product 


Aris Aria, Ais, Aya “irs Hor, Aor, ay 
Aoi, Koo, Hag, Hog y, Xie, Hoo, Aso, Kae 
Xs1, Age, X33, Aga Ais, Sos, X33, Hag 
Lary Hao, Hyg, Kaa Kia, Koay Lea, Kaa 


and making use of (34:71). This product, which is obviously 
equal to the square of the determinant (34°72), turns out to be 
+ 1. This makes the determinant itself equal to + 1 or —1, 
and it is easy to demonstrate that of the two signs it is the positive 
one which must be adopted. 

Any set of four quantities 


A,, Ay, A,, Ay, 
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which obey the law of transformation (34:7), ie. the law: 


A," = ayA, = A, a tis, ae rsArw, 
uy io hor A» “e XeeA., A tesA, = i isa A ys 
A, = 1A, = OgoA , ae OggA, air tsaAw, 


As, = aA, = yeA,, Si tA, a dysAry, 
is defined to be a vector or tensor of rank one. Any single 
quantity which remains invariant under the transformation from 
X, Y,Z, W, to X', Y’, Z', W’, will be termed a scalar quantity 
or tensor of rank zero. 

A tensor of rank two is a set of 16 quantities (its com- 
ponents) which we may represent by 

Bey: A, Aes A 

rig «erred 2) ore 

each of which is subject to the same law of transformation as the 
corresponding product of the components of two vectors ; that is 
to say the formula for calculating the component 4A,,,’ (for 
example) in the X’, Y’, Z', W’ system of co-ordinates from the 
components A,,, A,,, etc., in the X, Y, Z, W system is identical 
with that for calculating the product &,’S,’ from the products 
E,S,, &,S,, etc., R and S being any two vectors.} 

If we distinguish components by numerical subscripts, instead 
of the letters x, y, z, w, and make use of the summation convention, 
we may give the foregoing definitions and the corresponding 
transformation formulae with more brevity and precision. for 
a vector, A, for example, we have the four equations of 
transformation : 


cw) 


Ai = Ca A we ee) (34°73) 
For a tensor of rank two we have 
As = Cn Cum ; : : : (34°74) 


and so on. 

It will be seen that a tensor of zero rank (scalar) has 
1 component, that is to say, 4° components; a tensor of rank 
one (vector) has 4! components ; a tensor of rank two has 4? ; 
and so on further. 


The scalar product, 
Ay Bins 


(the summation convention is now being used) is an invariant, 
since 
/ / 
AD, = Up, Aa? as 


em 
and consequently 


, 4 
A,B! = Gyum%n4mBn 


1 Of. §§ 2-2, 2:3 and 19-2. 
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When the summation with respect to yu is carried out in e,n.%,n 
on the right, we get zero, except when n = m (34°71). Therefore 
A,B,’ = AyBry. 

The product 4A,,,,B5,, is a tensor of rank one (vector), since 

Aig DB; = Cam %t A mnDs; 
and therefore 

Ai a — Omnia mnDy- 
But the sum ¢.,,,%,; is zero except when ¢ = m, in which case it is 
equal to unity. Consequently 

Ay, B, = iene 
which might be written 
CY = Onn, 

so that C, or C,’, that is to say A,,,5,, or A,,’B,’, is a vector. 


fe? 


§ 34:8. COVARIANT AND CONTRAVARIANT TENSORS 


We shall here make a distinction which will be of great im- 
portance when we pass beyond the special theory of relativity, 
but which is a purely formal one in a Euclidean or Galilean 
continuum when we employ orthogonal co-ordinates. It is easy 
to show that the gradient of a scalar quantity, ¢, is a vector. 
For example 


Op dp Ox Od Oy , Oh Oz Od ow 
oe ee Oper | eon aoe 
and since 
B= OU + dary’ + Og?’ + og w’, 
Y == Oye%" + Oyoy’ + gad’ + yaw", 
and so on, we must have 
On 
aa’ = 115 
7 —= O12; 
ae (34-801) 
aan His, 
Ow 
Ox’ nae 
Consequently 
ae. = res sis aaot = ioe i aut, 


which is the equation of transformation of a vector. 
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For the typical vector, on the other hand, we have 


da’ = = dx + ty + Ode + oF dw, . (34-81) 
and the coefficients « were so defined that 
Ox’ 
ae = K11) 
Ox 
dy = X12, 
aa! ; (34-811) 
oz. — “13> 
Ox! 
ai = Aia- 


The comparison of (34:8) and (34°81) reveals an obvious 
formal difference. In the former case we find the coefficients : 


Ox dy dz dw 


Ox” ax” ax” ax” (34°82) 
in the latter: 

ox’ ox’ Ox’ Ox’ 

Se ag ee er 34-821 

Ox dy oz dw (ree?) 


And so we have two groups of vectors: one group conforming to 
the same law of transformation as (34-8) and the other to the 
same law as (34:81). The distinction is purely formal in the 
Galilean continuum, when we use orthogonal co-ordinates, 
because in it the coefficients (34-821) are the constants «11, &,9, 
13) X14 and are necessarily identical with the coefficients (34°82). 
Vectors of the former kind are called covariant to distinguish 
them from vectors of the latter kind which are called contra- 
variant. We have of course covariant and contravariant tensors 
of all ranks, since the definitions of tensors of higher ranks are 
based on those of vectors. It is usual to distinguish covariance 
and contravariance by the positions of the indices which mark 
the components. For example, the components of a covariant 
vector are usually written : 


A,, Az, As, A,, 
while those of a contravariant one are written: 
A‘, A*, AS, AS, 
A covariant vector obeys the law of transformation (34:8), 
namely 
A'= ox} ox? ox* 0x4 


eS gyi + agate + agate + apie 
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or, if we employ the summation convention, 


; on™ 
A, = artim: (34-83) 
The law of transformation for a contravariant tensor is (34°81) 
Oa’! 
AS Al. A wm ce 
aii (34°84) 


The equations of transformation for a covariant tensor A,,,, of the 
second rank are 
ios oxum™ On” 


By Ox’ Aalv mm (34:841) 
and those for a contravariant tensor A”” are 
on’ ea’” 
A’Hy = mn . ae # . 
ox sent (34 842) 


Lastly, we may give the following illustration of a mixed tensor : 
Ox" ax'” dx? 


Alpe 2 are mn ‘ ; : ° 

. Ox” Ox” age eo?) 

Suppose that, in the last equation, we replace the covariant 

suffix, w, by v and carry out the summation which the notation 
will now imply, 


Ox" Oa’” ax? 


A‘ = mn 

v or™ aa ony? i 
Now ox’ Ox _ 0x? 
dx” Ox’” = aa” 


which is equal to unity when 0 = n and zero when 0 +n. Hence 


ar 
Alpe a ox Amn 
v ox n° 
Thus 
tay mn 
A‘™ or A™ 


represents a vector, in this illustration a contravariant one, and 
we might represent it by 


A”™ or A™, 


This process, whereby we obtain one vector (or tensor) from 
another, is called contraction. 

In equations (34:01) and (34:02) the notation has already 
anticipated the contravariant and covariant character which 
further investigation will lead us to assign to the respective 
field tensors involved. 

Suppose we are given that a set of four quantities Av), 
m=1, 2, 3, 4—the index, m, has been given a non-committal 
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position to avoid prejudging the question as to whether they 
constitute a vector of either kind—and suppose we are given, 
further, that 
Am B™ 
is invariant, B™ being any contravariant vector. We inquire 
about Am). We are given then that 
A’wB', = AmB”, 


and since B”™ is a contravariant vector 


and. therefore 
ox” 
A’wB™ = —-AmB". 
Ox" 
But the components B’* are quite arbitrary and hence 
mM 
Aw) = Ba Abo : 
ox" 


so that A(m) is a covariant vector A). 

As another example, let us take the set of 16 quantities 
Aim, »), m = 1, 2, 3, 4 and n = 1, 2,3, 4. If we are given, for 
example, that 

Alm, n) B, 
‘+s a contravariant vector, say C™”, when B,, is any covariant 
vector, then since 
oun 
Cm — Ses Pe 


ox’ 
we must have 
aun 
Aim, 0B, = ———A"(u)B,’ ; 
on’ 


and we are given that 


ox” 
B,’ = ——FP,: 
si axn'” 
consequently 
ox” ox” 
Alm, By = dc’ . arid BB, 

The components B,, are arbitrary and. therefore 

mm Tr 
Am, n) = ai eh A'u, v). 

dx" ox” 


Thus A(m, 2) is a contravariant tensor A™”. 

All propositions of this kind are included in the following 
general statement, the correctness of which can easily be 
demonstrated : 


) 


§ 34-8] THE SPECIAL THEORY OF RELATIVITY 29 


We are given a set of quantities A(a,»,...¢,/,...ih,... m,n) with 
the property that 


AGG PONG on Jam) Bee 72 / 
is a tensor, namely, 
Che 
Be? ss being an arbitrary tensor of the kind which the 
notation indicates. The set of quantities A constitutes a tensor 
Aes, b. eee 
When the components of a vector (or tensor) are all multi- 
plied by the same invariant, ¢, it remains a vector (or tensor) 
and its character (covariance or contravariance) is unmodified. 
The typical covariant vector, 
dp Op Af d¢ 
dx” dx? dx® daxt)’ 
has the form of such a product and consequently (since ¢ is 
invariant) the law of transformation of the operations 


i 0 2 
(sa ae ai) 1... (3486) 


is that obeyed by the components of a covariant vector and we 
may appropriately call it a symbolic vector.! It is of course 
necessarily covariant. 
The reader will have no difficulty in demonstrating, for 
example, that the set of quantities 
re] Amn 
— (jm 
ox” 
constitutes a contravariant vector,” or that 
oA™ 
oun 
is an invariant. 
The general statement including all the propositions of this 
type is: 
0A” ae a a ; 
Ox Ox? a dat dak. one 
which may be written Cot a 
It is important to bear in mind “that this and similar statements 
cannot be true when dx’1/dz!, dx’1/dxz?, etc., are not constants ; 


1Cf. § 2:4. 
2It should be remembered that we have orthogonal co-ordinates 
in mind. 
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as for example when we use in Euclidean space or in Galilean 
space-time other types of co-ordinate systems, e.g. polar co- 
ordinates, 7, 6, ¢, and define the typical contravariant vector as 
(dr, d0, dd), 

or (dr, dO, dd, dw). 
A simple example will make this clear. Consider the set of 
quantities, dA™/dx". The equation of transformation for any 
one of these may be obtained from 

oA™ — oa ox A’#S, 

Ox” dx” | Ox’ 
Now when the coefficients ox”/dx’* are constants, and 
only then, we may write this in the form: 


aA™ — aum ad's 


ax” Ox’ Oat’ 


oA™ ox™ da’” 0A’# 
or pee Ay, Soe ee 


and we see that we have a tensor (in this illustration a mixed 
one) of rank two. 


§ 34-9. Tur VeLociry VrecToR IN GALILEAN SPACE-TIME 


The components 
dx/dt, dy/dt, dz/dt, 


of the velocity (of a particle, for example) in Euclidean space 
may not be identified with the X, Y, and Z components respec- 
tively of a vector in Galilean space-time; since they do not 
obey the appropriate laws of transformation, namely the laws 
obeyed by dx, dy, and dz, the corresponding components of the 
displacement of a particle, which together with dw (= 1c dt where 
dt is the time for the displacement to occur), constitute the typical 
vector in Galilean space-time. This is due to the fact that dt 
is not an invariant in the Galilean continuum; but changes as 
we pass from one system of co-ordinates to another in a way 
which has already been described. If we wish to find a vector 
which will correspond as closely as possible to a velocity in 
Euclidean space, we must search for a differential—let us call 
it dt—which, while being an invariant, will in general differ 
very little from the corresponding di. The expression 


ds? = dx® + dy? + dz? — c*? dt? 
is an important invariant. If we write it in the form 


dx? + dy? + dz? — ce? dt? = —c?dr?, . . (34:9) 
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we see that dt’, and consequently dz, is an invariant, and since 
dv?/dt®? = 1 — (da? + dy*® + dz*)/(c? dt?), 

or dv? /di? = 1 — v?/c?, 

where v is the velocity of the particle as ordinarily understood, 

we see that the ratio dt/dt differs from unity by a second order 

small quantity when v/c is small. So that, when this condition 


(i.e. v/c <1) holds, dt and dt are to all intents and purposes 
identical. Therefore 


dx/dt, dy/dt, dz/dt, dw/dt,. . . (34:91) 
is such a vector as we require. We may note that 
dt = (1 — v?/c?)-1!/2 dz, 
or 
db = yay =. & te w..d -m (3492) 
where y is the familiar function of the velocity, v, we have met 
with in the Lorentz transformation and elsewhere. 

It should be observed that as v approaches c as a limit the 
components of the Galilean velocity (34:91) approach the limit oo, 
since dt/dt approaches the limit 0 in this case. The invariant, 1, 
is called the proper time (German: WHigenzeit). It is in fact 
the time referred to a co-ordinate system in which the particle 
whose velocity we are discussing is at rest. It is important that 
this should be kept in mind. It means that at a given instant 


the proper time has generally different values for different 
particles. 


§ 35. Mass, Momentum anp ENERGY 


We shall proceed further by endeavouring to extend the old- 
fashioned Newtonian particle dynamics just as we have extended 
our geometry from the old Euclidean 3-dimensional type to the 
4-dimensional Galilean geometry. Let us therefore write for the 
equations of motion of a particle 


dx 
NS FS 
“dt? G 
a4 
Mor =F i, 
Tt 
125 - oe wee 635) 
Of 
a ea 
ad2w 
More = F.,,, 


where m, is a constant characteristic of the particle and in- 


variant under co-ordinate transformations and (¥,, F,, Fz, Fw) 
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is a 4-dimensional vector. When the velocity of the particle is 
small (compared with c) the new dynamics we are developing 
must coincide with Newtonian dynamics, and we have already 
seen (§ 34-9) that, when v/c < 1, t becomes practically identical 
with ¢. In this case we may therefore identify F,, F,, and F, 
with the components of the Newtonian force acting on the 
particle and the constant, m,), with its mass. When the velocity 
is not small, so that dr is appreciably different from dt, we shall 
regard (35) as the equations defining the vector (¥ ,,. F,, Fz, Fy). 
It is convenient to have a name for it and we shall call it the 
Minkowskian force after H. Minkowski who was the first to 
recognize that space and time constitute a single continuum. 

In the next place we shall adopt the principle of conserva- 
tion of momentum and by the momentum of a particle we 
shall understand the vector 


(mir pe gee mage) . . (35:01) 
Tt Tt T 


Thus we shall lay down for a number of particles, free from all 
interference except that due to collisions with one another, that 


dx 
aM = &, 
Smet = B, 

(35-02) 

am 2 oy 

"dr 3 

dw 
ie =), 


a, B, y, and 6 being constants. It is easy to see that if these 
equations are true in one system of co-ordinates they must be 
true in any system of (rectangular) co-ordinates. For example 


dx’ dy dz dw 


Zito cae = 1S ae aad mans 3S = st O42 9-7 
= OK + 10f + OisY + vied 
= a’, a constant. 
Similarly 
Si == B’, 
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Let us now multiply and divide each term in the summations, 
», of (35-02) by the appropriate factor y. The constant, «, for 
example, is the sum of a number of products m, dx/dt, each one 
belonging to a separate particle. For each particle there is a 
definite value of v?, namely (dz? + dy? + dz*)/di*, and therefore 
a definite value of (1 — v?/c?)-!/? which we represent by the 
letter y. So we give each term the form 


cole Pr 
“ dt! "dt 


since vat = dt. 
The equations (35-02) thus become, if we represent ym, by m 
dix 1 
am = a7 | 
smd ==6, 
. (35-021) 
pyaid a, 
dt 
dw 
am = 0. | 


The velocity components da/dt, dy/dt, and dz/dt are velocity 
components in the ordinary and familiar sense of the term; 
but they are not the corresponding components of a vector in 
Galilean space-time ; but m dz/dt is of course the X component 
of such a vector since it is equal to m,da/dr and thus equal to 
dx multiplied by an invariant. The factor m is defined to be 
the mass of the particle. It varies with the velocity of the 
particle according to the law 


m= YM o . . . e 
or m = m(1 — v?/c?)- 1/4 


(35:03) 


and becomes identical with m, when the velocity v becomes zero. 
It is instructive to examine the last of the equations (35-021). 
Since dw = ic dt it is equivalent to 


Lm ic = a constant 
or om = a constant, 


and we see that mass, as we have defined it, is conserved. The 
law of conservation of momentum in Galilean space-time 
includes therefore not only the law of conservation of momentum 
in its old-fashioned form, but the law of conservation of mass 
as well. 
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In the next place it may be noted that the sum of the squares 
of the four sage 1 ae components of a particle, namely 
we odz? dw? 
vw gt mote + mr, 
is a constant. es is —_ ; oo ds*/dt* which, by the definition 
of dr”, is equal to — m,’c*._ The absolute value of the momentum 
of a particle, in the widened Galilean sense, is m,zc and constant. 
We may therefore say that the Minkowskian force acting on a par- 
ticle and its velocity, (da /dt, dy /dtv, dz/dv,dw/dt) are orthogonal. 
This is otherwise evident when we multiply (35) by dz/dr, 
dy/dt, dz/dt, and dw/dt respectively, and add. We thus get 


da dy dz . — dw 
F = a eee eae | 
__m, a {fdx\? dy\ ? dz\? dw? 
-7 alla) + (ae) +(@) +@)} 
_ Mp d — 72 ° 
ip ae cy. lL... (85°04) 


Equation (35:04) therefore affirms that the 4-dimensional scalar 
product ((Minkowskian force, velocity) ) is always zero. 
Turning back to any one of the four equations which express 
the principle of conservation of momentum, for example to 
Sy = constant, 
dt 
we infer that 


' Tefal -0 


We may write this in the form 

2 =O, 
and regard Ff’, as the X component of a somewhat differently 
defined force, namely 


ad/ dz 

ae Be 

df dy\ _ 

ai Z) ae 

d dz ‘ * ‘ P, (35:05) 
—_(m—)|) = F,, 

WA" a) =F 

df dw 

a" a) asd 
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The X, Y, and Z components of this force resemble very closely 
those of the force as it appears in Newtonian and Hamiltonian 
dynamics. In one respect, however, we have passed out beyond 
the scope of Newtonian dynamics. The mass of a particle is 
now a function of its velocity—the same function in fact that 
we were led to by the considerations of §§ 27:1 and 27:2. It 
is convenient to call the set of four quantities (f,, F,, F,, Fy) 
the Newtonian force ; but it should be noted that it is not 
a vector in our 4-dimensional continuum. 

We may note that the law of action and reaction (Newton’s 
third law) is obeyed by the Newtonian force as it has been 
defined, but not for the Minkowskian force. 

We observe next that 

F ,/ Fy = #,/F, = F,/PF, = Fy/Fy =y. . (35°06) 
Remembering this and also that 
V_,/(dx/dt) oe v,/(dy /dt) ee 2/ (dz/dr) = Vy/(dw/dt) 
=I1/y, . . . (35-07) 
we get from (35-4) 
Fv, +B ypy + Pv, + Fyy = 9. . . (35-08) 

The rate at which work is done on the particle we shall 
naturally identify with the (Z) scalar product of the Newtonian 
force and velocity, namely 

Fv, + Fyvy + Faz; 
so that the rate at which the energy of the particle increases is 
— fv, or — F,,dw/dt or — Frc. . (35-085) 
In the case of a system of particles subject only to their mutual 
interactions 


as we have seen; hence 
2a 6 = 0. 
Otherwise expressed, the rate of increase of the energy of the 
system is zero, and the principle of conservation of energy 
has emerged from the widened principle of equality of action and 
reaction or, aS we may put it, from the widened principle of 
conservation of momentum. 
The rate at which work is done on a particle is 


— icf’, 
as we have seen (35-085). This may be written: 
— ee Ge = ne (m 2) 
dt\ dt] dt 
or ome). 
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Apart from a constant of integration, therefore, the energy 
of the particle is equal to 


mass x c2.)2. . 2. . . . (35°09) 


We must adopt the value zero for the constant of integration 
in order that the energy of the particle may vanish when it has 
no mass at all. 

The kinetic energy of a particle is 

me? —m, c?, or me*(y—1) . . . (35091) 

since it has to vanish when v = 0, i.e. when y = 1. 

It may easily be verified that for small velocities this reduces, 
as of course it should, to m,v?/2. In fact 

yas Le (1 ee) ee 
== 9)" 726" 


for small velocities. 

The relationship (35°09) makes the principle of conservation 
of mass a special case of that of conservation of energy. Indeed, 
we might have defined the measure of energy by 


work done/c?, 


in which case mass would be identical with energy, or perhaps 
it would be safer to say it would be identical with energy in one 
of its forms. 

The relationship (35:09) was derived, for electromagnetic 
energy, in § 27:1, without apparently invoking relativistic prin- 
ciples. As a matter of fact, however, the derivation there given 
tacitly assumed that the electromagnetic field equations retain 
their form under such co-ordinate transformations as we are 
now considering, which is tantamount to the adoption of the 
principle of relativity. 

Mass, in all the cases where we have encountered it, has been 
ascribed to something (e.g. a particle or a group of waves) having 
a definite velocity of translation, whereas energy and momentum 
are apparently not always associated with something to which 
such a definite velocity can be assigned, and the concept of 
energy would therefore seem to be a more comprehensive one 
than that of mass. It is of course open to us to broaden the 
definition of mass by adopting (35-09) for this purpose ; but on 
the whole it would seem to be desirable—and it is the safe course 
—to restrict the use of the term to those cases where a quantity 
of energy is being transported with an assignable velocity (includ- 
ing zero). We may then say that mass is one of the forms of 
energy. 


1Cf. § 27:1. 
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§ 35-1. CrrtTaIn Important TENSORS 


The term ‘tensor’ is here used in its general sense and 
includes scalars or invariants which are tensors of zero rank. 
The element of ‘ volume’ in Galilean space-time is an invariant. 
This can be inferred from the equations of the Lorentz transforma- 
tion (34:21) and (34-211) or from those of the widened Lorentz 
transformation (34°7). In fact 

Ox’ Ox! Ox’ On" 
dx’ dy’ dz” dw 
oy oy 
Gx’ Oy’ az’ dw 
dx' dy' dz’ dw’ = dx dy dzdw . (35:1 
{da dy’ dz’ dw | de’ ae! del de’ ydzdw . ( ) 


leer Tage 
The determinant in this equation is identical with the deter- 
minant (34:72) and therefore equal to + 1, so that 


[ae dy’ dz’ dw’ = [ao dydzdw. . . (35-101) 


The symbols of integration indicate an integration over any 
region of space-time. The relationship (35-101) is indeed to be 
expected as a consequence of the premiss that Galilean space- 
time has the same mathematical properties as Euclidean space, 
extended of course by an extra dimension. 

It follows from (35:101) that 


[ae dy’ dz! dt’ = [ae dy dzdt. . . (35-102) 


When the spacial part of the integration (35-101) is the volume 
of a body with a rigid boundary, the whole integration may be 
described as extending over a cylindrical region of space-time ; 
and in a system of reference X , Yo, Z), Wo in which the & velocity 
of the body vanishes, i.e. one in which the body is at rest relative 
to the Euclidean rectangular co-ordinates X , Yo, Z, the W, axis 
is the axis of the cylindrical region. If now the body is in motion 
with a constant velocity of translation, v, relative to the axes 
X&, Y, Z, and with a constant velocity of translation, v’, relative 
to the axes X’, Y’, Z’, then 


dt = ydt, 
and dt’ = y' dt, 


VOL. 111.—4 
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dt being the element of proper time and y and y’ being the 
functions 

(1 — v2/02)-¥2 

(1 — yp’? /e2)- 1/2, 


ll 


Y 

V4 
Thus (35-102) becomes 
y'V'\de = pV (de 


where V and V’ are respectively the volumes of the body referred 
to X, Y, Z and that referred to X’, Y’, Z’. Thus 


. (35-11) 


y x Euclidean volume of body 
is invariant 


This result might of course have been anticipated as a conse- 
quence of the FitzGerald-Lorentz contraction. 

We have seen (cf. § 35:0) that the Minkowskian force on a 
body is equal to the Newtonian force multiplied by y, Le. 

5 get) eee 

F =yF,, 
and so on, ¥,, being the X component of the Minkowskian force 
and F',, that of the Newtonian. Now when we divide every 
component of a vector by the same invariant the result is a 
vector. If therefore we divide ¥,, #,, F,, and F,, by the in- 
variant yV, V being the H volume of the body on which the 
force is acting, we obtain a Galilean vector and this vector is 
obviously F,/V, F,/V, F£./V, F,/V. Thus the Newtonian 
force per unit spacial volume is a vector in the Galilean 
continuum. 

We have agreed, and indeed we are forced, to identify the 
set of four quantities (s!, s*, s3, s*) of (34-011) with a G vector. 
This identification is in fact part of the foundation on which 
our theory is built. Therefore 


4n A pv,,/a 
is the X component of a G vector, and consequently so is 

p dx /dt, 
since the factor, 427A /a, is a number chosen once for all for all 
co-ordinate systems. Thus 


(p/y) (da /dt) 
is the X component of a G vector and consequently 


p/y 18 an invariant | » . . . (3512) 
The fact that (s1, s?, s3, s*) can be identified (35-12) with the 


§ 35-1] THE SPECIAL THEORY OF RELATIVITY 39 


product of an invariant and a Galilean velocity suggests that 
we should regard it as a contravariant vector. 
Now the expression 


(p/y) x yV 

represents the product of two invariants; so that pV is an 
invariant. We thus derive the important result that an electric 
charge is an invariant under co-ordinate transformations. 

The scalar product 

F,de+ F,dy+F,dz+ Fy dw 

is an invariant whether the displacement (dz, dy, dz, dw) is that 
of the particle on which the force (¥F,, ¥,, F,, Ay) is acting or 
any other displacement. We must therefore regard the 
Minkowskian force, and consequently also the Newtonian 
force per unit spacial volume, as covariant G vectors. 

Turning now to equation (34:012) we have identified s° with 
a G vector and the foregoing discussion has led us to regard it 
as a contravariant vector. It therefore follows that we must 
regard F« as a contravariant tensor of rank 2, since its product 
with the symbolic covariant vector, ¢/dx*, yields the contra- 
variant vector s’. This has already been anticipated by the 
notation. ‘The covariance of the tensor F’,, in (34°02) will be 
demonstrated in the next section. 

It is usual and convenient to depart from the conventional 
way of distinguishing covariant from contravariant vectors when 
we are dealing with the displacement vector 


(da1, dx?, dx’, dx*). 
In future we shall represent it by 
(dx, dx, dx3, dx,) 
or by dx,, notwithstanding its contravariant character. 


CHAPTER III 
THE ELECTROMAGNETIC FIELD 
§ 35:2. Srress, MomMENTUM, AND ENERGY IN THE 


ELECTROMAGNETIC FIELD 


WE shall start with the expression (22°62) for the (Newtonian) 
force per unit volume, the charge e being replaced by p, the charge 
per unit volume, 


f=pl\6+ “vat . . (852) 
The X component of this force, for example, may be written 
4n.A 477A 
ie a P| c., ar PP ms FS aD} 
and since dw = 1c dt we have dw/dt = v,, = 1¢ and consequently 


Vy = ia/V pw K ol> 


where yw, and K, are respectively the permeability and di-electric 
constant for empty space, therefore 


de = pf = ea E Vy + My Da = FMD ny} 


p20, AD Dy ee, 
a a a 
(= — é.) palate (35-21) 


We shall now replace the subscripts x, y, z, and w by numerals and 
since f,, or f;, is the X component of a covariant vector,! while 
(4%Apv,/a, 4%Apv,/a, 40 Apv,/a, 4uApv,,/a) 
is identical with the contravariant vector (s1, s?, s3, s4) we may 

write (35-21) in the form: 
fir = Fuss? + Fys*? + Figs? + Pyyst, . (35-211) 


1 Since the product of force and displacement (contravariant vector) 
is an invariant. 


40 
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where f’,,, F'42, F143, #14 are the components of a covariant tensor, 
and 
Fy, = F,, = My, = Bg = Q, 


while 
_ HH, a2 pH, _ BH, 
Py = Tp oa a gee ees 
7, iV Ee 7, iV tlle p,, iV ialGle (8° 
41 4nA x) 42 oe y? 43 4nA 2) 
and of course Fy, = — Fp, 


The par suoa: (35: oy are identical with those given in 
(34-07) and (34-071). If we use the summation convention we 
may write f, (35-211) in the form: 


th — SPF ip, 
and any component, f,, in the form: 
fa = SPP yy. 2...) (35221) 
We now make use of (34:01) and substitute for s°, 
oO F’bp. 
gf = 
0x, 
thus obtaining 
of bu 
ta =Pyz—- + « « s) (35222) 
0x, 


Now we should like, if possible, to express f, in the form of a 
divergence, as in (26:94). To achieve this we begin by writing 
(35-222) in the following equivalent form : 


a oF ap 


fa = 5—-(Fap PO) — Fee ot (35-23) 


and make use of ae ae 02), 


OF pecans 8 lee OF Bue 
0x, +5 02, OL, 2 
Therefore 
Fee a at t+ Pee = 0 
0x, OX 


In the middle term the indices 6 and uu may be interchanged, since 
it does not matter at all what letter is used to indicate a summation 
provided the same letter is not being used for some other purpose 
in a way likely to cause confusion. Thus 
Fee oP ap te pup ol be te pul nn 
7) Ox 0 


a I! au 


= (), 


1Tt will be proved later (§ 36°6) that F,g can always be given the 
form: 0Ag/0x, — 0A,/0xg, whatever sort of co-ordinate system we 
employ, where A is a covariant vector. 
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Interchange of indices in F¥? and F,, in the middle term will 
change the sign of both, so that the term will remain unaltered ; 
and further it is desirable to replace 6 and y in the last term by 
other more non-committal symbols, say o and +t. Therefore 
pind Pap = Lior OB or 
0x, 2 0X, 
If we confine our attention to the special case where uw and K are 
constants, equations (35:22) and (34-011) indicate that each F,, 
is equal to the product of F*? and a constant, so that the last 
equation may be written: 
oF 1 
Feu 8 POE » . (35-24 
0x, 4 Ox, a ?. ( ) 
We shall now adopt a device which plays a great part in tensor 
calculations in the theory of relativity. Let 6," represent a mixed 
tensor whose components are: 
_ fi, w=a, 
ie (0. eZ 
It is easy to prove (cf. § 35-6) that its components in any co- 
ordinate system will be: 


6" a {y m aa a, 


0, m 4a. 
We may now give (35:24) the form: 
of 0 
Be OB OSA aw lor 
F ax, ox, {46°F Ey 
On substituting this in (35-23) we obtain 
fe = ePagh™ + 200PF,}, . . (35°25) 
B 
which we may abbreviate by writing 
0 
ne ‘251 
Te Ox, tM ) (35 2 ) 
where 
tt => FPP + 16H oF ,,. ° ° (35:26) 


To make it quite clear what (35-251) means, we might write down 
rather more fully the expression for a particular f,, say f, for 
example : 

Ot.1 us Ot. — dte* 

fr = On, a! eae ar Ox, aig Oa, 

The meanings of the t’s, if not wes eady clear, will become so when 
we evaluate them in terms of familiar things. There are four of 
the equations (35°251). Three of them we have already studied 
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in § 26°9, and we shall find, as indeed we might anticipate, that 
the fourth one, namely 
Ot 4" 
tas = Ox,” 
expresses Poynting’s theorem. 

If A,” be any tensor, covariant in o and contravariant in yu, the 
tensor 6,*A,", where 6%, is the tensor used in the description of 
t,” in (35:25), is known as Laue’s tensor. It is a tensor of rank 
zero, i.e. a scalar. Obviously the tensor 


6,7t4 = #1 + 0,2 + 6,3 +t,4 = 
In order to express the tensor components, t,", of (35-26) in 


terms of familiar things, we shall first investigate the sum F°7F,,. 
This, when written at full length, is 


LOE ete EE a ee le 
+ PP, + £3R., + FP, 
oe oy OE ag OEE a 
FAR + PM, f+ 8s, 


since I, = fF = 0. To carry out the summation we must 
make use of (34-011) and (35-22). We thus get: 
ies 2 2 K ae 
ind = inal’ — 4A 
£ 2, Moe, # 6, 
+4 Ate iat 4nA Cy 
Moe ff pe 
a A? - ind” 4A rer 
K Ke 4% K 


a ane) ee ee 
4nA * 4nA ” 4nA *’ 
and therefore 
pop, — 1 .9.H? —2K82}. . . (35-27) 
4nA 


This expression is only needed for the evaluation of ¢,1, #,?, é,8, 
and t,4; since in all the other components 6,” is equal to zero. 

In the next place, ¢,! is equal to the sum F,,/°! plus one- 
fourth of the quantity (35:27). Now 


a Ey as, a 
ee A In AY ok 4nA Ca" 
and ia ae 
i = = {Ke 2 1K €? + wH,? — 4uH?}. (35:271) 


This is identical with the expression for ¢,, in (26°95). The 
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expressions for ¢,? and ¢,3 are at once obtained from that for ¢,1 
by replacing the subscript, x, in (35-271) by y and z respectively. 
In the next place 
l fu K 
4 B+ oft? eS ee 
ee is mag ze i 
and therefore 


KE? wH? 
4 —_=_ -_—_—_—_———_——— eno 
ms 82.A - 82.A 
or 
aU = (Bnersy per unit) | (35-272) 
spacial volume 


The reader will have no difficulty in establishing that 
1 
t= 1? = ig 8 Cake + “HH, }, 


] 
ts? = t,* se Spa vB Eves + LH, 1, }, ° (35-273) 
1 
{4% =1,1 = ig Oh ee &a ar #H,A,}, 
and that further 
1 — uk 
1 4nAa [ ’ Hi), 
or 
Kk a 
Agi, oD eide 
l a oe age Hj, 
This and the two associated equations may therefore be written : 
he = wc p,,/u*, 
tot = — 1¢ p,,/u*, » . .  . (35°28) 
ts4 = — irc p,/u*, J 


u being the phase velocity of simple harmonic waves in the 
medium, while p= (p,, ~,, p,) is Poynting’s vector. 

The components ¢,!, ¢,7, and #¢,3 turn out, rather disconcert- 
ingly, to differ from the three components just given. They are 


2 } 
E,t pea ty = ie = ht, | 
| 7) i 
pO et ce if = shit | . (35-281) 
r 2 
ba? —_—> —_ ine = ist. | 


The asymmetry which appears in equations (35-281), i.e. 
the asymmetry t,% + t,* (« = 1, 2, 3), is rather disturbing when 
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we remember the symmetry in (35-273), i.e. t,% = 1%,’ (a and 
6B = 1, 2, 3). Moreover, the symmetry of the tensor t of classical 
Newtonian physics (cf. §§ 9°7 and 10:5) leads us to expect 
symmetry in the present tensor, t, since our Galilean space-time 
and new dynamics are the 4-dimensional analogue of Euclidean 
space and Newtonian dynamics. The equations we have so far 
developed undoubtedly apply correctly to a medium which is 
at rest relatively to the # co-ordinate system, but they lack the 
property of covariance. In other words they do not retain their 
form when we pass from one co-ordinate system to another, the 
reason being that when the medium is at rest in one system it 
must be in motion in another and our equations have taken no 
account of this. We shall therefore confine our attention to free 
space only so that the phase velocity, w, becomes identical with 
c and the asymmetry of equations (35:28) and (35-281) dis- 
appears. It may be further remarked that we regard material 
media as constituted in the last analysis of charged particles in 
otherwise free space so that the ultimate electric fields we have 
to deal with are in free space and the dielectric constant, K, and 
permeability, u, become respectively the invariants K, and py 
which are characteristic of free space. Occasionally, when it 
happens to be helpful, we shall use the letter, wu, for the phase 
velocity of electromagnetic waves, even when it is identical with 
c, to mark the formal difference between it and the c¢ which 
appears, for example, in w = ict. 

The last of the equations (35-25) we have already suspected 
to express Poynting’s theorem. Let us — it. It is 

Oi4> | Oty? | dt,® 
Is on” On OX» 458455 

or, if we make use of the expressions for t,!, ¢,7, etc., already 
given in (35:281) and replace t,4 by U the energy per unit 
volume, 


ae 0oU 
fu = — <div p + as 


We have already learned (cf. 35-085) that — acf, or — ref, 
represents the rate at which work is done per unit volume by 
the Newtonian force (f,, f,, f,). It is consequently the rate at 
which work is done on the charge in the unit volume at the 
expense of the field energy. Let us therefore multiply both sides 
of the last equation by — 7c and thus obtain 


— wf, = — div p — 0U /dt, 
since w=ict; or 
E 0U /at = div p — tCfy.| .  .  « (35:29) 
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This is Poynting’s theorem, since — icf,, means the rate at which 
work is done per unit (spacial) volume at the expense of the 
electromagnetic energy of the field. 

The components f,‘, t.4, and ¢,4 occur in the expressions for 
fi: fo, and f, respectively in the terms 0dt,4/0x,, dt,4/0x,, and 
dt;*/dx,. The first of these, for example, may be written 
O(t,4/1c)/0t; so that t,4/ic is the X component of a momentum 
reckoned per unit volume. This is the part of the contribution 
to f,; which is measured by the rate of increase of #,4/1c. The 
charges or charged particles in the unit volume at a given place 
gain momentum at the rate d(¢,4/1c)/ot. The law of conserva- 
tion of momentum leads us to associate with the field, a decrease 
of momentum per unit volume of the same rate. Consequently 
we are led to assign to the unit volume of the field a momentum 
whose X component is 


aie t,4/rc ae d, 
where ¢ depends only on x, y, and z and will be disregarded for 
the present. So we conclude (subject to reservations about ¢) 
that we may associate with an electromagnetic field a momentum 
whose X component is — t,*/2c per unit volume. Therefore 


M,=—t/ic . . . . (35-291) 
or 
M, = p,/u*, 
M, =p,/u?, | _ (35-292) 
M, =o p,/U*, 


where p is Poynting’s vector and u is the phase velocity of plane 
harmonic electromagnetic waves in the medium. This result is 
identical with that found in § 26:9. 


§ 35:3. AN ANALOGUE oF PoyNTING’s THEOREM 


We learned in § 10-2 that the components of the body force, R 
(i.e. the force of external origin as distinguished from that due to 
elastic stress), per unit volume, are expressed by 


ot ot ot skaed 
R pie LX | Cy | v2 | . 
° ( Ox oy 0z POE Oe) 


together with similar equations for the Y and Z components. 
The tyr, try, etc., are the components at some point (X, Y, Z) 
of the elastic stress tensor which has been defined in § 9-7; 
(x, B, y) are the components of the displacement of an element 
of the medium, situated at that point, from the position it would 
occupy when undisturbed by forces, while p represents the density 
of the medium at (2, y, z). Finally (R,, R,, R,) represents the 
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body force per unit volume at the same point. This equation 
is dealt with in § 10-5 for the special case where R vanishes, 
and reference to equation (10-54) and its mode of derivation will 
make it clear that we may write for (35:3), in the special case 
where the medium consists of particles which have no field of 
their own and only influence one another by collisions: 


Ry= 2 (Emy,2) +5 (Zmv,2) +S (Em0,0,) + 2 
The only differences between this equation and (10°54) are (1) that 
we are no longer confining our attention to the case where R 
vanishes and (2) we now represent the velocity components 
(u, v, w) of § 10-5 by (v,, v,, v-). The letter m represents the 
mass of any particle, (v,, v,, v,) its velocity, and the summation 
extends over all the particles in the unit volume; or, to be more 
precise, it represents the summation over the particles in a volume 
element dx dy dz, the result being divided by dz dy dz. 

On multiplying and dividing the last term of (35:31) by zc 
(where c is the velocity of electromagnetic waves in empty space) 
we get, since 1c = v, and ict = w, 


LSMV,). (35-31) 


| 0 2 0 d 
 ( 35 (ams ) + By eee) =F ay (amvsve) 
0 


There are, of course, similar equations for Rf, and A, and a fourth 
equation is suggested, namely: 


0 0 0 
ea 5 ee wx) _| By eur) + re (Lmv,,v,) 
0 2 
+ Fay ome ). «  . (35°32) 


In the special case where the components of R vanish these 
equations are identical with (10°55), except for the slight differ- 
ence in notation, and the fact that there c was an entirely undeter- 
mined velocity, not identified with the velocity of light, or of 
electromagnetic waves, in empty space. We now know that it 
should be identified with the product of the velocity of electro- 
magnetic waves in empty space and V — 1 |. 

It should be carefully borne in mind that equations (35-31) 
et seq. refer expressly to a medium constituted of particles, such 
as those studied in § 35, which influence one another by impact 
only. If we wish to leave the question of the constitution of the 
medium, whether a material medium or an electromagnetic field 
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or whatever it may be, quite open, we should give equations 


(35°311) and (35°32) the form: 
R= Op,* 4 0p? i op,* 7 Op,* 


02, 02. 02s 0x,” _. (35:33) 
Op, _ op,? , dp, , dop,? 
R,=— 4+ ft 4 et pe eae 
"Oa, : 02» 5 02; a Ov,” 


or, alternatively, the form: 


aaa an = be A -+ a. 

‘ si ri = re -. (35331) 
_ Oy) | ats? | Ot,F | Oty! 

oad ae eae a 


In these equations R means the force (per unit volume) im- 
pressed from outside. It might, for example, be due to gravity. 
On the other hand, f means the force per unit volume due to the 
state of stress evoked in the medium, or to the field; so that 


{f= —R. 


This is simply an expression of the law of action and reaction with 
which the laws of conservation of mass, momentum, and energy 
are associated. Obviously ¢,1, t,?, etc., are equal to — p,1, — ,?, 
etc., respectively. The components ¢,}, ¢,2, ¢,3 are of the nature 
of tensions, while p,', p.”, »,;3 are of the nature of pressures 
(cf. §§ 9-7 and 9-9). 

It is instructive to examine the equation (35°32) more closely. 
The left-hand member, namely 2&,,, if multiplied by — ic, repre- 
sents the rate at which the external or impressed force per 
unit volume is doing work (cf. 35-051). Multiply both sides of 
the equation by — ic and remember that v,, = ic. We thus get 


0 
1h. == a, 
and therefore 

— ich, = div {((2mc*v,), (2mc*v,), (2’me*v,) } + 5 (Smet), 
or, if we represent the # vector 
{(Lmce?v,), (2mc*v,), (2mc*v,) } 
by p' = (p,’, P,', p.') and Xmc? by U, we get 
ae = — div p’—ichk, . . . (35°34) 


This is the exact analogue of Poynting’s theorem. The left-hand 
number means the rate of increase, at some point (x, y, z), of the 
energy of the medium per unit volume. div p’ means the rate, 


0 0 0 
2 peti 2 nee 2 ae 2 
(2mc*v,) + 5 (2’mc*v,) + a, (ame Vz) + alamo ); 
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reckoned per unit volume, at which energy is leaving any small 
region in the neighbourhood of (x, y, z) through the surface 
enclosing it; so that — div p’ means the rate at which it is 
entering. And lastly we have already learned that — ich, 
means the rate at which the external force does work per unit 
volume of the medium. 

Equation (35-32), it will be noticed, becomes identical with 
(10-55) when the body force vanishes. In this case it states that 
the rate of increase of mass within the region enclosed by some 
surface is equal to the rate at which mass flows inwards through 
the surface. Or we might say that in this case the Poynting 
equation and the equation of continuity (10-52) become identical. 
And we realize that the reason for it is the identity, apart from 
the trivial difference occasioned by the factor, c?, of mass and 
energy. 

The complete symmetry of the tensor, p, in equations (35°:311) 
and (35°32) should be noted and also the fact that the vector, p’, 
—the analogue of Poynting’s vector—in equation (35-34) really 
is identical with the energy transport vector, since it is equal to 
mc v, mc? being the energy of a single particle and the summa- 
tion being extended over the unit volume (cf. §§ 35-2 and 35:5). 


§ 35-4. Tur Mass or A CHARGED SPHERICAL CONDUCTOR 


As an exercise on the theory of stress and momentum, more 
especially in an electromagnetic field, and because of its import- 
ance on its own account, we shall turn back to the problem of 
§§ 26:1 and 28 which we can now deal with much more thoroughly 


XX 


Fia. 35-4 


and without the need of ad hoc hypotheses. It is convenient to 
think of the sphere as a conducting liquid—mercury, for example. 
It is spherical in shape in a co-ordinate system X’, Y’, Z’ (&) in 
which it is at rest, and we may suppose its centre to coincide with 
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the origin of this system (Fig. 35-4). It has a velocity, v, along 
the X axis of a system X, Y, Z(H). The two systems of co- 
ordinates coincide at the instant ? = t’ = 0. The G equations of 
transformation (Lorentz transforination) are 


x, = cos¢.x%,/ + 0+0-+sin¢.2,’ 


Ge 8) +a, +0+0 : 
vs = 0 + 0+ 2,° +0 y Hen) 
t,=(— sing).x, +04 0+ cos¢.x,’, 


or the equivalent equations 
z,° = cos¢.%, +0+0—sind.x, 
O+a,+0+0 
06 20 . (35-401) 
x,’ =sind.4, +0+ 0+ cos d.a,. 
These are identical with the equations (34:21), (34:211) and 
(34:23) except for the trivial difference that we are now using 
numerical subscripts to distinguish the co-ordinates. 

Our method will consist in calculating the X component of 
the momentum per unit volume at a point in the field outside 
the sphere, integrating over the whole region outside the sphere 
and dividing the result by v. We begin, therefore, by finding a 
suitable expression for t,4. Now 


t,? = OX 4 ox, t’ » 


. 
ll Ul 


ox,’ on, 
(vide § 34-8), thus 
i,4 = — sin psn) + cos d Sets 


when we sum with respect to uw and use equations (35:4). On 
summing with respect to vy and using equations (35-401) we get 
t,4 = — sin ¢.cos ¢.t';! — sin? 4.#’,! 

+ cos? d.t’;* + cos d.sin d.t’,!. 
The components t’,! and ?’,4 vanish, since the sphere is at rest in 
XxX’, Y’, Z’. Therefore 

t44 = cos¢. sin d(t’44 — 0,1)... . (35-41) 
Now ?’,* is the energy per unit volume in the system X’, Y’, 2’. 


Therefore 
K 
t! 4 __ 0 &’2 
. 87.A 

om &’ 2 __ 0 ee 

4nA * and” 
while M,, the X component of the momentum per unit volume, 
is equal to — £,4/ic and 

cos ¢ sin d = y*v/te. 


and be 
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On substituting these values in (35-41) we easily get 


UY Oe 67 35-42 
M, ="7.5%(€" — 6,2)... (35-42) 
and therefore, if 6 be the angle between ©’ and the X’ axis, 
eV Y, Pesre ra ait 35-43 
eS ae A BIN Oe ae . w see KE ) 
Now 1B A *e2 
: ~— Kert" 


where r is the distance, in the X’, Y’, Z’ system, from the centre 
of the sphere to the point in question. Hence 


_ yvde’ an2Q 35-44 

pager |S AReaes) 

If we multiply this by the # volume element, dx dy dz, we get 
the X component of the momentum in it; and, since 


v dx dy dz = da’ dy’ dz’, 


_ ypuAe? sin? 6 
therefore M dx dy dz = tno 
Now let us replace dx’ dy’ dz’ in this expression by r? dr sin 0 d0 dd 
and integrate over the whole field, so that the total X component 
of the momentum—which is the total electromagnetic momentum 
of the charged sphere, since the remaining components obviously 
vanish—becomes 


da’ dy’ dz’. 


™ 27 
cor { sin? @ oe ao sin? @ dr di dp 
4nc®K 

TEC J 


where # is the radius of ne resting sphere. The integral is 
equal to 87/3 and so we get 


2yAe 


Bloctromagnetic momentum = 3K Re | . (35°45) 
and 
2 
Electromagnetic mass = ae (35°46) 


When the velocity, v, of the sphere is very small, y = 1 and so 
the electromagnetic ‘ rest’ mass is 


2Ae? 
3K Rc? 


in complete agreement with the results of the calculations in 
§§ 26:1 and 28, since a?/K yu, = c?. 
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Let us now investigate the state of affairs within the spherical 
surface. We have thought of the spherical conductor as a liquid. 
It is therefore subject, when regarded from the X’, Y’, J’ (#) 
system of co-ordinates in which it is at rest, to a uniform 
tension in consequence of the charge distributed over its surface. 
This tension is equal to K,&'?/8xA, where &’ is the field in- 
tensity at the surface of the sphere. The uniform tension within 
the spherical boundary is therefore equal to Ae?/8K,h*; or 
we may regard it as subject to a uniform pressure, p’, where 


p’ = — Ac?/8nK,R*. . . . . (35°47) 


In addition to this we have to remember that there is a certain 
amount of energy, U’, per unit volume, part of it contributed 
by the mass density of the material of the sphere in its unstrained 
condition, the rest being the strain energy per unit volume. 
We may represent the 16 components of the stress momentum 
tensor within the sphere and referred to the G system of reference 


(X,,X., 43, X4) by M11, Pi2, . . » Poi, Ps*, - - » Pst, Ps, - - - ete. 
In the system (X,’, X,’, X,;’, X,’) these reduce to 

p's) =p’? =p’? = — Ae*/8nK,R4 
(vide § 19-2, more especially the footnote on page 44 of Vol. IT) 
and Ot eee Oe 


Now the X component of the momentum per unit volume is 
pit/ic and 

pit = cos ¢ sin ¢(p'4* — P's’) 
(cf. 35°41). The X component of the momentum per unit 
volume is consequently 


yy yt Ae? 

c? Srk Rt] 
This is constant throughout the volume of the conductor and 
the total internal momentum is therefore obtained by multiply- 
ing it by the volume of the conductor, namely, 47h?/3y, since 
the volume of the sphere at rest is 4723/3. We thus get for the 
momentum within the conductor 
YM far Ae? )4rh3 
c? 82K R43 ” 
or 


K’ Ae? 
— — . 2 . «6 (35°48 
ate 6K rate ( ) 


where H’ means the energy within the conductor, referred to the 
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system of reference within which it is at rest. Therefore the 
mass associated with the interior of the sphere is 


EB’ Ae? 
Bape aks os em. «105458 
Nes sit-Ret| 288) 


The total mass, it will be seen, is made up of the two contri- 
butions (35°46) and (35-481) and is therefore equal to 


kK’ _ Ae?# ie 2 Ae? 
Y\o2 6K .Ro2 | 3K,Re2!’ 
or 


; Ae* i 
1} +1 ant! 
or 


Total mass of Total energy of 
jeeriig nec dd are prec at rest \ ch. (35°49) 


§ 35:5. Ernstern’s Mass-Enercy FORMULA 


One of the conclusions we reached in studying the dynamics 
of the special theory of relativity (§ 35)—and still earlier 
(§ 27:1) for the special case of an electromagnetic wave group— 
is that the mass of a particle or moving system is equal to its 
energy divided by c?. We also found that the mass of a particle 
is equal to the product of y and the rest mass. These results 
are confirmed in (35-49); but it should be observed that the 
mass-energy relation may fail when we apply it to parts of a 
system which are incapable of a separate existence. For example, 
it does not hold for the electromagnetic field of the sphere by 
itself, since as we have seen its mass as given by (35-46) is 
2yAe?/3K Rc? and the electromagnetic energy of the sphere at 
rest is Ae?/2K,Rk. Consequently the electromagnetic mass as 
given by (35:46) is 


sy {Electromagnetic energy at rest} /c?, 


that is 4/3 of that given by Einstein’s law. 

This will not surprise us when we remember that Poynting’s 
vector, which is proportional to the three components ¢,1, ¢,?, 
and t,° in (35-331) cannot, except in special cases, be identified 
with the energy transport vector. Indeed, its components may 
be replaced by those of any other vector possessing the same 
divergence without interfering with the validity of Poynting’s 
theorem. We notice too that the momentum (per unit volume) 
when we take its components to be proportional to #,4, ¢,4, and 
t;4, has in general a different direction from that in which the 
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electromagnetic field is convected and vanishes at points on the 
axis where the energy density is by no means zero. 


§ 35-6. THe ELECTROMAGNETIC VECTOR POTENTIAL 


In what follows u and K have the same values as in empty 
space. The equations (34:02) can be satisfied by writing: 


_ 0A, OA, 
b= 3 ma ot ee (35-6) 
This statement does not of course completely define the vector A, 


since it remains true after we superpose on A any vector which 
is a gradient, 1.e. any vector 


0p dp dp d¢ 
(se. se, * -.. (35601) 


where ¢ is any scalar, i.e. invariant, quantity. If we represent 
the symbolic vector 


_f{@ a a @ 
arad = (5 aay ay Sad 
by CI == (lay Le, EJs; O,) 
we may represent the gradient (35:601) by 
Cid. . . . .) .). «(35*602) 


Now the relationship between the covariant component F',,, 
and the corresponding contravariant one, F'%?, is 


es ae ap ° 

Foaa=Gat . a & « « “(Q5:61) 
(cf. equations 34-03, 34:04, and 34:061). This equation (35-61), 
though quantitatively correct, is formally in conflict with the 
distinction we have made between covariant and contravariant 
tensors. In order to preserve the formal distinction we shall 
introduce certain new tensors. If g,”" be a mixed tensor of the 
second rank and if its components have the values 


an” = {9m n't - ... (35+62) 


in the (X,, X,, X;, X,) co-ordinate system, they will have the 
values 


(Se 4. (35621) 


in any other system (X,’, X,’, X,’, X,’) the proof is simple. 
Since g,,” is a mixed tensor 
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we get on carrying out the summation with respect to m and n 


, 


Ox 
a K&B 
J vo ax,” 
by (35°62) and since 0z,’/dx,’ = 1 or 0 according as w=» 
or uw ~», the result (35-621) must follow. We can see now 
that we may, when convenient, adopt two further tensors, Jinn 
and g”", one covariant and the other contravariant with the 
property (35-62). We can be confident of this since the dis- 
tinction between covariance and contravariance is purely formal, 
so long as we are using orthogonal co-ordinate systems. 
We may now give (35-61) the form: 


ambi = Fe, | |. . (35-63 
g g nLdy iA! ? ( ) 
which is both quantitatively and formally correct. The symbol yu 
represents, it will be remembered, the permeability of empty 


space and we shall no longer distinguish it by writing po. 
Now 


ar? 
0X, a t 
(cf. 34:01 and 34-012). Therefore 
400A 0 47.A 
___ Squny bn es eh a BS Anse 
ih Oat, J g La) s a pv ’ 
or 
0 0A, 0A 
aM y~>Bn m — . ; ‘ 4 
aa m9 7 Coe ay} eS are2) 
where 
ot = ppv*/a.. . «we (85641) 


Multiply (35-64) by g,, on both sides and carry out the indicated 
summations, thus: 


0A pg 0 [ 5,0A 
Ox ial gee) = PAG 5) Ty 


a (0A, , 0A, , OA, , OA, 
mae Ox, ae = at 


g? 0? 0° Q? 

= {ara t Bat t ae Beate + 
which may be written shortly 

O((OA)) = 0724, + o,. » .  . (35°65) 

Let us suppose that we have found a solution, A’, of (35°65) ; 

then since (35:6) is not affected by superposing on A’ any vector 


or 
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which is a gradient, (35-65) will be satisfied when we substitute 
for A the vector 
A” _—_ A’ ao Cd, 


¢@ being any scalar quantity. On making the substitution we get 


0, iO A’)) 7 C76} = CA,” a5 Oy. 
The quantity in the brackets, { }, on the left, it will be observed, 
is common to all four equations, y = 1, 2, 3, 4. A’ is any solu- 
tion of (35°65) and is given, by hypothesis ; while 6 may be any 
scalar quantity whatever. Let us choose ¢ so that 
Od = — (OO, A’)), 

the solution, A’’, will then be determined by the equations 

CA,” = —o,, . (35°66) 
any of which may be called a 4-dimensional or extended Pois- 


son’s equation (cf. §§ 27-4 and 27:5 in the latter of which an 
important solution of the extended Poisson’s equation is given). 


CHAPTER IV 


INTRODUCTION TO THE GENERAL THEORY OF 
RELATIVITY 


§ 35-7. Motion or A FREE PARTICLE 
NEWTONIAN dynamical theory and the special theory of rela- 
tivity, both of them, prescribe a rectilinear path for the motion 
of a particle not subject to outside influences. Its equations of 
motion are: 


—G  ), 
dt? 
or, if preferred, i eo ee (SDE) 
Ay 0 
ds= 


Now it will be remembered that Hamilton was able to describe 
the motion of a large class of systems (§ 8-6) by the single 
statement : 


5|(T — V)dt = 0, 


pt ee, bs 


2 
or j | (QT — B)dt = 0, 
1 


in which there is no explicit reference to any system of co-ordi- 
nates. The integral (Hamilton’s principal function) to which a 
stationary value is assigned is an invariant, and its invariant 
analogue in the special theory of relativity is 

2 


|e. dx + p, dy + p,dz — E dt). 


1 
In the case of a single particle this may be written: 
2 


(2s dx + p,dy + p, dz + py, dw), 

i F . (35°71) 
or | ((p, ds)), 
1 
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since it is the integral of the 4-dimensional scalar product of 
PD = (Px, Py» Pes Pw) 


and ds = (da, dy, dz, dw). 
Applying the stationary principle to (35°71) we have, since 
dx 
Px ar 
d 
Py as Moa 
dw 
Pw = Mo 


2 
dx\? dy\ * dz\* dw\\*, 
fmet(ae) + (ae) +) + Cae)f 8 
1 


and therefore, since 


dx? + dy? + dz? + dw? = — c? dt? 
(cf. 34:9), 
4{(— m,c*)dt = 0, 
1 2 
or ide — 0. 


This is equivalent of course to 
2 


[ds =o. oe... (35°72) 


1 
The length of the path, measured by the sum of the elementary 
intervals, ds, which make it up, has a stationary value (cf. § 28-4). 


We may carry out the variation in the following way. We have 
9 


ad 


\ {ds?\1/2 — 0, 


I 
2ds 


or d{ds*} = 0, 


pat ee 


and therefore 


2 
[gg 2 de Ode + 2dy 3dy +2 ded de + 2dw daw} =o, 
1 2 


or [zqlde d dx + dy d by + ded b2 + dwd bw} =0, 
i 


§ 35:7] THE GENERAL THEORY OF RELATIVITY 59 


since we may interchange d and 6.1 Therefore 
2 


| . (d(dx 6x) — bx dx + d(dy dy) — dy dy 
1 
+ d(dz dz) — dz d*z + d(dw dw) — dwd*w} = 0. . (35°721) 
Now each successive ds in the integral (35-721) is a ds along 
the actual path of the particle and it is clearly permissible to 
regard these successive intervals, ds, as all equal if we wish. 


The positive part of (35-721) may therefore, if we choose, be 


written : 
2 


75\ Ata bx + dy dy + dz dz + dw dw}. 
1 


This obviously vanishes, since the variations 6x, dy, etc., vanish 
at the limits, 1 and 2, of the integral. Hence (35-721) becomes 


da: dy dz dw _ 
fast Fea + 75 OY + 7ei° + ie = 0. 


a) eee eee eee ieee) ees | ee. 


in agreement with (35-7). 

We may of course make use of co-ordinates which are not 
orthogonal; polar co-ordinates, for example, in which case the 
expression for the square of the interval will be 

ds* = dr* + r°d 0% + r? sin? ddd? — c* dé®. . (35-73) 
The equations of motion of a free particle, in these co-ordinates, 
are easily found to be 


dr d0\ 2 ee TODN 
re - (5) — rsin a(S) =='(); 


df do, 4: dp\* _ 
=a 7) r2 sin 0 cos (3!) =O) 
aA 


F (35°74) 
7 r? gin? of) 210). 
lt It 
2 
Tt 


whether we start out from (35-7) or (35:72) or from Hamilton’s 
canonical equations (8:43 and 8:46). 


1Cf. § 3:3. 
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More generally we may replace the orthogonal co-ordinates 
by new co-ordinates defined by arbitrarily chosen functions of 
them. Suppose our orthogonal co-ordinates are x’, x,', x; and 
x,’, in which case the interval is expressed by 


ds* = dx',? + da’,? + dxv’,? + dx’,?. . . (35°75) 
If we introduce new co-ordinates 2%, %, %3, %,, defined by 
ey = f(x, Lo, Ls, 2X4), 
Go = f,(x1, Ua, Ug, Xa) 
ty’ = fx(%1, La, X3, Xa), 
v4! = fi(X1, Lo, U3, Xa), 
the interval will now take the form: 
ds* == 94 M0 08a; > 2. -@ & (35°76) 
the summation convention being understood to be in operation 
and the coefficients, 9,,.,, being given by 
= 0x,’ Ox," 
Ima Lye, By 


The coefficients, g,,,, it will be -noticed, are symmetrical, i.e. 
Jmn =IJnm The motion of the free particle is of course still 
expressed by (35:72) which is quite independent of our choice 
of co-ordinates. To find the equations of motion referred to the 
system of co-ordinates we have chosen, we have to start, as 
before, from 


2 


2 2 
1 
ds = 8| {dst}v2 = |_—_6 {ds?} = 0. 
4{ds | (dst) preaGoe 
1 1 1 
Therefore 


2 
1 
[5 qg8 mn Am dn } = 0. 
and consequently 


2 
feast ae dey AL, OX» + 2mn AL dé, | = 0, 


d and 6 havin been interchanged in the last term in the bracket. 
We thus obtain 


2 
: SB tn dar, 62, 4 (2a dat, 82,)— Sat (2d yr dey) | = 


The middle term contributes nothing to the integral, just as in 
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the case of the corresponding term in (35°721), since the dz, 
Mere at both limits, and we get 


129mm AL, AL, — OGmy Ayn, Ax dx 
mmn am mr m nm padi 1 = 0 
| es age ds ds dx, ds ds Tor F52 


in which certain permissible and easily intelligible changes have 
been made in the suffixes. 
Since 6x, is arbitrary, we infer that 
dx, (ge _ Sd en dX 
" ds? ox "ox, J) ds ds 
Interchanging m and n and remembering that g,,, is symmetrical, 
we get 


ax, O9n» a 199 mn AL din a. 
Yrp dg? Ox,,, ds ds ° 


and, on adding and dividing by 2, we obtain finally: 


d* Lr 0 mY 0 nu 0 nn AL, ALy 
dep “ds? 3 a = = a - oe \a ds te ss 

These equations, which describe a rectilinear path in a Gali- 
lean continuum and of which there are four (r = 1, 2, 3, 4), may 
be put in a quite different and, as we shall see later, very sugges- 
tive form by giving a stationary value to (35°71)—which obvi- 
ously amounts to the same thing as (35°72)—and making use 
of Stokes’ theorem. That is to say we start out from 


4| rade = 0, 
1 


which may be written 
bpadlt, = 0. oe... (35°78) 


where the integral is taken round the closed loop made up of 
the varied path from 1 to 2 and the actual path in the reverse 
direction, i.e. from 2 to 1. On applying Stokes’ theorem to this 
equation we get 
OP, _ Op 
af {tz ae Fe (Ot AX, ae 6X4 dx,) = QO. 

Each surface element, ds** = dx, dx, — 6x, dg, is of course 
arbitrary, since every dx is arbitrary. Hence 

oP. Pp _ 

Oty Oy , 
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and consequently also 


Op,  Op,\dx;, _ 
& 5) si=0. . . . (35-781) 
There are four of these equations (« = 1, 2, 3, 4) and they are 
simply equations (35°77) in another form. 

So far we have been studying a path which is ‘ straight’ 
and the last equation (or set of equations) reduces, when we use 
orthogonal (rectangular) co-ordinates, to 


Op, dt, apy, _ 


the contribution 


vanishing with such co-ordinates. 


§ 35-8. A DIGRESSION ON THE DYNAMICAL EQUATIONS OF 
HAMILTON AND LAGRANGE 


The discussion in the preceding section makes it obvious that 
the dynamical equations of Hamilton and Lagrange continue in 
force for a particle within the wider scope of the special theory 
of relativity. It is instructive to verify this. The Hamiltonian 
function, Hf, is 

H=me*y»+V. . . . . (358) 
provided y is expressed as a function of the components of the 
momentum of the particle. V is a function of the co-ordinates 
and the time with the property that the Newtonian force exerted 
on the particle is equal to — grad V/V. 


Now 
1 v* 
yoo? 
Hence 
p’ =o Pp,” = Dp,” + p,? me My *c?(y? ae 1). 
Consequently 


My*C? 
This has to be substituted for y in (35:8). Thus we get 
H = {(px? + py? + p.2)c* + moet}? + V (35°81) 
dx dH 


and therefore ‘n = ip,’ 


2 2 2 1/2 
y= 1 + Py? + Ps +1} 
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and there are corresponding expressions for the remaining velocity 
components. The definition of V of course implies that 


ap, __ _ OV 

dt Ox’ 
and therefore Ds — “eg 

at Ox 


and there follow similar equations for the remaining components. 
The generalization of Hamilton’s principal function is 


|@. dx + p,dy + p,dz — E dt), 


[Lae 


so that we get for the Lagrangian function, J, 
d dy dz 


which we may write 


x 
L = Pag + Pug T Peg, —- E, 
or EL = mv? — mc? — V 
and. therefore L=—m,c*y! — J, 
or finally 
DL = —m c*{1 — (v,? + v,? + v.2)/e?}" — Ve. (35-82) 

Hence ea Moy = 

ov, = MeyVyz = Px: 

dp,  __—-aV 
Now > ane 

d fol aL 

and therefore Ga ae 


and we have, of course, two further equations similarly related 
to the Y and Z axes. 

We have been assuming rectangular axes of co-ordinates so 
far; but it is easy to verify that the validity of the equations of 
Hamilton and Lagrange is not confined to them. We shall 
content ourselves with a verification of this for the case of polar 
co-ordinates. Equation (35°81) will now take the form 


H = (pc? + my2c4)'/2 + V, 
where p? = py? + pe2/r? + py?/r? sin? 0. 
Hence, for example, 
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and therefore 


oH op On 2 2n4\1/2 — Poe 

am on + My°c4) at re 
7 aH _ dd 
Op, dt 


All this follows really from Hamilton’s principle, which, as we 
have learned in the last section, continues in force under special 
relativity provided we define momentum (p), and energy in the 
way we have done and the present section merely contains 
verifications of this. 


§ 35-9. Tor GENERAL PRINCIPLE OF RELATIVITY 


The interval form (35°76) suggests possibilities of further 
progress. In the first place it is associated with greater freedom 
in the choice of co-ordinate systems, so that we may essay a 
correspondingly more general form of the principle of relativity 
which, in effect, in the special theory (§ 34:5) has been confined to 
spacial co-ordinate systems moving relatively to one another with 
constant velocities. We shall now lay down as a fundamental 
principle that the equations describing physical phenomena have 
the same form in all co-ordinate systems with the corollary that 
they must be expressions of tensor relationships. This is 
Kinstein’s general principle of relativity. In the second place 
we may contemplate a still more general type of 4-dimensional 
continuum—a Riemannian continuum 1—which includes the 
Galilean one as a special case. It is characterized by the pro- 
perty that the square of the interval between two neighbouring 
points has the form (35-76). But it is not in general possible to 
find co-ordinate systems which enable the square of the interval 
to take the form 


4 
de? = Sda2 . . . . . (35:9) 
1 


everywhere in the continuum. The Galilean continuum is the 
special case of the Riemannian one which emerges when such 
co-ordinate systems exist which give the square of the interval 
the form (35-9) everywhere in the continuum. 


1 So named after G. F. B. Riemann (1826-66), a great German mathe- 
matician, famous for his contributions to the theory of analytic functions 
and for the special form he gave the theory. Riemann surfaces have no 
relationship to our geometrical studies. They were part of the symbolism 
of his theory of functions. 
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§ 36. Tur RIEMANNIAN CONTINUUM AND THE PRINCIPLE 
or EQUIVALENCE 


In the Riemannian continuum equations (35-77) and 
(35-781) represent something which is a generalization of a 
straight line, namely a geodesic—a shortest or a longest line, 
for example. The geodesic is in fact a straight line in one special 
case, namely, when a system of co-ordinates can be found for 
which (35-9) is true. The continuum in this case is Galilean. 
The Galilean continuum is however only a special case of the more 
general Riemannian one. The surface of a sphere furnishes us 
with a 2-dimensional illustration of a Riemannian continuum. 
In this case there is no system of co-ordinates for which (35-9) 
holds. The geodesics in this 2-dimensional continuum are great 
circles. <A sufficiently small part of the spherical surface can be 
regarded, practically, as part of a plane surface (a tangential 
plane), and we can find co-ordinate systems which, within such a 
restricted region, give the square of the interval the form (35-9). 
For example, we might choose as the co-ordinates of a point the 
distance (x) measured along an equator from some chosen point 
on it (origin) to the circle of longitude on which the point in ques- 
tion lies and the distance (y) measured along this circle from the 
equator to the point. If C represents the circumference of the 
sphere, the possible values of the first co-ordinate (x) lie between 
+ C/2 and — C/2, while those of the second co-ordinate (y) lie 
between + C/4and —C/4. Inthe neighbourhood of the equator, 
and only there, the expression for the square of the interval 
approaches the limit 

ds®? = dxz* + dy?. 

So too in a 4- or more-dimensional Riemannian continuum, 
though we cannot in general find co-ordinate systems which give 
ds* the form (35:9) everywhere, we can choose them in such a way 
that (35-9) will be true in some small neighbourhood which we 
may regard as common to the (curved) Riemannian continuum 
and a tangential (plane) Galilean one. 

The question now arises: What physical significance can be 
assigned to the geodesics? An answer to this question is sug- 
gested when we remember that the geodesics are practically 
straight lines in a sufficiently restricted neighbourhood and when 
we remember further one of the most striking and well-established 
of all the facts about gravitation, namely, that all free bodies in a 
small neighbourhood move with the same gravitational accelera- 
tion when their mutual influence on one another can be neglected. 
Near the earth’s surface, for example, it is the familiar g of the 
elementary textbooks and is independent of the mass of the body 
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and of the nature of the material constituting it. Now the 
generalized principle of relativity (§ 35-9) authorizes us to 
employ any system of reference and assures us that the equations 
describing physical phenomena have the same form, whatever 
system of reference may be used. Consider, then, a body moving 
under the influence of a gravitational field only, for example, that 
near the earth’s surface, and let its motion be referred to a freely 
falling structure in the same neighbourhood, as a system of 
reference; or let it be observed by a freely falling observer. The 
important fact about gravitation just described makes it manifest 
that the body in question will pursue a rectilinear path, as seen 
by such an observer, so long as the observer and it are 
in the same sufficiently small neighbourhood. Our co- 
ordinate system, fixed in the freely falling structure, can be so 
chosen that the square of the interval is expressed by (35-9). 
The equations of motion of the particle, using such co-ordinates, 
will therefore be 


Qa 
d*x., 
ds® 


and they are equivalent, as we know, to 


=O: = «= % & « = 436) 


2 
a{ds = 0, oe (36°01) 
1 


which is quite independent of the choice of a system of reference. 
This is true so long as we confine our attention to a suffi- 
ciently restricted neighbourhood. It is simply an expression 
of observational fact. Outside this neighbourhood, i.e. when the 
body or particle gets far away from the observer, or from the 
freely falling structure in which the co-ordinate origin and axes 
are fixed, its motion will cease to be rectilinear. In other words, 
equations (36) will no longer describe it. It is conceivable, 
however, that (36°01) which, as an observational fact, correctly 
describes the motion of the particle in a restricted neighbourhood, 
may correctly describe it always; since in a Riemannian con- 
tinuum geodesics need not be straight lines, though undistinguish- 
able from them in a sufficiently small part of it. If this be true, 
the equations of motion of a particle in a gravitational field are 
the equations (35°77) and its path is a geodesic. We shall adopt 
this supposition and raise it to the rank of a fundamental principle. 
It is known as the principle of equivalence and so called because 
it regards motion in a gravitational field, when this deviates from 
rectilinearity, as of the same nature as deviations from recti- 
linearity which are due to changing the system of reference. It 
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is a kind of extrapolation and its adoption will be justified by the 
success attending it. 

It should be noted that the Minkowskian force (§ 35) vanishes 
in a gravitational field. This must be the case since its 7 com- 
ponent is equal to the rest mass multiplied by the expression on 
the left of (35°77). 


§ 36-1. ELECTROMAGNETIC PHENOMENA 


In Einstein’s gravitational theory, as we have just seen, the 
motion of a particle (in a gravitational field) is the exact parallel 
or analogue of the Newtonian uniform motion of a particle along 
a straight line. The expression on the left-hand side of (35-77), 
or of (35-781), is a generalization of the Newtonian d*a/dt?, etc., 
or of dp,/di, etc.; or, as we might still better express it, a 
generalization of the Minkowskian force m,d*x/dr*, etc. There is 
indeed no necessity for the mass of the particle to appear at all 
(indeed, it does not appear in 35-77) since the extended force 
which appears in these equations vanishes. Of course there is one 
way in which masses will make their appearance: if there were 
no masses there would be no permanent gravitational fields, and 
the geodesics would become straight lines. Evidently the shapes 
of the geodesics are determined by masses and the law of gravita- 
tion, which we shall have to approach later, must therefore be a 
law which determines for us the coefficients, g,,,. It must be, 
in fact, a law which dictates some kind of limitation to the 
Riemannian space-time of Einstein’s theory. Briefly, masses, 
i.e. proper masses, are going to become constants which appear in 
the description of the structure of space-time and gravitational 
phenomena are the expression of the geometrical features 
of the continuum. They are an inherent part of the continuum 
and are not to be regarded as something distinct from it as an 
actor is from the stage on which he plays his part. Electro- 
magnetic phenomena, however, and indeed all phenomena which 
are not gravitational, are not included in the description of space- 
time in Einstein’s theory. For such phenomena there is indeed 
a place in the 4-dimensional Riemannian continuum ; but they 
are merely housed by it, as it were, and are not an organic part 
of it. 

A question now arises naturally. Is it not possible in some 
way to widen our theory so that electromagnetic, just as much as 
gravitational phenomena, may become an expression of the 
geometry, or of the metrical features of the continuum? There is 
little doubt that this is the case. A number of very different 
suggestions have already been made to achieve this kind of 
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unification. The earliest of them was described by Weyl and 
elaborated by Eddington. It is doubtful whether it is the right 
suggestion for dealing with electromagnetic phenomena; but it 
is of great interest and the fundamental notion contained in it 
may prove of service in another direction. Einstein himself 
described a unitary theory of great interest; but this too does 
not appear to furnish an acceptable solution of the problem of 
making electromagnetic phenomena an organic outcome of the 
geometrical properties of the continuum. The most attractive 
and probably the correct solution is one which has been developed 
by Kaluza and others. It is possible to indicate its nature here. 
It is a natural extension of Hinstein’s general theory and can be 
developed by starting out from the geodesic equations (35-781) 
combined with what we learned about the motion of a charged 
particle in an electromagnetic field while studying Ejinstein’s 
special theory. 

Using orthogonal co-ordinates, i.e. co-ordinates so chosen that 
the square of the interval is expressed by (35:9),! we have for 
the X component of the (Minkowskian) force on a charged particle 
in an electromagnetic field : 


BB oe 4nAedx | wH, | 4aAe dy — pH, 4nAe dz 
ae ee a dt GA a dz 4nA oa de 
Pee as rv LK] 6 4nAe dw 
4nA *) a dt 
= Go 4nAel 7 fe 4 Pu 7 po it ry et\. 
a dt dt|’ 


which may be written: 


F,=—= 


————_- os 


OL, Ox, )dt 


We might of course adopt units for which 47A/a = 1. Let us 
instead use the letter K in the sense 


4nAe {24 24.) 


K, = (4nA/a)A,. oe ee) (3691) 
Then we have 
0(eKg) a(eK.) dig 
Bi ee, oe ee ee . . (36:101 
ia ; OLy Ou, fdr one 


Where eK is a vector and the bracket expression (curl of eK) 
is a tensor whatever sort of co-ordinates we may use, as we shall 
learn later. Now a general expression for ¥,, the Minkowskian 


1 We may do this in a small neighbourhood. 
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force on a particle, which holds in all co-ordinate systems, is 
(35-781), 
_ [9P,  Opg|\ dx, 
a ie Ox pe\ 
Consequently (36-101) may be written : 


0 dx, _ 
{Ftpa + eK.) — (Pp + Ky) | = 0 
all, _ oll, Che = ; 
a {5a maha —~0, .  . (3611) 
in which II is a new vector defined by 
IT, = py + eK,.4 »- . « « (36°12) 


Indeed, we may represent the motion of a charged particle 
in an electromagnetic field by an extended form of Hamilton’s 
(or Maupertius’) principle, namely, 

9) 


5 | Tha, 0 


1 
(See 35-71 and compare 35-781 with 36:11.) 

It will be observed that the equations (36°11) have precisely 
the same form as those of a geodesic (cf. 35°781); but they are 
evidently not those of a geodesic in the 4-dimensional Riemann- 
ian continuum of Hinstein’s general theory, except of course in 
the very special case where the vector potential, K, vanishes 
or is constant. Can we enlarge our continuum, or in some way 
widen our theory, so that the equations (36-11) will actually 
be those of a geodesic? In the Galilean space-time continuum 
p,dx, is an invariant. In terms of orthogonal co-ordinates it is 


dx? 
PylXy = Mo 
dt 


and its general expression is therefore 
Plt, = Mods*/dt = MYap AL, dx;/dt, 
so that the general expression for p, is 
Pa = MGup dXp/dt (cf. § 8-2). 

Consequently we obtain for the new vector II the expression: 

IT, = MGyp dxg/dt + eK,. . . (36°121) 
The momentum II is therefore a vector each of whose com- 
ponents is equal to the corresponding one of p added to the 
product of the same component of the vector potential and the 

1W. Wilson: Proc. Roy. Soc., A, 102, p. 478 (1922). 
VOL. I1I.—6 
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charge on the particle. Noting this and also the identity in 
form of (35°781) and (36°11), we are naturally tempted to 
regard II as a (covariant) vector in a 5-dimensional continuum 
of a Riemannian type. This at once raises the question as to 
the significance of the fifth component, //7,, and it would be rather 
unsatisfactory and disappointing if we were unable to find an 
observational equivalent for it. We have not the same anxiety 
about the fifth co-ordinate, z,. If no observational equivalent 
turns up for that we may place it in the category of cyclic co- 
ordinates. Happily there is a most important physical quantity 
which can be identified with J7,, and the identification is the most 
natural and appropriate one imaginable. Among the funda- 
mental principles which have guided us in the development of 
physical theory, including relativity, up to this point is that of 
conservation of momentum; which asserts that 2p, remains 
constant for a number of particles subject only to their mutual 
interactions. Naturally we must widen its scope so that 2/L, 
is a constant. For « = 1, 2, 3, 4 this will cause us no difficulties 
and will include the conservation of momentum in the older 
and more restricted sense as well as that of mass and energy. 
Is there any further physical quantity which is conserved and 
which has not already been subsumed under the broad principle 
of conservation of momentum? There is the conservation of 
electric charge. Therefore if e represent the charge on a 
particle, let us write 


e = all;, Se ee & & 66513) 


where a, is a suitable constant. This not only disposes of J/,, 
but it unifies all the conservation principles in the one great 
principle of conservation of momentum. 

The motion of a particle, charged or not charged and whether 
in a gravitational or electromagnetic field or in both, will be 
described by the five equations (36:11) or by five equations 
exactly like (35-77), except that the tensor, 9,,,, must be re- 
placed by a corresponding tensor, y,,, appropriate to the 5- 
dimensional continuum. Either of these sets of equations 
describes a geodesic in the continuum and is equivalent to 

2 


§ | do =0, .. . . . (36°14) 
1 
do being the interval, i.e. 
do® = y,,da,dx%z . . . . (36°15) 


Let us now imagine the simplest case of a charged particle. 
This will be a particle moving in a region where there is no field 
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of force of any kind. Our new 5-dimensional continuum will 
therefore acquire a Euclidean or Galilean character, i.e. it will be 
possible to find co-ordinate systems in which the square of the 
interval, do, takes the form: 


do® = dx,? + dx,” + dx? + dx,” + da,? = ds* + dx,?, (36°151) 
and, of course, when « = 1, 2, 3 or 4, IT, will become p,. There- 


fore 
dx dx dx 
Nd da PET 
the last term anticipating a new proper time, 7', and proper 
mass, “, appropriate to the new continuum. Then further 


da. 

i, = Moai . (36°153) 
Remembering that the old proper time was defined (cf. § 34-9) 

by 


. (36°152) 


ds? = — c?dr?, 
we shall define the new one by 
do®=—cdT?, . . . . . . (36°16) 
so that — fT? — — cdr? + da;,? 
aT 1 /dx;\ 7) 
_ ge ~~ aae) } 
or 
dr =ydT,. . . . . . . (36:161) 
where 
y = (1 —v’*/e*) 2 2... (36°162) 
and 
vy =dau;/dt. . . . «. « . (36°163) 


The new proper mass, “, will be related to the old one, mp, as 
will be easily understood on referring again to § 35, by the 


equation 
Mo = Y'L, » oe ee. (36°17) 
and of course we have further 
m/dt = m/dt =u/dT. . . . (36°171) 


We have anticipated (34:6) that we shall have to regard 
light (the phenomenon usually described as electromagnetic 
waves) rather as Newton did; that is to say, we shall find that 
we must regard it as made up of something resembling particles 
—they are termed photons—and possessing the property or 
peculiarity that Newton described as fits. This does not imply 
that the electromagnetic theory we have described at such length 
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is going to be discarded. It means in the main that the inter- 
pretation of it will be changed. 

Photons travel of course with the velocity c. Therefore ds 
vanishes along the track of a photon, and so does dt in con- 
sequence. ‘T'he « component of momentum of a photon is for 
a= 1, 2, 3, 4 

m dx, /dt = m, du,/dt = udz,/dT, 


consequently, though m is not vanishingly small, m, = 0. 

Further, since photons are uncharged 

IT, =m dx;/dt = m,dx,/dt = udx;/dT = 0, 

and as m/dt = m,/dt = u/dT does not vanish, we must con- 
clude that dz; vanishes for a photon and indeed for any un- 
charged particle. ‘Therefore not only does ds vanish for a photon ; 
but also do. And parallel with this m, and mu vanish for a photon. 

Imagine instead of a photon any charged particle for which 
of course m, and ds do not vanish. It is a permissible and in- 
teresting speculation to contemplate the hypothesis that never- 
theless 4 and do vanish for all elementary particles. If do = 0, 
then 

ds? + dv,* = 0, 
and consequently 
vy’? = (dz;/dr)* = — (ds/dt)? = c?. 
Hence 
e = all; = aym, du,/dt = + aymec. 
We naturally assign a positive value to a, and therefore 
ay =|e/me |. . . + « (36°18) 

If the very speculative hypothesis we are now studying, 
namely, that do =0 for all elementary particles, electrons, 
positrons, photons, be a correct one we must conclude that e/m, 
has the same value for all of them and all of them have the 
proper mass 4 =0. The photon is merely the special case 
where m, (and consequently e) vanish. We shall leave this part 
of the subject of relativity, i. the problem of the unification 
of gravitational and electromagnetic phenomena, at this point 
and continue the study of relativity as it appears in its Minkowski- 
Kinstein guise. 


CHAPTER V 


TENSOR ANALYSIS 


§ 36:2. THE FUNDAMENTAL TENSOR 


WE shall now develop the tensor analysis appropriate for a 
continuum, Galilean or other, in which the square of the interval 
has the form: 


dS? 229 .0t. din « « & & -(36°2) 
For a 3-dimensional continuum for example 
ds* = 9,,du,? + g,,du,dx,+9,,da,dx; . . (36°201) 


+ Joy dx, Ay + GYo2 AX, dq + Go; AX, dx, 

+ 9g, At, AX, + Joe dX, dX. + Gaz AX”. 
We shall always take 9, to be symmetrical, 1.€. gn =QJnm- We 
are at liberty to do this, since it is equivalent to defining either 
Jmn OT Jnm a8 one half of the coefficient of the product dz,, dz,, 
in the sum which makes up ds*. The term containing dz,, dx, 
is split into two equal parts, gm, dX, dX, and Gym dX, dX ,—the 
summation convention is not now implied—for the sake of the 
great advantage of being able to represent the whole sum ds? 
in the simple form 9,, 4%, dx, when the summation convention 
is used. 

The expression (36-2) is, by hypothesis, an invariant of our 

transformations, and we can prove that the g,,, constitute a 


covariant tensor. 
It follows from (36:2) that 


Jnn(dep, =P 0X, )(dxy, ar 62,,) 


is an invariant, dx and 6x being two arbitrary (displacement) 
vectors. 
Hence 
Iman AX, OX, 


is an invariant, and since dz,, dz, is the mn component of an 
arbitrary contravariant tensor of rank two, it follows that g,,,,, is 
a covariant tensor of rank two (§§ 34-7 and 34:8). 

Let us consider next the determinant : 


9=|Gmnle . . . . « (36-21) 


g = 29: 
n 
73 


It may be written: 
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in which the summation is extended over the index n only. A™ 
is a minor determinant obtained by omitting from | g,,,| the 
row, m, and the column, n, and giving the result a suitable sign. 
We may illustrate this by one of the expressions for g in a 
3-dimensional continuum : 


Yrr> Jie, Jr 
JG = | Gai. Joa Jos 
Jsi. Yao, Yas 
One of its expansions, for example, is 
Jia, Jis | Gry Gis Jii, Jie 
73 Jao, Jas = das} Joi, Gas } ms dos ge Joa | 
Thus, for example, 
As2 — _| giv Jr 
Jor Jos | 


Tt is obvious that 
Jan” = 0, when a +), 


because it is identical with what is obtained by replacing in the 
determinant, g, the row, 6, by a row identical with a. Therefore 


= b 
Abn — J, & ’ 
Jan . a aad b, 


the summation in either case being with respect to n. Hence 
laz=b, 
Dient A" 1G} a ie a xb, 
Or, if we define g’” by 
gi? = AN/g, 2. 2... (86°22) 
we have 
lla=b, . . . (36:23 
ie = Jang?” re ‘c a <b. ( ) 
The set of quantities g,” constitutes a mixed tensor of the second 
rank; because 
g,' BY = B», 
where B* is an arbitrary tensor (§§ 34:7 and 34:8). We may 
also show that the set of quantities g“” constitutes a contra- 
variant tensor of rank two. We have, namely, 
g7"'"9, ,Dye = Invariant 
since it is equal to 
gy“B,”, 
where B,? is any tensor of the kind described by the notation. 
Therefore 
gg" Big = Invariant 


where B,,,,, is the tensor g,,,,B,’. Now this latter tensor is arbitrary 
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on account of the arbitrariness of B,”. Hence g*” is a tensor. 
The term fundamental tensor is applied more particularly to 
the tensor g,,,; but g”” and other tensors, including the very 
important Riemann-Christoffel tensor of § 36°8, which can be 
expressed in terms of g,,, and its derivatives, are often called 
fundamental tensors. 

We may illustrate some features of the more extended tensor 
calculus we are now studying by the example of polar co-ordinates 
in Euclidean space. The typical contravariant vector is now 

(dr, d0, dd), 

OT (dx, AX», ax), 
and since 

ds? = dr? + r?d0? + r? sin? 0 dd?, 
or, as we may otherwise express it, 

ds® = dau,? + «,2 dxz.? + x,? sin? x, dz,?, 

therefore 

91 = 1, Jor = U1", Jos = 21? SIN? ep, 
while all the other g,,, vanish. 

Now J,nn @@, 18 a covariant vector; its three components in 
the present illustration being: 

Jur Ak, + Jia dy + Gis ds, 

Jo, AX, + Jax AL, + Jog AXs, 
and Js, AX, + Goo de + Jag AXs, 
or dr, r7d0 and r* sin? 6 dd. 
In Euclidean space and Newtonian mechanics, mass and time are 
invariants. Therefore we have as an example of a covariant 
vector 


dr a0 . . dd 
Ga mr 7p mr? gin F) 


which is the familiar generalized momentum of a particle in polar 
co-ordinates. 


§ 36:3. THE GropDEsIc EQuaTION 


In equation (35°77) let us write 
a I O9 ny OF nr O9 mn 
mnr = (ge + ax, B) " . (36 3) 
so that the equation becomes 


ada dx,, dx 
Dp : 
Ypr ds? = Dns pa a = 0 
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Multiply both sides by g’*, summing with respect to r, thus 


rs, Ee rs Aki, AL, 
PYprgP + 9'T nn a So = 0 
Therefore equations (35°77) take the form 
ax, AL, AL, Z 
as? + £3 = de ds =0,. . . (36301) 
where 
Le =f Tne + «+ « «+ (36302) 


The equations (36:301) constitute therefore an alternative form 
of the equations of a geodesic which, as we have seen, is the sort 
of path along which a particle in a gravitational field (and not 
subject to other forces) must travel; and the problem that re- 
mains, so far as gravitation is concerned, is that of determining 
the components of the tensor g,,,.. This we shall leave to a later 
section. 


§ 36-4. THe DETERMINANT ¢ 


The components g,,,’ of the fundamental tensor in one system 
of co-ordinates are related, as we know, to its components g,,,, in 
another by the equations 


1» Wm An 
Juv a da,’ dx," 
so that the determinant 
f =| 9 | 
may be expressed by 
OX», AX», 
— dx,’ dx, 2m 
the typical constituent, g,,’, having been replaced by the equiva- 
lent expression 


) 


OXLm, Ay, 
dx,’ dix, 5779 mn» 
which is a sum of products, each containing three factors. These 
products include for example 
OX, O02, OX, OX» 
ax,’ a2," Ox,’ du,” 
and so on. It is helpful here to es temporarily, a slightly 
different notation. We shall represent 
OX, /Ox,' bY Kyys 
OX, /0%,,' BY lam: 
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The typical constituent of the determinant thus becomes 


LumJmnKnws 

summation with respect to m and 7 being implied. Finally let 
us represent 

Imnkny bY Kany 
the summation with respect to n having been effected. 
Thus 

g c= | Pees Gre be 
Consequently 

g’ = | | x | 61 
by the rule for multiplying determinants and 
| Kiy,| =| 9mn| X | Miele 
Hence 
9 = dam l X | Bal | Sma! 

and consequently 


; _ | Op, . OX», pe 
0x,’ ox,’ mn | 9 
so that finally 
Yee 2 
and yi? a } » . «  «  (36°4) 
where 
J= OX, = 0X, = O(%, . eos 4) 
Ox," 0x,’ O(a... X4') 


is the familiar Jacobean determinant. Now we know that 
J dx,’ dx,’ di,’ dx,’ = dx, dx. dx, dx,,1 

and on multiplying this by (36°4) we get 

gM? dx,’ dz,’ dx,’ du,’ = g'/* dx, dx,du,da,. . . (36°41) 
so that the product of g!/* and dx, dx, dx, dx, is an invariant. 
This invariant expression is the generalization of the orthogonal 
Euclidean or Galilean volume element. In Euclidean space, for 
example, with polar co-ordinates we have 
1, 0, 0, 
0, r?, 0, 
0, 0, 7? sin? 6 


5] 


(cf. § 36:2). Hence 
gi/? = r2 sin 0 
and the invariant (36°41) becomes therefore 
r2 sin 0 dr dé dd, 


1 Strictly this is only truc in the integrated form: 
JJ dx,’ dx,/ dz,’ dx,’ = [dx, dx, dx, dx,. 
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which is in fact the expression for the volume element which 
simple geometrical considerations yield. 


§ 36-5. ParaLLEL DISPLACEMENT 


Consider the vector (dx,, dx,, dx,, dx,) or (dx, dy, dz, dt). It 
represents a spacial shift (dz, dy, dz) of something or other, which 
occurs during the time interval, di. The square of its absolute 
value is 

ds* = Jny,dX,d%, «. - . «. (36:5) 
and we may describe ds as the interval between the points 
(%1, Yq, Vs, X,) and (x, + da,, x, + dx, x, +da,, x, -+dx,). Itis 
convenient to term the former point the origin of the vector 
(dx,, dx,, dx,, dx,). We are going to compare this vector and 
another one of the same absolute value, ds, whose origin is at a 
neighbouring point (%, + 621, 2 + d%2, x; + 6%, %, + 67,4). We 
shall assume that this second vector 
is related to the first by some law— 
it does not for the moment matter 
what law—so that we may represent 
the component corresponding to dz,, 
(or €” as we shall sometimes call it) 
by dx, + ddz,, or by &” + d&”, 
since, for a given vector é”, the new 
vector (which we may conveniently 
term the displacement of the 
original one, €”) will depend on 6z,,. 

0 In Fig. 36-5 the vector é” is repre- 
Fic. 36-5 sented by oa and the displaced 
vector, &" + d&", by bc, having 
been displaced by the amount ob or éz,,. The simplest kind of 
displacement will be one which is such that when the vector ob 
is displaced by the amount oa, i.e. when its origin is shifted from 
o to a, the end point, c, of the displaced vector will coincide with 
the end point of bc. This means that 6 dz,, is identical with d 6z,,. 
Since the opposite sides of the figure oacb have equal lengths—the 
kind of displacement we are dealing with being one in which the 
absolute value of the displaced vector remains constant—it is 
appropriate to call the displacement a parallel displacement. 
In fact, oa and ob will be parallel in the ordinary sense of the 
term in a Euclidean or Galilean continuum. 

We wish to find an expression for dé”, the change in the value 
of &” due to the displacement 6z,,. We shall attempt to do this by 
writing 


C 


eo) 
= 


be" = AM EP Oe, 2... (36°51) 
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the coefficients A; being independent of the components &? 
and d6x,. Since ds, the absolute value of &”, remains unaltered 
we must have 


8(ds*) = d(Gnne"") = 9, 
or “Brn gm 6%, + 29 ne Oe” — 0 


: 
and therefore 


9mn 

ie SPE ON at 29mnE "AGE? OX, = 0, 
by (36°51). We get, therefore, if we make suitable changes in 
the indices, 


( faz + 29 no 4%, Em En 02, — Q, 
Ox, 
This is true when é”&" 6x, is arbitrary. Therefore 


29mm 1 99 4° = 0... . . (36°52) 


OX, 
The equation (36:51) means 
6 dz,, = A™ dx, dx, 


Da 
a — mn . 


Now d 6z,, = 6 dz,, and therefore 
AM ee A 3 4 we. & we “(36°521) 


DY gp 
We have a large number of equations like (36°52), one for each 
choice of m, n and r. Let us write down the two following, 
which have been derived from (36°52) by interchanging m and 
ry, and » and r respectively : 


Grn aie 29 no A® = V, 


Similarly 


mr 
OX, 


; _ (36522) 
Sot At, = 0. 


UN 
Ln, 


On adding the last two equations and subtracting (36°52) we get 


og ‘ 0g, ; og , 
me uw UF mn a 0, 
es a OX 0x,. + 29ro mn 


or 
Dig or JroAe = 0, : : : (36°523) 


by (36:3). 
On multiplying by g” and carrying out the implied summation 
we get 
Ati= rs 


mn mn> ° 


(36-53) 
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by (36:302) and the formula (36°51) thus becomes 
6dtm +1" dx, du,=0 «. . . (36°54) 


Pd 
and is therefore a generalization of (36°301). We may regard 
it as a definition of parallelism in a Riemannian continuum. 

It will be noticed, on comparing (36:301) and (36:54), that 
a geodesic is the result of parallel displacements of a 
vector dx,, in its own direction. 


§ 36:6. COVARIANT DERIVATION 


A set of differential quotients like 0B,,/ox,, can only be 
regarded as a tensor while we use systems of orthogonal co-or- 
dinates (cf. § 34°8). It is very desirable and indeed essential 
that we should search for tensors whose components, when 
referred to orthogonal co-ordinate systems in Galilean space- 
time, become differential quotients of tensors. We shall start 
out from the invariant 

a( Bn OXn), 
in which B,, is any covariant vector and d and 6 have the same 
significance as in the last section. This invariant may be written 


OB 


OXn 


Atn OLm + Byd dXm; 


or 


0B 
dX, OXm — Bind ir dt, 62, 
Ox, pq Wy Olg 
by (36°54). On making suitable changes in the indices we may 
put it in the form: 


OBm > 
& = BT in) OX. 


As this is an invariant and dz, 6x, is an arbitrary tensor we 
conclude that 

OB», IO 

roa —BIvn . . . « »«  (36°6) 
is a covariant tensor of rank two. It is called the covariant 
derivative of the vector B,,. On multiplying it by dz, and 
carrying out the implied summation we get further : 


dB,, — Bn dt, . . . . (36°61) 
is a covariant vector. If we subtract from the tensor component 
OB, , 
ae Bol ni 


Ox rR 


§ 36-6] TENSOR ANALYSIS 81 


the component 


OB,, 
OX yn — BL in 
we obtain, since J’,, =I°.,,, 
OB, OB, 
mo ; 3 e 
OX, OX ( : ef) 


which must be the mn component of a tensor. It represents the 
curl of B. It will be remembered that we have already antici- 
pated (§§ 35:2 and 36-1) that the familiar expression in ortho- 
gonal co-ordinates for the component of a curl is valid in any 
system of co-ordinates. 
Next consider the covariant vector 

G 

—— (A,,B”™). 

an, mm ) 
It is a covariant vector because A,,b” is an invariant and the 


typical covariant vector is 0®/dx,, where ® is an invariant. 
If we write 


0 
A, DB”) = C, 
an, m ) n 
where C,, is a covariant vector, we have 
0A 0B” 
m mt Bm ; 
an 20", + Aj, Ox Ln 4 OF 
Now by (36:6) 
OA » O 
OX, = Linn + Al is 
where 7',,.» 18 @ certain covariant tensor. Therefore 
oBm 
PnnB™ =F A,B de Geer = Aira Ox, _ = Cn, 
and so 
oBm 
A,BT in + An ga~ = Dns 


where D,, is the covariant vector O. — T,,B™. Therefore 


An(F ts BT 3) = D,; 


o7 
OX», 


and as A,, may be an arbitrary vector we conclude that 


_ - Uo ae 1 


and po + BI dy, 


(36-63) 
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are tensors. The former of these is the covariant derivative 
of Bb”, 

A little difficulty seems to arise here. We have often assumed 
without a sufficiently close examination that the difference of 
two tensors of the same kind is a tensor, for example, that 
Cr — TinnB™ is a tensor. On the other hand, we have arrived 
at conclusions like (36°61) and (36°63) which make it clear that 
dB, and dB”, which, in fact, represent differences between 
vectors of the same kind, are not themselves vectors. The fact 
is, aS we shall now show, that the sum or difference of two 
tensors of the same kind is a tensor provided always they 
are tensors at the same place (2,, %, x3, «,). By sum or 
difference of two tensors is meant of course a tensor any one 
of whose components is the sum or difference of the corresponding 
components of the two tensors in question. Take, for example, 
two covariant vectors, A,, and B,,. The appropriate equations 
of transformation from one co-ordinate system to another are: 


Ox 
A / = nt A 
Ie 0 ry mo 
/ OX 
and B m es 5, Bm . 


iv 
If A,, and B,, are vectors at the same place, (x1, Ya, %3, %,), the 
differential quotients 0x,,/0x,' have the same values for both 
vectors and hence 


A,’ +B, = 5 Am + By). 
We understand now why it is quite correct to regard C,, — T,B™ 
as a vector and that the reason why d6” is not a vector is that 
it represents the difference of two vectors at different places. 
When we apply the process of contraction (§ 34:8) to the 
first equation (36°63) we get 


+ BI™ | ||. (3664) 


OX» 
v / 


iv 


This is the divergence of the vector B”. It is appropriately 
so called because, in orthogonal co-ordinates in Galilean space- 
time, 3, vanishes, the g,, being constants, and hence with such 
co-ordinates (36°64) reduces to 
0B” /dx,, = 0B1/dx, + 0B*/dx, + 0B?/dx, + 0B*/0x,. 
It is easy to show that 


m 1 mn 9 me e 
7 Baa = 9 ax, ) . : : . (36 65) 
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and since 


I og — gor mr 
g Ox, 0x, 
we get 
‘ 1 agi? 
L om — gi? On, 


The divergence of B” may therefore be written 
oBm™ ] dg\/? 
pie es tees 
OL, gs OX», 
l oBm dgi/? 
or tf wl fee. Bm 
alo'"se, + 2°Z—) 
or finally 
I d(g1/7B”) 


gle AX 
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(36°66) 


(36°67) 


§ 36-7. COVARIANT DERIVATIVES OF TENSORS OF 


HicHER RANK 


Starting out from the statement 
TT,” A,,b” is an invariant, 


T',’” being a mixed tensor and A,, and B” being arbitrary covariant 


and contravariant vectors respectively, we have 
0 
5 (bn A mB”) = Cy; 
P 


where CC’. is a covariant vector. Therefore 


A, Bree - Bop mAm + 4,7 mo Be ees 
Ox, Ox, 0x. 
Now by (36:6) and (36°63) 
Ch = T0,Ay + Prin 
Ox, 
an Se = TBP + 
Ox, 
where @,, and YY.” are certain tensors. Hence 
Ay BSE” + BTM T2, Ay + Gyp) + An PME” — TSB?) =C,. 
r 
Therefore 
A,B n + A,BT,”T?,, — A,B,” = D,, 


7 
where D, means the covariant vector, 

? 
Cy — Bi Dy Ons a Ay lr, ’. 
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This result may be written: 


Aid Boe ms T° m rs, = D.. 


0%, or 
Now as A,, and B” are arbitrary we infer (cf. § 34°8) that 
So mre 120% 2. (86-7) 


is a tensor. It is the covariant derivative of 7',”. 
It is easy to show in a similar way that, for example, 
ofimn 
as Pyro" + L5,Fm wk (36°71) 
is a tensor: the covariant derivative of 7”. 


It is of some interest to study the divergence of 7". This 
will be 


orm 1 ag? mo 

ee tees fe [le 
OX, - gil? ax, - 
The Christoffel expression J, is, as we have seen, symmetrical 
in o and n, and if it should happen that 7°” is antisymmetrical 
in o and n, ie. if T°" = — T”"°, then the sum /%,7° vanishes 
identically ; so that in this case the divergence of 7" becomes 


“1 a(gi2qimny 
tr - ok... (36°72) 


We might conclude this section by the following general 
statement which the reader will now have no difficulty in proving : 


oyim no ees 
Towa e m NO.w.-. n moa... (8) mnw.se.. 
— a pal dei sas A ae dip ies q* ae D Geers le 


te Pes 
OX}, Pd 

w JIMNnO... wopmno... w/IMNO... 
aie: aoe = sy Lee Hl a a hei cara 

—...isatensor. . . . . . (36°73) 


It may easily be verified that the covariant derivatives of 
Imn and g”” are both of them identically zero. We have only 
to write down the covariant derivative of g,,,, in order to recog- 
nize that it vanishes identically, thus 


0 mn Ww Ww 
ame aoe mrJun — a arg mw 


0x,. 
0 m 
= ga —Liar,n = Dye, am 
r 
— 9mm _ VY 9mn 1 Grn _ me 
0x, 2| Ox, OXm IX 


_ 1 O9nm OF me ae; O9nr si) 
2\ ox, OXLy iad 7 
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identically. Hence 


é mn 
ue ae tare n ae y Bs m ‘ ° : (36°74) 
The covariant derivative of g”” is 
ag 


He ger. a aa! la 


On, 
Let us represent it, for sale by X”*, Therefore 


og nh 
Ist: Irn de” ng = IskIrn~ or YJ sk” wh mr, T sa Jon” ef or, § 


OFrn 
ds Co zi 2) or Ls ,T a eas 8) 


09-3 
rue me me ae awe + y ore 
v, 


which vanishes identically by (36°74). 


§ 36:8. Tor RIEMANN-CHRISTOFFEL TENSOR 


Writing the square of the interval, ds, in the form: 


dst Gere. ss & ~&. oo 1 3O°8) 
and observing that in a parallel displacement of ds 
6&% = — 16? 6%, « «© » ~~» (36°81) 


we shall investigate the sum, ae" , obtained by adding up all 


C 


A 
Fia. 36:8 


the dé" resulting from a succession of parallel displacements 
carried out round a small closed loop, starting at any point, A 
(Fig. 36-8), and ending there. We have from (36-81) 


poe ~~ or aps” OX, 


VOL. IlIl.—7 
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and therefore, on applying Stokes’ theorem, 


n _l 0 m £0\ __ 0 n £0 ) 
Soe = — al {ame — ae re9 jaar 


in which the integration \| is extended over any surface bounded 


by the loop, and 

AS? = Ox, dt, — Ox, Aty 
is a surface element and also a tensor. The bracket expression 
{ } in the surface integral is equivalent to 


(se = “t ioe; lee - [re [fo Ev, 


Bn, Oily po! aw 

or 

arn, ar 
| go Spo pn pw nae, _ (36-82) 

OL OX, q v Pp q 

Therefore 

36" Seen { { {ee wo po pn pw pn rygheedses. (36°83) 

2) J (0x, OX, : 


The integral joe is not in general a vector; but obviously 
bdsm 1s a vector (cf. § 36°6) since it means the difference of two 
vectors at the same place. Ifthe loop round which is extended 


is a very small one the symbol, \\. may be dropped and the 


surface integral becomes equal to minus the product of the 
bracket expression, { }, and 1/2 of &dS?%, This product is a 


vector, namely baer and as £°dS?% is an arbitrary tensor, we 


conclude that the bracket expression, { }, is a tensor. It is 
known as the Riemann-Christoffel tensor and we shall note 
it in the form: 


are, = ar 
r = m mn Fs [° Tr [f° : . 2 4 
nunk Ox, : Ox, ko~ mn = no km (36 8 ) 


This is the most important tensor in Einstein’s gravitational 
theory on account of the fact, established in § 36-9, that its 
vanishing is the necessary and sufficient condition that the con- 
tinuum shall be Galilean while at the same time it is derived 
solely from the g,,,. It has 44 or 256 components, of which, 
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however, only 20 are independent. We shall not deal in detail 
with this feature of the tensor; but will refer the reader to the 
works mentioned in the bibliography at the end of Chapter VII. 
Some of the relationships between the components are very 
obvious. For example 


r r y ew 
Be nk Si chee ay Brin ao 0, 
and 
Br 


mnk — 


—_ BF 


mkn 


§ 36:9. FLaT AND CURVED SPACE-TIME 


These terms, ‘ flat ’ and ‘ curved ’, are not to be understood 
quite literally. We have already seen (cf. § 35-9) that Galilean 
space-time, in which systems of co-ordinates can be so chosen 
that 


ds? = ddz,*? . . . . . (36:9) 


everywhere, resembles a Euclidean plane, and that the more 
comprehensive Riemannian continuum is exemplified by the 
surface of a sphere. We therefore sometimes speak of them as 
flat or plane space-time and curved space-time respectively. 
In flat space-time we can choose such co-ordinates that (36:9) 
is true everywhere and it is obvious that then every component 
of the Riemann-Christoffel tensor vanishes, 1.e. 


BY=0, . . . . . (36-91) 


munk 
or, as we shall briefly express it, the tensor vanishes, on account 
of the constancy of the g,,,. But the statement (36-91), if 
true in one system of co-ordinates, must be true in any system 
of co-ordinates since 


, 
Be ates a p Ok OX OxX;, Br = 0 
, %,. 


when (36-91) is true. 

The converse proposition naturally suggests itself. Given 
that the Riemann-Christoffel tensor vanishes, or given that 
(36-91) is true for a continuum, can we infer that it is flat? 
In other words, can we infer that a co-ordinate system exists 
which gives the interval the form (36-9) everywhere, or, what 
amounts to the same thing, can we infer that a co-ordinate 
system exists in which the g,,,, are everywhere constants? We 
shall see that this is the case. When (36°91) holds, the parallel 
displacement of a vector, ds (= dz, or &"), round a closed loop 
(Fig. 36-8), so that its origin starts from a point, A, and reaches 
this point again after travelling round the loop, will leave the 
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vector in coincidence with its original configuration, i.e. its 
terminal points will coincide with their original positions. This 
amounts to the same thing as to say that when the vector, ds, 
suffers a parallel displacement in which its origin travels along 
the loop from a point, A, to a point, B, the result will be in- 
dependent of the direction taken, i.e. it will be all the same 
whether it travels along the loop by way of the point, C, or in 
the other direction, by way of the point, D. 

We shall begin by studying a 2-dimensional continuum since 
it can be more easily illustrated by a figure. Let oa in Fig. 36-9 
be a displacement vector, ds, and om a similar vector, 6s; 


Za 3h 
LAA 


Lag | 
\ Ya | 
AV 


Aue 
4 
\_\ | 


Fic. 36:9 


both having the common origin, 0. Now let oa suffer parallel 
displacement in its own direction, so that its origin occupies 
successively the positions a, b, c, etc., b being the terminal point 
of the vector when its origin is at a, e being its terminal point 
when its origin is at 6, and so on. The geodesic oabc . . . is thus 
generated. Similarly we may generate another geodesic, omn . . ., 
by the parallel displacement, in its own direction, of the vector 
5s. Next, let the vector, oa, suffer parallel displacements so that 
its origin travels along the geodesic omn . . . and occupies suc- 
cessively the points m, n, etc., the vectors md, ng, etc., being thus 
generated. In a similar way, by the parallel displacement of the 
vector, om, so that its origin, 0, travels along the geodesic, oabc .. . 
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and occupies successively the positions a, b,c . . . we shall produce 
the vectors ad, be, cf ... If now all these vectors suffer ae 
displacements, each in its own direction, the geodesics mde’ . 
ng'h't’ ..., and adg’..., beh’ ..., cf’... will be pro- 
duced. The accented letters e’, jf’, g’, h’ ... denote points 
where the geodesics intersect and it should be observed that 
such points as g and g’, for example, do not necessarily coincide. 
The former point terminates the vector ng, generated by the 
parallel displacement of oa so that its origin, o, is shifted along 
the geodesic omn . . . into the position », whereas the latter 
point, g’, is the intersection of the two geodesics generated by 
the parallel displacement of the vectors ng and ad each in its 
own direction. Certain points in the continuum have thus been 
defined or specified by certain parallel displacements of the vectors 
oa and om, namely, a, b,c ...m,d,ef...n,g... and 
other points, represented by accented letters, g’, h’, 0’, e’, jf’, etc., 
which are the points of intersection of the two sets of geodesics 
described above. Fig. 36-9 represents a special case—namely, 
that where (36:91) holds—in which the points represented by 
accented letters, e.g. the points g’, h’, 2’, e’, f’ . . ., ete., coin- 
cide respectively with certain points, g, h, 1, e, f..., ete., 
all of which have not yet been defined. 

We can obviously found a system of co-ordinates on the two 
sets - geodesics. we may, for example, adopt the distances 


oc OT fas and on or fs as the co-ordinates of the point, 2’, the 


intersection of the two geodesics cfs’ . . . andng’h's’ . . . respec- 
tively and denote them by x,and2,. Ifthe geodesics are very near 
together, so that the meshes which they form are very fine, we may 
denote the differences between the co-ordinates of the points e’ 
and f’, for example, and between those of e’ and h’, i.e. the dis- 
tances bc and mn, by dx, and dx, respectively, and the distance 
f'l’ by ds. We shall then have of course 


ds? = g,,da, + 29,, dx, day + Jas dx”, 


the coefficients 911, 912; Jo, being in general functions of x, and x. 

When the condition (36-91) is satisfied we may define a set of 
pointso,a,b,e ...m,d,e,f...n,g ... ,justas before and in 
addition other pointsh,z ...4,y .. . which will, inconsequence 
of (36°91), coincide with the points already defined as the points of 
intersection of two sets of geodesics and denoted by accented letters 
g',h',e’,f’ . . . The point g, for example, has already been defined 
as the terminal point of the vector ng which is the result of that 
parallel displacement of the vector oa in which its origin, o, has 
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travelled along the geodesic 0, m, n . . . to the point n. Now 
the vector dg is in any case, i.e. whether (36°91) is satisfied or 
not, the parallel displacement of mn when its origin is displaced 
from m to d, since ng is the parallel displacement of md. But 
when (36:91) is true dg will also result from the parallel dis- 
placement of om when its origin travels along any path to d 
and hence when its origin, o, is shifted first to a and then to d. 
Thus when (36:91) holds, the point g coincides with g’, the inter- 
section of the two geodesics adg’ . . . and ngh'c’ . . . Similarly 
we can define a point A as the point where a arrives in con- 
sequence of the parallel displacement of oa in which its origin, 0, 
travels along any path from o to g, provided (36-91) is true; 
or equally well as the point where m arrives in consequence of 
the parallel displacement of om in which its origin, o, travels 
from o toe. All the points defined in this way and represented 
by unaccented letters coincide with the corresponding points of 
intersection of two sets of geodesics which have been represented 
by the same letters accented. 

Now it is a consequence of (36°91) that md is the parallel 
displacement of ab. Hence bd, ce, fh... yz... can be pro- 
duced by the parallel displacement of am. Therefore the length 
yz, for example, is equal to the length am and we may call each 
of them ds. The difference of the co-ordinates of x and z is the 
distance By. And this is equal to the distances om and xz since 
all of them can be generated one from another by parallel dis- 
placement. Similarly the difference of the co-ordinates of x and y 
is equal to the distance zy and also to the distance oa. We 
have then 

ry = 0a = dx, 
LZ = OM = AXe, 
and yz =am = ds. 
Now 
ds® = gy, dx," + 291. dx, dx, + 92, dx,”, (triangle oam) 
and 
ds® = gi," dv,? + 29,,’ dv, dv, + 92,’ dxz,”, (triangle xyz) 
and since dz, and dx, are quite arbitrary it follows that 


, 
Jiu = 9Ji> 
td 
Jia = Jie, 
/ 
Joo = Joa- 


That is to say the values of the coefficients g,,, are independent 
of the position of the triangle or mesh and they are therefore 
constants and indeed with our choice of co-ordinates g,, and gos 
are each equal to unity. This follows because the respective 
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co-ordinate differences dz, and dx, between the points o and a 
and between the points o and m are equal to the actual distances 
oa and om; and since oa and om are arbitrary, we have in the 
special case where oa vanishes 


am = om, 
or ds* = dax,?: 
but in this case AS? = 35:dX5". 
Hence Jo. = I. 


We have learned that, in consequence of (36°91) the g,,,, are 
constants. The 2-dimensional continuum is therefore Euclidean 
or, as we sometimes say, flat. The argument we have used can 
obviously be extended to a continuum of 3, 4 or more dimensions. 
We have thus established that (36:91), or the vanishing of the 
Riemann-Christoffel tensor, is a sufficient condition for flat space- 
time and we proved it to be a necessary condition at the outset 
of this section. 


CHAPTER VI 
THE GENERAL THEORY OF RELATIVITY 


§ 37. EnstrIn’s Law or GRAVITATION 


WE have seen (§ 36) that the motion of a particle in a gravi- 
tational field is along a space-time geodesic and the law of gravi- 
tation will therefore be expressed by equations which determine 
for us the components, g,,,, of the fundamental tensor in any 
system of co-ordinates. This amounts (§ 36:1) to imposing 
some sort of limitation on the character of the Riemannian 
continuum. We have just had an example of such a thing, 
namely, that expressed by the vanishing of the Riemann- 
Christoffel tensor, or 


Bo,=0 . . we. (87) 


This condition causes all the geodesics to be straight lines and 
banishes gravitational fields (in the strict or old-fashioned sense 
of the term) altogether. We have therefore to search for some 
less stringent statement than (37)—one which will assign to the 
geodesics such forms that the motion of particles along them 
will be in accord with our experience; and whatever the state- 
ment may be, it must include (37) as a special case, or at any 
rate it must be capable of approaching it very closely, since we 
are bound to provide for the case where gravitational forces 
vanish or become very small. Linstein’s original choice for the 
law of gravitation (in empty space with neighbouring gravitat- 
ing masses) was the statement : 
r r 
Cin = Boy, = — So _ rere, 4 re, = 0. (37-01) 


This choice is consistent with condition just mentioned; since 
when (37) is true (37:01) necessarily follows. This is because 
the components, G,,,, are sums of certain components of the 
Riemann-Christoffel tensor. In fact, the particular component 
Ginn is equal to Bh,y + Brno + Bang + Bing On the other 
hand (37:01) may be true even when (37) does not hold. 


1 Since in order that a + 6 + c may vanish it is not necessary that 
a, 6 and c vanish separately. 
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The tensor G,,, = Bhny is not, at first sight, the only one 
which we derive from 8’,,,, by contraction. The two further 
possibilities 

Bvt: and Bink 
have to be considered. Of these two the former is identical with 
the tensor G,,, except as regards its sign; since 


B ee aa Gales 


and therefore its adoption would give the same law as (37:01). 
The latter tensor, B;.,,;., is 


ol’. oly. 
a Lae tow we ew we 6 (37-011 
rk OX, 0x, ( 0 ) 
syst Oe (log gi/2) — : (log g'/2) 
On, 02,” : OX}, OX, aa 


and vanishes identically. It is therefore useless to us. 

The tensor Gn is consequently all we have—unless indeed 
we develop fundamental tensors from B;,,,,, containing differential 
quotients of the g,,,, of higher order than the second—for express- 
ing the law of gravitation. 

Equation (37:01) expresses Einstein’s law of gravitation for 
empty regions—regions free from masses or electromagnetic 
fields—and, as we shall find when we investigate it further, it 
is in extremely close agreement with Newton’s law. The small 
difference between the two is an actual gain, since it accounts 
within the limits of observational error for the discrepancy between 
the actual motion of the planet Mercury and that required by 
Newton’s law. 

Furthermore, Einstein’s law predicts, as he himself showed, 
two new phenomena, both of them observed later and found to 
be in quantitative agreement with the theory within the limits 
of observational error: (i) a refraction of the rays of light passing 
a gravitating mass such as a star—as if the region round the 
star were a converging lens of low power—and (ii) a displace- 
ment of the spectrum lines towards the red end of the spectrum 
in the case of the light from a star—or, more precisely, from a 
place where the gravitational potential is very much lower than 
that of the observer (cf. §§ 37:4 and 37°5). 

There is another suggestion for the law of gravitation which 
makes use of the tensor G,,,.1 We may identify this tensor 


1 This law (37:02) does not appear to have been adopted by Einstein 
for empty regions; but his ‘ Kosmologische Betrachtungen ’, published 
in the Stzungsberichte der Preussischen Akademie der Wissenschaften, 
1917, strongly suggest it. 
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with g,,,—apart from a constant factor—so that, instead of 
(37:01), we have 


Gi SAGs a ee we 6 7-02) 


Since (37-01) is in excellent agreement with the important 
observations already mentioned it is clear that the constant, A, 
which is known as the cosmic constant, must be a very small 
quantity (cf. § 38-6). 

The law (37:02) has one advantage over (37:01). It predicts 
that remote material configurations (e.g. the spiral nebulae) must 
be receding from us—if we disregard exceptional cases where the 
recession is compensated by gravitational attraction—and also 
a slowing down of atomic vibrations. Both of these theoretical 
consequences would manifest themselves to observation as a 
displacement of the spectral lines, in the light emitted from the 
configurations in question, towards the red end. Such a displace- 
ment is actually observed in the case of most of the spiral nebulae 


(§ 38-6). 


§ 37-1. GRAVITATIONAL FIELD OF AN ISOLATED PARTICLE 


The importance of this problem—from the point of view of 
the theory of relativity—is due mainly to the fact that we already 
know its solution to a first and quite close approximation. In 
approaching it we shall make use of the observed fact that the 
gravitational field is static, that is to say the g,,, are not functions 
of the time; and of the symmetry which ‘ isolated particle ’ 
implies. The g,,, must therefore be functions of r only and in the 
expression for ds* all terms involving the products dr dO, dr dq, 
and d6 dé must vanish and finally the terms containing the pro- 
ducts dr dt, d0 dt, and d¢é dt must also vanish. We are thus forced 
to the expression 


ds? =f, (r)dr?-f,(r)r? d02+f5(r)r? sin? 6 d6?—f,(r)c? dt? =. (37-1) 


in which obviously the values of the functions, f, approach very 
closely to unity. It is also fairly obvious that the symmetry 
requires that the functions f,(r) and f;(r) must be identical. 
Consider, for example, the case where the spacial part of ds lies 
in the surface of the sphere of radius 7 (with r = 0 as centre). 
In this case 


ds® = f,(r)r? dO? + fr(r)r? sin? 0 dd? — f,(r)c? dt. 
A special case of this is 


ds* = f,(r)r? db? — fi(r)c? dt? 
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and we have already to rotate the spacial reference system suitably 
to make this become 

ds* = f,(r)r? dO? — f,(r)c? dt?. 


Thus we may identify f, and f,;. Let us now introduce a new 
co-ordinate, 7,, defined by 


mfr) = rfslr) = rv’, 
so that we may now write 
ds? =y,(r,)dry?+7,? d0*+7,? sin? 6 dd?—y,(ri)c? dt?. . (37-11) 
The radial co-ordinate, 7,, does not, of course, represent radial 
distances as measured by a rod, since a measuring rod extending 
from r, to r, + dr, (d0 =ddé = dt = 0) has the length 
Vds*| = Vy,(r,)\dr. 
In what follows we shall drop the subscript and write r for 1}. 
It is advantageous and usual to express ds? in the form 
ds? = e@dr? + 77 d0? + r2 sin? 6 dd? — eNc? dt?, . (37-12) 
EL and N being respectively the natural logarithms of », and y.. 
Hence 


Jur = €", Joo = 7* (or 2”), 
Js, = 7? sin? 0 (or x,2 sin? 2,), (37°121) 
Jas = — eNC?, 


the remaining g,,, vanishing. We easily obtain for the deter- 
minant, g, and its square root the expressions: 
= — c%r4 gin? Jett, 
gif? = V — ler? sin deX4+%), 


SQ 


(37-122) 


respectively. 
Turning to the law of gravitation (37:01) we note that it may 
be written 
_ log g/®) Lim oF og gilt 
Cnn = “az, dz, ox, Ye 3a, (08 g’?") 
+ Diol tm = 0. . . (37:13) 
In his original paper on the general theory of relativity Einstein 
proceeded in a different way and chose co-ordinates for which g 
was constant and equal to unity. He thus simplified the expres- 
sion of the law of gravitation to 
OL in 
Ox, 
The symmetries in our problem have already partly determined 
the g,,, and all that remains to be done is the evaluation of the 
two functions of 7, namely e” and e”. This we can do by sub- 


—7" 7’, =0. . . . (37-131) 
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stituting the expressions (37°121) for the g,,, first of all in the 
various components of ltr and then finally in (37:13). There 
are 40 components, /’?, in the most general case. For any value 
of p, say p = 2, there are 4? = 16 possibilities for gr; but the 
symmetry (7, = 17,) reduces this number to 10. Hence, when 
we remember the 4 possibilities for p, we get 40 components in all. 
I? is not, of course, a tensor. 

It is easily seen that, with the values of g,,, given above, 


Ij, = 0 when p #q +r, 


and of the other components 


0G 
1 he oe dz dz, 18 Ip Ono), 


Fie Ss 1 Gg No summation is 
sis 29nn Ax,’ f implied and p =~ q. 


(37-14) 
1 og, 
p YP 
Pn = 2Gpp O%q 


When we examine all the possibilities under (37°14) we find that 
they reduce to 


Tl, = dL/2dr, Pl, = — ret, 
ry, = —e-’rsin? 6, Fi, = ce Oe eit 
2, = — sin 0 cos 6, ee. Sr Pee = 1/7" (37-15) 


I3, = cot 0, It, = dN /2 dr. 
These expressions have to be substituted in the G,,,,, of (37: 13). 
We shall work out 
Gi, = 0 


as an illustration and leave the rest to the reader. 
The first term in (37:13) is 


OXy, Om or|2g Or 
where L" = d?L/dr* and N” = d2N /dr?. 


The next term is 


2 
d (log 9) = 54 5 | coer : eer (Li +N") (37-16) 


ol’ aout te et - ol’? oly, 
On, a Se Ts Ob : at 
_ _ Wh, 
Or 


=—-L"/2 . . . 1...) (87-161) 
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The third term is 


a a : 
— Piys—(log gi") = — Py (log g/") 
Oo 


11 dy 


0 0 0 2 
~ Figg los 9°) — Piggies 9) — Ping llog 9°") 


Se ag ey ee Se (37°162) 
where L’ = dL/dr and N' = dN /dr. 

The last term of (37-13) is the sum of 16 terms of which only 
the following survive: 


sa le (3)? + Ita)? 


Ly a a 
dg ee: ime 


On adding together the contributions (37:16) (37-161) (37:162) 
and (37-163) we obtain 


L'N' N’2 L’ 


Gy =5N" “+ t=O, 
and to this we may add: 
L’' — N'’ 
= _ pL hes — = 
Goo = e {1 5) 1} | 0, (37:17) 
G3, = — sin? a.[ etn (=3" =) - i} + 1 — 0, 
N” N'L’ N’2 N’ 
= _ p2g9N—-L ee fe toe S a = 
G,, = CWE { 5 a 4 = ; \ 0, 


which the reader may work out for himself. Of the remaining 
Gan they either vanish identically or the terms in them vanish 
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individually. It is easy to deal with these equations. The first 
and the fourth yield at once 


J; - N’ 
aia 
or L’ + N' = 0, 
and consequently also 
L+Nz=0,. . . . . (37:18) 


since the constant of integration must vanish, on account of the 
fact that both Z and N must approach zero as r approaches oo, 
if the geometry is to be Galilean in empty space at great distances 
from gravitating masses. 

The second and third of the equations (37-17) amount to the 
same thing. Let us substitute for L and L’ in the second equation, 
using (37-18). We thus obtain 


ae + 1} +1l=0, 


dr 
or F(res )=1, 
therefore 
reN =r + A, 
or a 
ev = ] ae A e - ° ° (37-19) 


where A is a constant of integration the significance of which we 
shall investigate later. 

We are only concerned with the cases where A/r is very small 
compared with unity and it follows from (37-18) and (37:19) that 


eb =e N=1/(1+A/r)=1—A/r . (37-191) 
to a sufficiently good approximation for all or most of our purposes. 


§ 37:2. PLANETARY MOTION 


The isolated particle of the preceding section now becomes 
the sun and the investigation of planetary motion becomes that 
of the geodesics in a space-time such as we studied in the pre- 
ceding section. We are of course dealing with the ideal case of 
a single planet whose mass is so small compared with that of the 
sun that the character of the space is practically determined 
by the latter. Our immediate task is very straightforward. All 
we have to do is to make appropriate substitutions in the geodesic 
equations 

dx, , Ay, ALy 


aa mn ge ge = » «+ « (372) 


§ 37-2] THE GENERAL THEORY OF RELATIVITY 99 
Let us begin with z; = x, = 0, and substitute for the J? the 
expressions in (37:15). We thus obtain 


dL. 47? dx, Ax.» » Gx, dr, 9 AX, Ax; 
ds? 


21 Gs ds Me es 


d?0 2 d0 dr dp\? 
Aes - — sin 0 0s 0( 5) |), 


and. similarly 


or 


d?h 2 dr dd do db — . (37-21) 
dst 5 ds ds + 7° "Gs ds ~ 

d*t ar dt 

dst + ds ds 


We shall not need the equation containing d*r/ds*. We shall 
use instead (37°12) which will play the part of the energy equation 
of classical dynamics (cf. § 8-5). We may write it in the form: 


2 2 2 2 
1 =s7(7) +(7) + r*sin? 163 — 8e*(7") , (37:211) 


in which e™ and e” have been represented by S and S~!, so that 
Salt oe. (37-22) 


Let us so choose our reference system (7, 0, ¢, t) that initially 
d0/ds is zero and 6 = 7/2. We then find from (37-21) that 


d?6 
—. = 0, 
ds? 
so that a = constant ; 
ds 


and as the initial value of d0/ds is zero the constant in question 
must be zero. Therefore d0/ds is always zero and the motion 
of the planetary body is confined to the plane 0 = 7/2. 

Turning to the second of the equations (37:21), we represent 
ddé/ds by «. Hence 


da 2 dr 
eae 
Or da. -- oft = 
od r 
Therefore r2a = constant 
dd 
aT =A. CC O37 
or "I. (37-23) 


where HT is some constant. 
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We can deal equally easily with the third equation (37:21). 
It is convenient to represent di/ds by B. Thus 


a ae 
dp 
and therefore 77 +dN = 0. 
Consequently 
6 = constant x e-%, 
dt K 


where K is a new constant and S =e” =1-+4 A/*. 
We now turn to (37-211) which, since d0/ds = Oandsin 6 = 1, 


simplifies to 
_,fdr\? dp\* cK? 
li ee 1f 7 7 (a emo em 
: (z) ap (=) Ss’ 


when we substitute K/S for dt/ds in virtue of (37:24). On 
making use of (37-22) and (37-23) we get 


ad 2 d 2 2 
(=) Ei (3) = § + 0?K? — ae -.. (37-25) 
Now let us get rid of ds by using (37:23). We thus obtain 


dr\? — , S+c?K? | 
(a) +4 eg — Ar. 


Lastly, adopting a well-known device, we introduce a new 
variable, u, defined by u = 1/r, as in § 5-5, and obtain 


du\ 2 - S + c2k? 
cs Ne Rr en aes Se Fy 
(aa) oe 


sk 
du\ 2 ,  1+c?K? A 8 - 
or (a) + u = ——aag— + pal Au, 
since S=1+A/r=14-4 Au. 


On differentiating and dividing through by 2du/dé we get 
finally 


du A 3A, 
igs +“ = oe zt. . .  . (37:26) 
The corresponding Newtonian equation (cf. § 5:5) is 
d*u nM 
igi te . (37:261) 


where « is the constant of gravitation, M is the mass of the sum 
and h is r?d¢/dt, which in the Newtonian theory is a constant. 
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The Newtonian theory of planetary motion is very nearly 
correct and we surmise that, whatever the significance of the 
constant, A, may turn out to be, the term 34Au?/2 in (37:26) 
must be a very small one, while A /2H? must approximate closely 
to «M /h?. 

Let us then write 


A kM 
DH? —— Re ) e . e e e (37 262) 
and make use of the approximate relationship 
ds* = —c*dt®, . . . . (37:263) 


which is near the truth in the case of planetary motion, since 
planetary velocities are very small compared with c. These two 
equations yield, when we take (37:23) into account, | 
A=—2kM/e?. . . .) . (37°27) 
We have thus discovered the significance of the constant, A. 
Apart from the factor, — 2«/c?, it must be identified with the 
mass of the sun or of the isolated particle of the preceding section, 
and the additional term, — 3Aw?/2, of (37-26) turns out to be 
very small compared with A/2H?. 
We shall now investigate the effect of this minute additional 


term, — 3Au?/2. The general solution of the equation which 
we obtain when we -— it may be written: 
uU = Sail +ecos(@¢—~y7)}, . ~. (37:271) 


where e (the eccentricity of the orbit) and 7 are constants of 
integration. It will suffice for all our purposes to substitute this 


approximate expression for wu in the small term, — 34w?/2. 
The equation (37:26) will then become 
du A 3A% 3A 
agi +“ — gH ga ga’ os (? — 0) 
— ae cos? (¢ — 7)... (37:272) 
8H4 


All the terms on the right except A/2H? are very small and of 
the same order of magnitude. The second and fourth may be 
ignored ; but not the third one, containing the factor cos (6 — 7), 
notwithstanding the fact that it is of the same order of magni- 
tude as those ignored. The reason for this is that it plays the 
same part in the equation as does the expression for a periodic 
impressed force in the equation of a simple harmonic system in 
which dissipative forces are absent and in which the natural 
period and that of the impressed force are equal (resonance). 
VOL. 111.—8 
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The effect of this small term is therefore cumulative. Let us 
consider it by itself. That is to say, let us find a particular 
solution of 


a +u=Pcos(6—v7),. . . «. (37:28) 
where P has been written for — 3A%e/4H4. Such a solution 
can be put in the form 

u = Md cos (¢ — 9 — a), 
Q and w being certain constants. On substituting in (37°28) 
we get 


P cos (6 — n) = — 2Q sin (6 — ny — o), 
or LP cos (¢d — yn) = 2Q {cos (6 — 7) sin w — sin (fd — 7) cos w}. 
Hence sino = l, 
and =P 72; 


so that the particular solution in question is 
u = =$sin ($ — 7) 


and the effect of the small term (in 37-272) containing cos (46 — 7) 
is a contribution to w which is proportional to ¢ and which there- 
fore gets greater and greater as ¢ increases, until at last it has 
accumulated to an observable quantity. 

The approximate Newtonian solution (37:271) has to be 
modified therefore to 


Uu = 


ll -+ ecos (6 — )} — 3d sin (6 — n), 


or u= i -+ e cos (6 — n) — watt sin (6 — 7)} 
which our be written 


= ail + ef(cos y cos (6 — 7) — sin yp sin (6 — 7) )}, 


_ A4g? 
where r= /(1 +e) 7 Toe") 


f£ is practically unity; therefore 


A 
w= Fall telcos (6—7 + yl} - (3729) 
where sin y = wy (approximately) = | 


On comparing this solution (37:29) with the Newtonian one 
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(37-271) we may characterize the difference which the new theory 
makes as consisting in a constantly growing change in 7 and we 
naturally represent y by — di. We have for di 


Now =a as se by (37:262) 
Therefore 7 = — eS by (37:27). 
Consequently 

diy =e. _ (37-291) 


Let us consider what this result means. The angle, 7 (cf. § 5:5), 
marks the position of the major axis of the ellipse (or hyperbola 
or whatever conic it may be) in which, to the first approximation, 
the planet is travelling. The classical law of Newton makes 7 
a constant ; but the new law of Kinstein makes it slowly increase ; 
so that we may describe the planetary motion as being along 
an ellipse (or other conic) whose major axis is moving onwards 
in the same sense as that of the motion of the planet (cf. § 5:5 
in which a very similar problem is treated in great detail). 
We may give (37-291) another form, which applies only to 

elliptical orbits, if we make use of Kepler’s law 

as a KM 

T2 4g? 
a being the semi-major axis of the ellipse and 7 the period of 
revolution of the planet (cf. equation 5:54). Now 

h= llsiaud (6 =semi-minor axis), 


T 
and consequently 
47,7a*(1 — e*) 


i iE 
so that we obtain finally 
127*a? 
dy = apa — eh)” »~ . « « (37°292) 


§ 37-3. Tur ApvANCE oF MrrcuRY’s PERIHELION 


The formula (37:292) has been confirmed observationally in 
the case of Mercury, the only planet for which the advance is 
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appreciable. The relevant data for substitution in the formula 
are: 


e=1/5 
a = 5:76 x 1017 cm. 
T = 88 days 


c=3 x 10! cm./sec. 


Thus the advance dy for a century is, since Mercury makes 
approximately 415 revolutions in a century, 

an = 12 x 2? X (5:76)? x 1074 & 2m x 415 

79 x 10% x (88 x 24 x 3600)? x (1 — &) 
This works out to 2-046 x 10-* radians or approximately 43”: 
The observations show a total advance of 574" in a century ; 
but 532” can be accounted for by the perturbations due to other 
planets. There is thus a balance of 42’’ uncounted for by New- 
ton’s law and dynamical principles; but admirably explained by 
Einstein’s theory. 


§ 37-4. REFRACTION oF Licgut PASSING NEAR THE SuN’s Disc 


We are going to regard light as constituted of something 
resembling particles (photons) travelling with a velocity which 
makes ds* vanish. Equation (37:26) will therefore determine 
the shapes of the rays of light (tracks of photons) in the gravi- 
tational field of the sun; but the constant, H, is now of course 
infinite so that the equation becomes 

dy 3Au? 

age t= 
The term on the right is a very small one and we get the first 
approximation to a solution of the equation, namely 


u=Qcos(6—7), . . . . (37:41) 
where Q and 7 are constants of integration, by ignoring it. This 
is exactly how we proceeded with (37°26). The greatest value of 


u(= =) is therefore @; or the least value of ris 1/Q or #. It 


(37-4) 


is convenient to adopt the value zero for 7, so that (37:41) 
becomes 


w= 7008 $. 2. . (37-411) 


The path of a photon according to this approximate solution is 
a straight line (abc in Fig. 37-4 in which & represents the per- 
pendicular distance between the path of the photon and the 
centre, O, of the sun). To get a better approximation we 
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naturally substitute (37:411) in the small term on the right of 
(37:4), thus obtaining 
ioe +u=a(l + cos26), . . . (37-42) 


where 
a=—8A/4R% ©. . . . (37-421) 


Fic. 37:4 


The general solution of this, after assigning the value zero 
to the constant 7, as in (37:411) is 


uw =a + 7008p — 5a cos 24, 


_ 4 1 _ 26 ‘ 
or U = 3a + 7 C08 $ gy 008 d, 
and on replacing « by its value given in (37°421) 
A J } A 
“= — R? +B COs @ + ape cos * 
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and so, finally, when we substitute the value of A given in 
(37:27) we get 
age ci 


u=-+ ape + F 08 od — 1M os d. . (37:43) 


We remember that this is the Pc of a curve which 
differs little from a straight line, and that when r is infinite 
cos ¢ is very little different from zero and cos? ¢ consequently 
negligible. Hence when r is infinite (u = 0) 

_ eM 

oR’ 
so that the angle, « (Fig. 37-4), between an asymptote of the 
real path a’bc’ and the straight line abc is 

2xM 
7k 
approximately and the total deflection of the path of a photon 
by a gravitating particle of mass M is therefore 
€ = 2e 
4M 
eR 

The mass of the sun is approximately 2 x 103° grams and 
its radius 6:97 x 101° cm. Thus the deflection of the light 
from a very distant source (star) passing close to the sun’s disc is 

base x 67 x 1078 x 2 x 1038 
9 xX 1029 x 6-97 x 1018 


in radians, the constant of gravitation, x, being taken as 


cos ¢,, = 


gE = 


or — 


(37-44) 


6-7 x 1078 gm.~! cm.? sec™?. 
Therefore 
‘54 x 107° radians, 
89 


or 10-* degrees, 


or finally € = 1:75. 

This theoretical result was confirmed by the observations 
carried out by the two British solar eclipse expeditions in 1919. 
The results obtained by them were: 


Sobral expedition 1-98 + 0-12, 
Principe expedition 1’7-61 + 0-30. 


The eclipse occurred on May 29th, 1919, a particularly 
favourable time, since the sun was passing across an area rich 
in bright stars in the constellation Hyades. 
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§ 37-5. DISPLACEMENT OF SPECTRAL LINES 


The least satisfactory perhaps of the deductions which Ein- 
stein made from his gravitational theory was that of a shift of 
the spectral lines of the light emitted by a distant gravitating 
body such as a star. The predicted shift is in the direction of 
longer wave-length and has also been confirmed by observation. 

Let dt, represent the period of some light emitting atomic 
vibration at the surface of a star of radius r, and dt, the corre- 
sponding period associated with a similar atom on the earth. 
Let r, be the radial distance from the centre of the star to the 
earth and finally let ds, and ds, be the associated intervals. If 
we regard the atoms as being at rest, we have 


ds.” a (: += )et dt,, 
rs 
ds." —— (1 —- = et dt,*. 


We now assume—and this is one of the weak places in the 
deduction—that ds,? = ds,?._ Consequently 


neglecting second order small quantities. Consequently 


dt, A 
dig Or, 
since r, is very great by comparison with ¢,. 
Now 
Cdk. == 1s, 
C dt, = de, 
where A, and A, are the corresponding wave-lengths. So that 
A; KM 
at Oty 
where M is the mass of the star. Finally therefore 
nM 
Ge Na S & se cee MOT) 


If now we assume that the period, which is di, at the star’s 
surface, is not modified in the propagation to the earth, the 
terrestrial observer will find this period in the light which reaches 
him and he will find its wave-length, 4,, a little greater than the 
corresponding wave-length, /,, from a similar terrestrial source ; 
the difference being expressed by (37:5), 
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We can confirm (37:5) by a quite different method which 
invokes the quantum theory. Let us imagine we have two 
identical photons, one emitted on the star and the other on 
the earth. Let us call the identical periods, associated with 
these photons, t,. Each then has the energy h/t, where h is 
Planck’s constant (cf. §§ 39, 40-3, 40-4). When the photon 
from the star has reached the earth its energy will have been 


reduced by 
<Mm(* 2 -) 
rT, Te 


or kMm/r,, 


where M is the mass of the star and m that of the photon. But 
on reaching the earth its energy must be h/zt,, where 1, is the 
period, as measured by the terrestrial observer, of the light which 
was emitted on the star. Therefore 


since the mass, m, of the photon is its energy divided by c?, or 
h/c?t. Therefore 


Kl 
or finally 
Mi 


in agreement with (37:5). It is remarkable that the two calcu- 
lations lead to the same result since there is a discrepancy between 
the initial assumptions used with them. The relativistic calcu- 
lation is based on the assumption of the equality of the intervals 
associated with the vibrating system on the star and on the 
earth so that the stellar light starts out with its different period. 
The assumptions of the quantum theory on the other hand 
assign to the stellar light the same initial period as that of the 
corresponding terrestrial light, the former changing in period as 
it proceeds on its journey to the earth. The quantum theoretical 
mode of calculation would seem to be the sounder one. 

The earlier attempts to confirm (37:5) were uncertain and 
inconclusive, since the observable quantity is exceedingly small 
in the case of most stars. More recent observations have been 
made on very dense stars for which r, is very small indeed com- 
pared with the radii of most stars while the total mass M of a 
dense star is of the same order of magnitude as that of other stars. 
These observations leave no doubt about the existence of a 
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spectral shift agreeing, within the limits of observational error, 
with what is represented by (37:5). 


§ 37:6. Four IDENTITIES 


We have seen in § 35:3 that the conservation of mass, 
momentum and energy in a medium (or field) is expressed by the 
vanishing of the divergence of p,,” (or #,”) when there is no im- 
pressed force, i.e. no force of external origin. The divergence 
of this tensor represents, of course, force per unit volume and the 
principle of equivalence (cf. § 36) requires that the covariant 
(gravitational) force per unit volume must vanish. So we con- 
clude that the divergence of the appropriate (stress momentum) 
tensor, t,”, must vanish in a gravitational field. In such a field 
therefore 

bn? 

02, 
(cf. § 36-7). There are four of these equations, one for each 
value of m, and since it is the aim of the general theory of relativity 
to represent mechanical and gravitational phenomena as the out- 
come of the geometrical properties of the continuum—indeed, it 
is the aim of relativistic theory to represent all phenomena in 
this way, but the theory we are describing in this chapter does 
not go quite so far as that (cf. § 36°1)—we must find some tensor, 
XP, which we can construct from the fundamental tensors, in 
particular from the Riemann-Christoffel tensor and whose 
divergence vanishes identically, and equate it to ¢,,?. In fact 
in solving (37:6) we have to substitute for #,,? a tensor which 
makes the equation an identity, just as in the solution of a 
quadratic equation we have to substitute for its x such a number 
(or numbers) as will reduce it to an identity. This tensor which 
we are going to identify with ¢,,? must also have the further 
property that it agrees with the law (37°01) or, possibly and 
alternatively, (37:02) for empty space. The first tentative 
suggestion which occurs to us is 


GP =StyP, . . . .).) (37°61) 
where S is some constant. This fulfils the condition (37:01) in 
empty space. To be acceptable, however, it should also fulfil 
the further condition that div G,,? should vanish identically. We 
must therefore investigate div G,”. We have 


+ b,T%, —tPE%) =0 . . . (37-6) 


Dp 
div GP = 2Gim = Be Ce = bea Oe 


0X 
in accordance with (36°7) on carrying out the appropriate con- 
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traction. In order to simplify and shorten the investigation we 
shall introduce co-ordinates which are orthogonal in a small or 
restricted neighbourhood, so that in such a neighbourhood 
(cf. § 36-9) the first derivatives of the g,, vanish and consequently 


div G,p — Gm” (37-62) 
0x, 
Now (cf. 37:01) 
Gp = gon m — gon nm _ gor Tg + GMT rE ye. (37-621) 
OXy, 0x, 
aes in the small neighbourhood in question 
0° OF rt 1 0791 
p= pn r “qVpngrt_~ etm 
Gin? = if g” 8X, OL n ~ we Ox, OX, 
] OF in 0? 29am 
_— _gqPngtr nr 1 gp” ty mind ; ‘ 37-63 
gf 9 Ox, OL, F299 Ou, Ox, ( ) 


since the first derivatives of ‘he Jmn Vanish. We must not, of 
course, in calculating div G,,,?, depend on this approximation for 
G.,” until we have assured ourselves that the vanishing terms in 
(37621) contribute nothing to the divergence. It is easy to see 
that this is the case and thus 


e 1 o3 OR t l ek Gi 
GP = _grnr r “pn m 
ety Gn 97 g" Oy, O%y ~ ~ g” OX, OL, ” 
03g 0°g 
— Lapngrt in ~ pnt mn 
0 gy 0%) OX, OX, al io J Ox, OX, Ox; 
It is easily seen that two of the terms in this expression annul one 
another, so that 


° 08 Oo Grt I 0% Jin 
P= _gpn _ -gpngrt__° din ; 
ei 30 y” 2 OLy, Oy a! di OX OL, OL, + One) 


The divergence of G? therefore does not vanish identically 
and the suggestion (37:61) fails in consequence. 

Let us next investigate the divergence of g%G, where the 
scalar, G, is defined by 


G = ia Or a 
In a restricted neighbourhood or region of space-time 


G= L abprt 2° Grt_ 0°94 L appt 2 Gat 


97 9 OX}, OXq ~ FI 0x, OX, 
Lan grt 2 Got_ 0? Jot ie sotto Sab 0° Jab (37:65) 
2 OX, 0X4 0x,. ax, 


1 Such a sealar as T = g%Tqy is called a Laue’s scalar (cf. § 35-2.) 
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Hence 


divg,,?G = sg" 02941 - i 


gitar 0%9 at 
OX, OX) OX_ 2 OX, OX, O2%y 

L avart__9°Gut L bt 2 °'Gab 

gf 4 OL, 0%, Oy + 9 OX, OX, OX, 

When we remember that we may replace any index which 

represents a summation, for example a, by any other letter not 
already employed in some other sense we may write the last result 
in the form: 


0°¢ Get —  gabart_—__ a8 “Gat _ 


° PG = gt 
div 9, gorgr' dx, dx, du, Oy, OL, OLy 


or finally 


: 0394 0°9n 
DI — gent? rt pn E : 37°66 
aia eg OX OX» OX gg" 2, 84. AL, ( 


On comparing this with (37:64) we see that 
div (G,? — |gn?G) =0 . . . (37-67) 
identically. We have deduced it by using co-ordinates for which 
the g,,, are constant in a limited region of space-time. Since it 
is, however, a tensor relationship it must be universally valid. 
Furthermore it is evident that 
div {G,,? —ign?(@+C)} =0, . (37:671) 
where C' is any constant. Each of the statements (37°67) and 
(37-671) represents four identities, one for each value of m 
We now realize that the tentative suggestion, (37-61), must be 
abandoned in favour of one or other of the following suggestions : 


Gn? — 29nPG = St, . . (37-68) 
Gin? = 29m? (G ar C’) a St”, . ° (37-681) 


where S and C are constants which remain to be determined. 


§ 37-7. THE GENERAL LAW OF GRAVITATION 


The results obtained in the preceding section suggest, as we 
have seen, the two alternatives (37:68) and (37:681) for the 
general law of gravitation. The former is in agreement with 
EKinstein’s law (37:01) for empty space, namely 

Ga? = 0, 
or Gian i. 
This can be seen by multiplying (37°68) by g’) and carrying out 
the summation. Thus: 


‘ 1 } sue! A 
gC? = 86a" Onl G = Sgt? 
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and hence 

G — 24 = St, 
where I) Ls ae ee 
Therefore —G= Si, 


so that G vanishes in empty space and consequently so do GP 


and Gyan: 
If we prefer for empty space the law (37:02), ive. 


Gis oa Ag mn? 


A being a small constant usually called the cosmic constant, 
we adopt the second alternative, namely (37:681). On multiply- 
ing both sides of this equation by g,” and summing we get 


G — 214 + C) = St, 
and in empty space therefore | 
Ga 26. oe owt ee oe ce «= 727) 
Hence in empty space 
Gin? oe 39m? (— C) = 0, 


or GP = — 4C9,,", 

and Og SS CT es 
This will coincide with (37:02) when we assign to C the value 
Ca a2h,. « &% & 2% (GFTT) 

so that in empty space 

G=44, . . . . . (37:72) 

(cf. 37:7) and (37:681) may be written 
Gin? — 4Agm?(G — 24) = StyP. .  . (387°73) 


The significance of the constant S and the value to be assigned 
to it will be investigated in § 37-9. 


§ 37:8. Isorroric Co-ORDINATES 


We shall now search for such co-ordinates, for the field of an 
isolated particle, as give the square of the interval the form 


ds? = d,(p){dp? + p2 dO? + p? sin? 6 dd?} — d.(p)c? dé?, (37-8) 
instead of 
A A 
ds*=(1— dr +r? do2+r8 sin? 6 dg —(1+5 )or dee (37-81) 
r 
where A means the constant — 2«M/c®, of (37:27). We shall 
see as we proceed that this is possible. 
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It will be observed that in the latter expression we have written 

1 — A/r for 1/(1 + A/*). 
This is permissible when the square and higher powers of A/r may 


be neglected. 
We have from (37:8) and (37:81) 


bi(p)dp? = (1 7 “ar 


and bi(p)p? = 7, 
ones a(S) ao 55 
p 2r] 7 r 2 73 


when the square and higher powers of 4/r may be neglected. 
Consequently to this degree of approximation 


dlog p =dlogr + d(A/2r) 


and log p = logr + A/2r +7, 
where C' is a constant. 
Therefore 


r = Det/ — D(1 + A/2r) 
approximately, D being the constant e%. If we fix this to be 
unity we get 
a 
5 
Consequently we may write, whenever the square and higher 
powers of A/r may be ignored, 


ds? — ¢ = *) ie yt eget = ( i =e dt?, . (37-83) 
p p 


in which dp* + p*d0* + p*sin*? 60 d¢é* has been replaced by 
da? + dy? + dz?. 

It will be noticed that the velocity of light, in these co-ordin- 
ates, has the same value, namely (1 + A/p)c or (1 — 2«M/c*p)c 
in all directions. 

We shall call these new co-ordinates isotropic co-ordinates 
although strictly speaking they only represent what isotropic 
co-ordinates reduce to when A?/p? and higher powers of A/p 
may beignored. ‘They will be used in the problem of determining 
the constant S of § 37-7. 


r=p— 


(37-82) 


§ 37:9. COMPLETE STATEMENT OF THE LAW OF GRAVITATION 


To complete the statement of the law of gravitation we have 
to evaluate the constant, S, of § 37-7. To achieve this we 
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employ the device of passing to the limit where space-time 
hecomes Galilean, or practically Galilean, and it is a help to 
replace — c* dt? by dw* in the expression for ds? in (37°83). 
We shall also temporarily replace dx,, dz,, and dx, by dz, dy, 
and dz, as we did in (37:83). This expression then becomes 
ds? = (: = =) (des + dy? + dz*) + € + <a 

since we are concerned with the state of affairs at a very distant 
point where p approaches 7 and where the geometry is approach- 
ing the Galilean limit for which 


ye — er 4 y® 4 22, 
On making use of (37:63) we obtain 
0” (Gra + 9g 0° 0° 
Gy? =s a iu) ar Bye (294) Bi 502911) . (37-9) 
and the symmetry which the isotropic co-ordinates manifest 
has the consequence that 


Gd BG a Gs 
and Jur = Jor = Jag = 1 — A/r. 
Similarly we find 

Ge = 4V die we Se we (37°91) 


Turning back to (37:9) let us substitute in it for 91,, Jee, Js3, and 
g4, their values as given in the expression for ds*. We thus 
obtain 


a?7/3 A a?7/l1 A a?/l1 A 
| ES Poh eeeers ce ee ee saa ee BFW ats ae We 
hn sais =) i rril 5 =) us cals =) 
We may just as well write this in the form 


G2 = Gt = 08 = ~ V4A/) = VS) 


cr 

while . (37°92) 
M 
at = +4944) = ve — SE), 
These expressions apply to a point in empty space at a great 
distance, r, from a mass M and Einstein’s law of gravitation for 
points in empty space is G,,? = 0, Le. 

Git=0, G2 =0, ete. . . . (37-921) 

It follows therefore from Einstein's law that 


(a8 
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Thus Einstein’s law agrees with Laplace’s formula when r is very 
great. We may note here that (37:92) is equivalent to 


a =--+ BV “Oy 
22 = + xV "Gee : 
Fe ta @ & 48792) 


G4 = + 5V 7G sas 
since the additive part in each g contributes nothing to the 
Laplacian. The variable part of 9,1, 722, Of g3318 2k M/c*r. Since 
the partial differential equations (37-921) are linear we obviously 
have for a distant point in the field of several masses M,, M,, etc. 


Gi2Gg?=G2 = vz —)> — vv — 0 
(37-93) 
and G,i = v(- Se) = == ae “WV = = 0. 


Thus the variable part of 91, gee, OF J33 Is — 2V /c* and that of 
Qa, is + 2V/c%. Therefore 


$11 = Jor = Yas = 1 — 2V/c?, ‘ 
and Jag = 14 2V/c?. (37-931) 
The function V (= - z) is the Newtonian gravitational 


potential. 

We are now in a position to consider the case where a con- 
tinuously distributed mass exists at and in the neighbourhood 
of the point at which the functions G,}, etc., are being evaluated. 
The partial differential equations for Einstein’s law of gravitation 
are now (cf. 37:68) 


. 
Tae — § $Gn?G = St,” 


and therefore 
Gi — $911G a aa (37:94) 


G3 a 49,4G = St,!. 


It is clear that in the limiting Newtonian case each of these must 
pass into Poisson’s equation 


V?2V = 4akp, 


where p is the mass density. A word should be said here about 
the t. It is in fact the tensor whose components appear in 
equations (10-55) (with the opposite sign). It is a tensor which 
is associated with gravitational forces only. All its components 
—in the special limiting case we are studying—except t,! vanish. 
This is because the limiting case we are dealing with is one in 
which all the masses involved are at rest and in which there are 
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no time variations. Clearly ¢,4 will be identical with the energy 
per unit volume 

be pe* = = wo = (37:95) 
where p is the mass density. Now consider the equations (37:94). 
By (37:93) 


4nKp 
G,} —_= ar 
4aKp 
and Géiat+ 
C2 


and G = g,,?G,” and therefore in our special case 
G=G,1+G,? + G3 + G! 
Poot 87K p 

C2 
Substituting in the first of the equations (37-94) we have 

_ 4axp 1 SrKp\ aay 

ns 3(— ns = St,}. 

Hence as we have anticipated ¢,1 vanishes. On substituting in 
the last of equations (37:94) we get 


4 1 
pe. 5(- me) = Sty! 


or 


Ce 2 
or =e = Spc? 
and therefore ee eee 
870 
S = — . (37-96) 
Thus Einstein’s general law of gravitation becomes 
87K 
GG,” — 49,74 = ata . .  « (37:97) 
The alternative law is 
8 
G,” — 4g,™(@G — 24) = hn. . . (37-98) 


§ 38. ELECTROMAGNETIC FIELD EQUATIONS 


In the limiting case of Galilean space and orthogonal co- 
ordinates one set of the four field equations of electromagnetism 
must approach the form (34:01) or (34:012). The general form 
of this set of equations must therefore be 

1 da(gl? Fe) 


TT oak = 5. & 4: « «w (G8) 
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The remaining set of four equations (34-02) will not change its 
form. The reason for this is very simple. A typical equation 
of the set (34:02) is 


Fog | Fy | OF py 


Ox, ae OX, 


and as F., can be put in the form 0A,;/dx, — 0A,/0x, the left- 
hand member of (38-01) is a tensor not merely within the scope 
of special relativity, but quite generally (cf. § 36-6). 

In order to get the relationship between F,, and F%? we 
have merely to identify the tensors g,*, g,,, and g*’ in § 35-6 
with the corresponding fundamental tensors of the general theory 
of relativity. With this identification (35°63) will hold uni- 
versally in any co-ordinate system. 


=0 . . . (38-01) 


§ 38-1. THE ELECTROMAGNETIC STRESS-MOMENTUM-ENERGY 
TENSOR 
We may introduce at once a tensor 
tf = Fgh + fg tPOR, . .  .  . (381) 
corresponding to (35-26) with the 6," naturally replaced by g,". 


Indeed, if we start out with the equation corresponding to 
(35°222), namely 

1 0(gi/2 Fe) 

ta = gia” a 


we shall in fact find 


(38-11) 


ce 
= bile ed abs) ce ee «0 (8472) 


which is the ‘eosin eeealialia of (35-251). We may 
establish it simply by noting that it is true in a restricted region 
in which co-ordinates can be so chosen that the g,,,, are constants 
and being a tensor relationship it must be independent of the 
co-ordinate system. 


§ 38-2. CONSERVATION OF ELECTRIC CHARGE 


The antisymmetrical character of the tensor F* in (38) 
makes it evident that 
1 @ 
gi? ae ) —— 0. . . . e (38-2) 
This is the generalization of (22°75) which expresses the con- 
servation of electricity. 
VOL. III.—9 
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§ 38:3. THE PROBLEM OF THE UNIFICATION OF GRAVITATIONAL 
AND ELECTRICAL PHENOMENA 


The general theory of relativity which we have been describ- 
ing represents gravitational phenomena as manifestations of the 
geometrical properties of the space-time continuum. Other 
phenomena, those of electromagnetism in particular, merely 
occur within the Riemannian space-time framework and are not 
associated with it in any more intimate way. The theory which 
accounts so well, not only for the character, but for the very 
existence of gravitational phenomena, gives no reason for the 
existence of electrical phenomena. In § 36:1 we have given 
a brief outline of one of the suggestions—that of Kaluza— 
for widening Einstein’s gravitational theory in such a way 
that not only gravitational phenomena, but also electrical 
phenomena, emerge as expressions of the metrical features of the 
continuum, 

We shall now give an outline of another suggestion which is 
due to H. Weyl. In studying parallel displacement (§ 36:5) 
we made the assumption that the absolute value of the displaced 
interval, ds, or its square ds*, was not altered by the displace- 
ment. Later, in §§ 36°8 and 36-9, we found that the com- 
ponents of the displacement vector, ds, were in general changed 
when the vector was taken, by parallel displacement, round a 
closed loop—the special case of no change in the values of the 
individual components, i.e. the special case in which the direction 
of ds was unaffected as well as its absolute value, occurring 
when a certain tensor, the Riemann-Christoffel tensor, vanished. 
Now Weyl’s suggestion is that not only may the components of 
ds (or §) suffer a change when it is taken by parallel displace- 
ment round a closed loop, but also its absolute value. Leaving 
on one side for the moment the difficulty of attaching a clear 
meaning to this suggestion, we may note first it amounts to 


saying that ads (or 98) in general differs from zero or, what 


2 


A) 


amounts to the same thing, [oe depends on the path of the 


1 
parallel displacements of — from 1 to 2. The simplest form that 
6& can take is 


6& —¥d.ou,, . . . . . (383) 


in which ¢, is a new (covariant) vector and summation with 
respect to « is implied. 
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Therefore 
6 log E = $450, 


=4{ es — Fe hase (38°31) 


by Stokes’ theorem. Weyl identifies this new vector ¢ with 
the electromagnetic vector potential (§ 35-6) and his theory 
thus furnishes or appears to furnish a reason for the existence 
of electromagnetic phenomena. 

Weyl’s assumption bristles with difficulties. Let us first 
interpret in the sense in which it was apparently intended to 
be interpreted when it was originally made. We think of & 
as a displacement in space-time determined by a rigid rod and 
a clock. On subjecting it to a parallel displacement its absolute 
value is changed by hypothesis and we may not, indeed we 
cannot, use this physical thing—rod cum clock—to determine 

2 


it on account of the ambiguity of (os. We are forced there- 


1 
fore to have a physical device—a gauge—at every place in 
space-time to decide what the values of intervals, ds, are. Thus 
Weyl’s theory, interpreted in this way, renders an account of 
the vector ¢,, i.e. it renders an account of electromagnetic 
phenomena in terms of a purely imaginary phenomenon, or at 
any rate in terms of a phenomenon of the existence of which 
there is not the faintest observational evidence. Weyl’s theory, 
therefore, always provided the interpretation of it just given is 
the right one, fails to perform its chief function, which is to con- 
nect electromagnetic phenomena with other physical phenomena, 
more especially those of gravitation. 

There is perhaps more to be said in favour of Weyl’s theory 
when we regard his space-time as a conceptual one in which 
physical phenomena are represented, as Eddington would say, 
graphically—when we regard it as having the same relationship 
to phenomena as a plane surface, on which p is plotted against v, 
has to Boyle’s law. Eddington adopts this view and has gone 
some way beyond Weyl. His conceptual space-time is built up 
on the parallel displacement formula 


6&4 = — y5,6"62,, » . .  . (3832) 
in which y;, generally differs from our Jj, and 
AS Gib”. ae 2: ao: 4 (3893S) 
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From these we can construct (as in § 36°8) a widened Riemann- 
Christoffel tensor 


* oan. Sa An. — Dray aii ae Viavians : (38°35) 
k 


Just as in the Riemannian continuum we have a tensor, *G,,,,,, 
which we get by contraction 


*G! — * Br — OV n = Oven ak lay) ayO " 4,0 38°36 

mn mn, Yro! mn al; Yno! mr* . ( ) 
OXy, Ox, 

There is however another mode of contracting *B7,, , which, 

unlike the corresponding Riemannian contraction (37-011), does 

not in general yield a mere identity, namely 


‘Fi, =tB = OVier OVnr . . . (38-37) 
" OX), OX}, 

Eddington identifies *G,,,, with Ag,,, where 4 is a constant. 
Thus he gets a law of gravitation. The new tensor f’,, he 
naturally identifies with the covariant electromagnetic field 
vector. A full account of Eddington’s theory will be found in 
his Mathematical Theory of Relativity. Notwithstanding its 
attractiveness, the opinion may be expressed here that Kaluza’s 
theory is the correct one, though this does not command universal 
assent. There seems to be some scope for the use of Weyl’s 
theory in a quite different sphere. According to H. T. Flint it 
promises, when associated with a certain imaginary gauge system, 
to furnish a basis for wave-mechanics. 


CHAPTER VII 
COSMOLOGICAL SPECULATIONS 


§ 38:4. KINSTEIN’S CYLINDRICAL WORLD 


THE treatment of planetary motion given in §§ 37-1 and 37-2 
by Einstein’s law of gravitation led to Galilean values for the 
Imn at infinity and to an infinite spacial world. In such a world 
energy will be constantly passing out to infinity in the form of 
radiation and (in a world containing a finite total mass at any 
rate) never returning. And, indeed, it is difficult to avoid the 
conclusion that masses, even whole stars, will travel away into 
infinity never to return. Reflections like these worried Einstein 
and in consequence he devised a world which was spacially finite. 
He imagined the spacial part of the world only (not space-time) 
to be spherical (in a sense which will be explained later) and 
that matter is uniformly spread through it. The latter sup- 
position is to be understood in the same sense as that in which 
a gas may be said to spread uniformly through the volume of 
a containing vessel. We understand by it that equal volumes 
in the vessel contain equal masses of the gas, but only so long 
as these equal volumes are sufficiently large to contain large 
numbers of molecules. 

The term ‘ spherical’ is used to indicate that the mathemati- 
cal description of the world is like that of the 2-dimensional 
continuum which constitutes the surface of a sphere in Euclidean 
space. The points of any 2-dimensional continuum can be 
specified by two independent co-ordinates. But we are at liberty 
to use three or more co-ordinates for a 2-dimensional continuum. 
There will of course be one or more relationships between them 
when their number exceeds two. If in specifying the points of 
such a continuum we use three co-ordinates, 7,, 22, X3, which are 
subject to the condition 


He = 41> + x? + 25?, 


where F# is a constant, then the mathematical properties of the 

continuum are identical with those of the surface of a sphere in 

Euclidean space. Now Einstein’s world (i.e. the spacial part of 
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it, or the world at an instant) can be described by four co-ordi- 
nates, %,, Ya, %3, 4, Subject to the condition 

Res=xPr2+a,2? +a,27 +4,7, ©. . .« (38-4) 
where # is a constant. It must be carefully borne in mind that 
we are now concerned with space only, a 3-dimensional con- 
tinuum, and not for the moment with the 4-dimensional con- 
tinuum of space and time. So that the co-ordinate, x,, in (38-4) 
has nothing to do with the time. Since, however, we have been 
using 2%, X,, %3, and x, as the independent co-ordinates of points 
in the space-time continuum and shall continue this practice, it 
will be well to replace x, in (38-4) by another symbol, €, which 
we shall eventually eliminate, leaving z,, x, and 2, as inde- 
pendent spacial co-ordinates. We shall write therefore 

Re = 4,2 + wo? +452 + 6% 2 . . (38-41) 
Further 

do? = dx,? + dx? + dx,? + d&*, . . (38°42) 

where do is of course the spacial interval and should not be 
confused with ds. To eliminate € let us write 


é= “/ R2 ee Ce ee" \. 


Therefore 
dé — ay dx, — Lp dx, — X3 dx; 
VR? — 2? — a2 — 2,2) 
and thus 
. . 2 
do*® = dx,* + dx,” + dx? + on ee (36°43) 
where pt x? + v,? + 2°, 
and therefore 
do? = {8mm a era dz,, . . (38-44) 
lm=n, 
where = {0 een. 


and the summation convention is in operation. 


Finally, then, when we turn to the space-time continuum we 
have 


ds? = Gon AL», AX», 
and 
LyX p, 
R2 — rp? 
when m and 7 range over the values 1, 2, and 3 ; while (38-45) 
Jam = 0, for m = 1, 2, and 3 
and C/o 


Inn = Onis =f 
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The value unity has been assigned to g,, because it seems to be 
simpler to replace — c? di? by dw”. 

Now of course we may not adopt values for the g,,, just 
according to our caprice, as we appear to have done. They must 
satisfy a law of gravitation which is either identical with one or 
other of the two statements (37°68) or (37-681) or differs suffi- 
ciently little from them. Einstein showed, in a way we shall 
describe, that the coefficients g,,,, as given by (38°45), satisfy 
the latter of the two laws of gravitation provided that we may 
regard space as filled with matter uniformly distributed and at 
rest. For anything we know at present it is permissible to adopt 
this view of the world so long as we deal only with sufficiently 
large volumes, just in the same way as it is possible to regard 
the density of a gas as having the same value in all parts of the 
containing vessel. ‘There is also no difficulty, when we treat the 
world in this large-scale fashion, in regarding the matter filling 
it as at rest. After all, nobody would be able to notice in the 
course of a lifetime any departure of the stellar framework 
from perfect rigidity unless he were provided with comparatively 
elaborate means of observation. He would only notice the quite 
unimportant planetary movements. 

The law 


Gy? — Agy(@ — 2a) = Sp... (38-46) 


c4 


we shall show, is satisfied for such a world provided a suitable 
value, depending on the uniform density, pe, be assigned 
to the constant A. 

Now by (38-45) the g,,, approach the values 


Jur = Jax = U3 = Jas = I 


at all points where 7, = 2, = 7, = 0, the remaining components 
vanishing at such points. And of course the contravariant 
components, g1!, g?*, g38, and g4* are likewise equal to unity, 
the remaining ones vanishing. Further, the differential quo- 
tients 09,,,/0x, vanish in a small neighbourhood containing 
the point v4, = x, =z, = 0. In fact, in the neighbourhood in 
question 


O9mn _ _ en Mm AN 
Or pee == 

OX, R r and ™m, n, = I, 2, 3, ) . (38:47) 
2: 

Bm = R2 2’ == I, 2, 3, 


mm 
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the remaining differential quotients vanishing absolutely. The 
second differential quotients are 


Oman a l _ ! \at the point r = 0 
OL, OL, fh? —r? R*® |when m, n= 1, 
829,» 9 9 (2, 3 and no sum- (38-471) 
Ox? —~ Fe p2 Ree mation. 
All other second derivatives of the g,,,, vanish. 
We now substitute in (37-63), i.e. in 
@ O79, Og 
p= lypna's rs es i DNAS _ sm. 
Gm oJ 9 ax, a2, of 9 ax, 2, 
1 OD < OF 
— Agpngrs_" 28" 1 lgpngrs_ dmnm (38-472 
ay 9 OL», OX, v9 0%, OX, ( ) 
and easily find 
2 
re oie arene 6 ee ers 
G1 : Cs R® . .  . (38°48) 
G,! =—= 0. 
Hence 
6 
C= ~ R 
d Caen (emulates ear 
an 1 a 9 Sa R? —T a — 3 


since only ¢,4, among the components of t, is different from zero. 
Consequently 


2 3 
Rt Rt += 
] 
and A= — pe . (38-481) 
Further, 
6 2 87K pc? 
and consequently 
] 4axp 
pee ae (38-482) 


Thus the radius of Einstein’s world can be determined from 
the mean density, p, of the material spread through it. It is 
only possible to obtain a rather rough estimate of this density. 
It is obviously very small and compatible with an enormously big 
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value of R. H. Shapley estimates p to be 10~°° gm./cm.® and 
when this is substituted in (38-482) we get 

R=326 x 10% cm. . . . . . (38°49) 
Or RK = 3-45 x 101° light years 
which is approximately 101° parsecs—a parsec is defined to be 
such a distance that the angle subtended at a point, situated at 
this distance from the sun, by the end points of that diameter 
of the earth’s orbit which is at right angles to the line joining 


the sun and the point in question is one second. It is equal to 
3:258 light years. 


§ 38-5. Tur VOLUME AND Mass oF EINSTEIN’s WORLD 
Since 
Pe QP ee Al Og ee 
it is permissible to adopt the angular co-ordinates y, 0, and ¢ 
defined by 
x, = Ff cos x, 
v, = Hsin x cos 0, 
x, = Rsin y sin 0 cos d, 
€ = Asin yx sin 6 sin ¢. 
In terms of these co-ordinates the spacial interval, do, is given by 
do® = R*{dy? + sin? y(d0? + sin? 6 dd*)}, . (38°51) 
and it will be seen that 


Gu = 
Jog = Lt? sin? y, 

Js3 = Hh? sin? x sin? 6, 
the remaining components, g,,,, vanishing. The associated value 
of Vg—we are now dealing with space only—is 

Vg = R8sin?ysin0, . . . . (38-52) 
and for the element of volume, dV (cf. § 36-4) we find 

dV = RK sin* y sin 0 dy dd dd. 

Finally, the total volume of the world is 


mm man 


V = Rol | { sin? y sin 0 dy do dds, 
0 0 


0 


(38:5) 


or 


| V = 2nR’, | ok. ke (38°53) 
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and since it ig occupied by matter of uniform density, p, the 
total mass in the world must be 

M = 2707 FR 3p, 
or, if we make use of (38-482), 


Bee a 
and we see that the total mass in Kinstein’s world is determined 
by its radius, The estimate of fF in (38-49) yields 


i Total Mass in 
E 


instein’s World} = 6:8 x 105 grams, | 


a, 


§ 38:6. pr SITTER’s SPHERICAL Worup 
Hinstein’s Space-time ig appropriately described as cylin- 


drical, the axis of the cylinder representing the time. Its 
Spacial part is spherical, i.e. the geometry of Einstein’s space 
is of the same character as that of the surface of a sphere, or of 
the circumference of & circle. Hence Kinstein’s space-time is as 
the surface of a cylinder. It ig of Interest to compare it with 
another cosmological conception due to the Dutch astronomer 
de Sitter. de Sitter’s world is (to a first &pproximation) an 
empty one and by contrast with Hinstein’s may be called 
Spherical since the whole of his continuum of Space plus time 
is spherical and not only the Spacial part of it. 

We shall naturally begin the Study of it by using co-ordinates 
Y1, a, Xs, %, and & connected by the relationship 


ds — dx,% + Aan 4. di,® +. d,2 + dE, 
As in § 38-4 we may write 


where now Pe = Hy? ye y* + 9,2, 
—rdr 
Consequent] dé — =, 
‘ VR? — | 
and thus 
ds? = dy2 4 dy 2 dx? + dy 2 (7 dr)? 
SY = da? + dz, + dx," + dx, ay ase 
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and finally therefore 


Lae 
ds? = {8 te peal dz, . . (38-61) 
R? cree y2 
h 3 ) ==; 
where = 
MN 0, m ae Nn, 
and the summation convention is in operation. 
LyX ny, 
Hence Gann = Onn ar R? ne Ge 


for all the g,,,. Further, the formulae (38-47) and (38-471) 
hold here for the derivatives of the g,,,, the only distinction 
between the investigation in § 38-4 and the present one is due 
to the fact that the formulae now apply for 


m, n =1, 2, 3, and 4. 


When we evaluate the G,,” by the aid of (38°472) we easily 
find 


3 
G,} — G.? = G33 — G4 — R? 
Since g,1 = g,2 = g;° = g1t = 1 we have 
3 
Gj = — per? 
3 
G,? ae see pile 
and so on, and therefore in de Sitter’s world 
GP Ng Pe ee. 8. - “(38°02) 
where 
A= — 3/R?*. . . . . (38°621) 


It should be noted that &, the radius of de Sitter’s world, 
is the radius of the whole space-time continuum and has not 
the same significance as the R of Kinstein’s world which is the 
radius of the spacial part of the world. It is clear that the R 
of de Sitter’s world, like that of Einstein’s, must be enormously 
great, since 4 is bound to be very small. 

It is instructive and helpful to study de Sitter’s world in the 
following way: We imagine the spacial world to be finite, as 
is Einstein’s world, for example, but instead of supposing the 
density of the matter in it to have the same constant value every- 
where we shall imagine the whole of the stellar configurations 
to occupy only a minute portion of it; so that we shall be able 
to render an approximate account of it by treating the vast 
stellar universe as if it were an isolated particle. Let us now 
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introduce co-ordinates after the manner of § 37:1 and determine 
the Jmn as we did in that section, using, however (for empty 
space), the law 


Gam = AYmn 
in which A is a constant. We shall then approach de Sitter’s 
world if we imagine the total mass in the world to approach the 
limit zero. 
The equations (37:17) have now to be replaced by 


_N”" L'N' N’2 a L’ ae 
“t= "5 4 ni ame 


vei) 1) 1m 
2 
G.,=—- sin? | 44 7( = = — i} -{ | = Ar* sin? 6, 


(38-63) 


a L'N’ N’2 N’ 
— _ ptgN-L)7* aaa BN a. a WOON 
Gig = — Ce 5 ae +5} c*her, 
As in § 37:1 we find 
N a ib =e, 


where ¢ is a constant and therefore the interval (37°12) can be 
given the form: 


ds? = eldr? + r2d02 + r? sin? 6 db? — cte~£ {d(e2t) }2, 


or, if we write t’ for et, 
ds? = e'dr? + r2d@2 + 72 sin? 06dd* — c®e-/ dt’?. . (38-64) 
The constant, ¢, has been eliminated by introducing a new unit 


for the time. 
From the second (or third) of the equations (38°63) we get 
— rL'e-F + e-£ —1 = jr? 
and therefore 


F(re-¥) ae ene | a 


3 
so that reo] — yr = x + ¢, 
where C is a constant of integration. 
Hence 
2 
eb — |] + C + as 
r 3 


and comparison with (37°19) and (37°27) makes it evident that 
C= — 2M /c?, 
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where M is the mass of the universe, and we have finally 


+ fre. 2... (38°65) 


On passing to the limit of a practically empty world we get 
ds? = {1/(1 + Ar?/3) }dr? + 71? d6* + 7? sin? 0 dd? 
-— c2(1 + Ar®/3)dt?, . . (38°66) 
where dt has been written for dt’, and, when we substitute — 3/h? 
for A (cf. 38°621), 
ds* = {1/(1 — r2/R*)}dr? + 7? dO? + 7? sin? 6 dd? 
— ¢(1 — r?/R*)dt?. . . (38-661) 
This is an alternative expression for (38-61). 
The geodesics in de Sitter’s world are described by equations 
(37:21) if we substitute in these 
1 — r?/R? for 1 — 2xM/c*r, 
and, just as in § 37-2, we shall find it convenient to use the 
expression for the square, ds*, of the interval instead of using 
the equation containing d’r/ds*. If we choose our reference 
system so that d0/ds is initially zero while 0 = 2/2, then, as in 
§ 37:2, d0/ds will always be zero and 6 will always be equal 
to m/2. If finally we take a geodesic for which the constant, 
r?dd/ds is zero, the expression for the square of the interval, ds, 
simplifies to 


+2 
ds? = fee eee “(1 — ae . (38°67) 


Now the equation which corresponds to (37-24) is 
dt K 
Tes 
Lene 
R? 
where K is a constant of integration. Hence on eliminating ds 
in (38°67) we get 


ye 
ae 
dr\ 2 y2\ 2 R2 , 
NP hee (38. 
(a) € ii) eet oh (38-671) 


Let us consider the case where the velocity dr/dt is vanishingly 
small when r = 0. The last equation then gives 


0 = Fe + ct}, 
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so that for such a geodesic (38-671) becomes 


dr\? supa a r2\2 
dt}  ——~*#R? R? 


dr 7 2 
At a) 2. (38°68) 

The radial velocity dr/dt can easily be shown to be positive 
by inspecting the geodesic equation containing d?r/ds?. 

We see from (38-68) that a body possessing a vanishingly 
small velocity in the neighbourhood of r = 0 will acquire an 
outward radial velocity in accordance with (38:68). When r 
approaches £ this radial velocity is vanishingly small. Indeed, 
all velocities, that of light included, vanish at the outermost 
limits of de Sitter’s world. So long, however, as r2< < R? 
(38°68) approximates to 


and therefore 


T= on. we. (38°681) 


The actual world cannot of course be exactly like de Sitter’s 
since the latter contains no mass; but it may possibly be a 
world with a quantity of matter in it which is insufficient to affect 
its large scale geometry appreciably, and this might indeed be 
that of de Sitter’s world. Now we cannot doubt that £ is 
enormously great, so that those distances, r, for which dr/dt in 
(38°681) is appreciable, may still be very large, though a small 
fraction of &. Now most of those very remote extra-galactic 
configurations known as the spiral nebulae have a velocity of 
recession which accords approximately with (38-681). There 
are exceptional instances of approaching nebulae; but we can 
explain this as due to the gravitational attraction of the masses 
which cause the actual world to differ locally from the ideal de 
Sitter one. The velocity of the spiral nebulae in the line of sight 
is inferred of course by ascribing the observed shift of the spectral 
lines of the light emitted by them to an associated Doppler 
effect. The displacement toward the red end which would result 
from (38-681) is easily worked out to be 

Ay —A=Ar/R, . . . « (38°69) 
where 4 is the wave-length of some spectral line in a terrestrial 
source and Ay the wave-length of the same line in the light from 
the nebula. 

The displacement of the spectral lines towards the red end 
of the spectrum is not wholly due to the velocity of recession. 
Considerations similar to those of § 37:5 indicate that atomic 
vibrations in such distant configurations as the spiral nebulae 
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must be slower and the wave-length of the emitted light longer 
in consequence, if we assume that the world approximates to de 
Sitter’s conception of it. This is not a gravitational effect like 
that of § 37:5; but the mathematical relationships that lead to 
it have the same form as those which led to the analogous effect 
described in that section. 

To get an expression for this increase in wave-length we have 
to replace «M/c*r, in (37:5) by r?/2Rh2. Thus we find 


2 
Ay ~Az= ad... (38-691 
. aii (38-691) 
When r? << < &?, as we are assuming, the latter contribution to 
Ay — Ais negligible by comparison with that due to the reces- 
sional motion. 


§ 38-7. THr EXPANDING UNIVERSE 


The cosmological speculations of Einstein and de Sitter rest 
on rather insecure foundations, but the latter find at least some 
support in the observations of the slight displacement of the 
spectral lines of the light from the spiral nebulae which are 
perhaps in as good agreement with (38-69) as their accuracy 
warrants. ‘There is another way of regarding de Sitter’s world 
which is implicit in the description of it given in the preceding 
section. We may write (38:6) in the form: 

Ree eee me e 3 a oe (387) 
in which the radius, #, of de Sitter’s world is represented by 2, 
and in which the sum 2,? + a? + a,2 + &% has been replaced 
by &,? (cf. 38-41). It will be observed that R, is the radius 
of the space-time continuum and not the radius of the spacial 
world. This latter is represented by R,. Now R, is constant 
and 2x,?, when not zero, is negative. Hence R,? and therefore 
also A, increases as the numerical value of x,2 increases. There- 
fore #, increases both when we go backwards in time from the 
instant x, = 0 and when we go forwards in time from this instant. 
Therefore before the instant 2, = 0 de Sitter’s world was con- 
tracting. At 2, = 0 it reached its minimum radius and has 
since then been expanding. There is no such feature as expansion 
or contraction in Kinstein’s world. The formula (38-7) applies 
to it of course, but it is R, which is constant and not R,. More- 
over in Einstein’s world, as we have seen in § 38:4, dz,? is 
equal to — c*di*?, while in de Sitter’s world dz,? is equal to 
— 9xc* dt? where gy, is equal to 1 + 2,?/(R,? — r?) (38-21). 

Kinstein’s world, in which, when we disregard trivial local 
irregularities, matter is uniformly distributed, is unstable and 
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recent cosmological speculation has tended in the direction of 
regarding the actual world as one which is passing out of a 
condition like that of Einstein’s world towards the expanding 
world of de Sitter. 
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CHAPTER VIII 
THE QUANTUM THEORY OF PLANCK 


§ 38-8. Tur Nature or Heat 


THE form of energy called heat has been defined in a practical 
way in § 15-5 and we associate with it two great principles: the 
first and second laws of thermodynamics which enable a rather 
wonderful co-ordination of thermal phenomena to be effected. 
These principles do not throw any light on the nature of heat : 
that is elucidated by the statistical theories—the kinetic theory 
of gases and statistical mechanics (cf. §§ 11:8 to 13-5)—which 
indicate that it is not a special form of energy, as is kinetic 
energy or electromagnetic energy, but simply energy of any or 
every form associated with statistical equilibrium. Briefly 
we use the term heat when we are dealing with an assemblage 
containing an enormous number of minute systems whose indi- 
vidual natures we may know or be able to infer, but which are 
so small and numerous that we are necessarily kept in ignorance 
of their individual energies, states of motion and configurations. 
The nature of statistical equilibrium is described in §§ 12-9 to 
13:4. Each state of statistical equilibrium is characterized by 
a definite value of a quantity called the modulus (§§ 13:1 and 
13-3) which we identify with temperature. The modulus has 
no meaning except in relation to a state of statistical equilibrium, 
and similarly temperature, in the strict sense of the term, has 
only a meaning when thermal equilibrium exists. 


§ 38-9. Raprant Heat 


Long ago (in the eighteenth century) it was observed that 
heat could be propagated by a process—to which the name 
radiation was given—very different from conduction or con- 
vection. The thermal energy propagated in this way was appro- 
priately called radiant heat. It had the characteristic property 
associated with heat that its transference ceased with the estab- 
lishment of temperature equality or uniformity. Later investi- 
gations of course revealed that radiant heat was physically 
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identical with light. This feature of radiant heat has its parallel 
in the identification of the heat content of a gas with the kinetic 
(or mechanical) energy of its constituent molecules. Radiant 
heat, it was discovered, travelled through free space with the 
same velocity as light, could be polarized, and so on. The only 
difference that could be detected between it and light was the 
purely subjective one that hot bodies were often observed to 
radiate without exciting the sensation of sight. 

The fact of the possibility of temperature equilibrium being 
associated with radiation led Prévost in 1791 to his theory of 
exchanges according to which all bodies, hot or cold, are radiating 
heat ; uniform temperature resulting when they are absorbing 
radiant heat at the same rate as they are emitting it. The laws 
discovered by G. Kirchhoff (1859) are really amplifications of 
Prévost’s theory of exchanges. The possibility of temperature 
equilibrium necessitates that a good emitter of radiant heat must 
also be a good absorber and a good reflector a bad absorber. 
These laws of Kirchhoff hold not only for the totality of the 
radiant heat, but also in detail for its components. Good 
absorbers of light of a particular wave-length must also be good 
emitters of light of that particular wave-length. Tourmaline, 
for example, strongly absorbs light or radiant heat polarized in 
a certain plane and when heated emits correspondingly copiously 
radiant heat which is polarized in just that particular way. 
These old discoveries about the nature of radiant heat were 
associated with the further discovery that the physical thing 
called light is not limited to something which excites the sensa- 
tion of sight : that the spectrum in fact extends out beyond both 
visible limits. 


§ 39. FuLL RADIATION 


A state of thermal (i.e. statistical) equilibrium must exist, or 
will gradually be established, in any region contained within a 
closed surface which is maintained at a uniform temperature. 
This is equally true whether the region is occupied by some 
material such as a gas, for example, or is vacuous.1 And when 
equilibrium is established every point in the region has the same 
temperature, namely, the temperature of the surrounding sur- 
face. Moreover, when the material filling the enclosure is the 
same throughout it, not only is the temperature uniform every- 
where in it, but the state of affairs in other respects, e.g. energy 


1'Vide § 34. We must suppose the ‘ vacuous’ region to be occupied 
by clectromagnetic waves or, alternatively, by photons. 
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density, is identical at all points and independent of the material 
of the enclosing wall. 

If the volume of a given quantity of a material medium be 
altered, the state of stress in it must be changed consequently 
and with it the energy density, which therefore depends not only 
on the temperature, but also on the volume. In the case of the 
vacuous enclosure, however, the character of the medium is not 
affected by volume changes and the energy density is deter- 
mined completely by the temperature of the enclosing wall. 
How different this is from the behaviour of a material medium 
will be realized when it is remembered that the whole energy 
of a gas—not its energy density—is determined (practically) 
by the temperature of the wall of the vessel containing it. We 
may say, in fact, that the state of affairs at any point of the 
vacuous enclosure is independent of the volume for a given 
temperature of the enclosing wall. It is, in fact, a function of 
the temperature only. The independence of the state of affairs 
within the enclosure on the nature of the material of its wall 
enables us to assert that the radiant heat in it has precisely the 
same character as that which it would have if the enclosing sur- 
face were black, this term being used for a surface which absorbs 
completely all the radiation incident on it. We usually speak 
of the radiation within the enclosure as full radiation. It is 
perhaps hardly so good a term as radiant heat. Like any other 
form of heat, it is essentially an equilibrium phenomenon, and 
if we were to imagine an aperture in the wall of the enclosure the 
emerging radiation would not necessarily be full radiation since 
the presence of the aperture, together with a lower external 
temperature, for example, would make equilibrium impossible. 
When, however, the aperture is sufficiently small compared with 
the dimensions of the enclosure, the departure from equilibrium 
will be negligible and the emerging radiation will have prac- 
tically the character of that which would be emitted by a per- 
fectly black surface. Indeed, the surface bounded by the 
periphery of the aperture will simulate a black surface almost 
perfectly. Any radiation that may enter the enclosure through 
it can, practically speaking, never emerge again. It is in fact 
completely absorbed. The experimental devices for producing 
black body (or full) radiation for purposes of observation and 
measurement are based on these considerations. 


§ 39:05. Tur Laws or FuLL RADIATION 


A very simple application of thermodynamics (cf. § 39-1) 
leads to the law named after Stefan (1879) and Boltzmann (1884), 
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according to which the energy per unit volume in the enclosure 
is proportional to the fourth power of the absolute temperature 
expressed in terms of Kelvin’s work scale. 

A much more formidable problem is that of rendering a 
theoretical account of the distribution of the energy in the spec- 
trum of the full radiation. The nature of this problem may be 
described by the aid of a diagram. In Fig. 39-05 the function, 
eé, which we shall use to express the spectral distribution of 
energy, is plotted against the wave-length, A, for a given tem- 
perature. The full line represents e as a function of 4 at the 
temperature, 7'; the broken line represents e as a function of A 
at the higher temperature, 7’. The function e is so defined that 
the area bounded by any two ordinates and the curve itself, e.g. 


Fie. 39:05 


the shaded area between the ordinates at 2, and A, is equal to 
the energy per unit volume of all the vibrations whose frequencies 
lie between the limits corresponding to those two wave-lengths. 

The chief problem of the theory of full radiation is that of 
expressing e as a function of A and 7’, or of the frequency, »v and 
T. Its special interest is due to the fact that its solution by 
Max Planck in 1900 (cf. § 39-9) necessitated that departure 
from the methods and principles of classical physical theory 
—and we must include relativity in this category—with which 
we are now familiar under the names quantum theory and 
quantum dynamics. 

By an interesting application of thermodynamics W. Wien 
(§ 39-4) was able to prove that the function, e, must have the 
form 


e= Ae), 2 2... (39°05) 
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where £ means the product A7' and f is a function whose form 
is not disclosed by Wien’s method. The laws of Stefan and 
Boltzmann and of Wien contain all that can be achieved by the 
methods of classical physical theory in connexion with the 
problems of full radiation, as we shall understand better when 
we come to deal with them in detail; but Wien made a further 
important contribution towards the final solution of the dis- 
tribution problem in the following formula, obtained, as we now 
believe, by an unsound method: 

e=Adde-BAP 1 , . ,. . (39°06) 
in which A and B are universal positive constants. This formula 
fits the results of observation quite well when the product AT’ 
is sufficiently small and it is in agreement with the perfectly 
correct formula (39:05). In fact, it gives the function f in this 


formula the shape 
Ae- Fit. 


The spectral distribution problem was also attacked by Lord 
Rayleigh, who obtained a result equivalent to 


e=8nhT/A, . . . . . (39-07) 


where k& means the entropy constant of § 13:4. This result is 
also in agreement with (39:05) since we may give it the form 
e = 8rk(AT)/A°. 

Now Rayleigh’s formula (39-07) was obtained by a perfectly 
sound method and we are forced to ascribe its failure to agree 
with the observational results, as Planck did, to the inadequacy 
of classical dynamical principles, more especially the principle 
of equipartition (cf. §§ 12 and 13-5) on which its deduction was 
based. Rayleigh’s formula fits the observations however when 
the product, A7', is sufficiently great. This fact illustrates a 
familiar feature of classical theory: namely, its adequacy in 
macrophysical applications. 

The truth is obviously contained in some formula which 
approaches (39:06) and (39:07) in the limiting cases respec- 
tively of very small and very large values of AT. Such a formula 
is the following one which we get by making a slight change in 
(39-06) : 

e= Ad-P/(eBAT — 1), . .  .  . (39°08) 
It obviously becomes identical with Wien’s formula in one limit- 
ing case, since the subtraction of unity from the exponential is 


1It is unfortunate that e has two senses in this equation; but one 
of the e’s is so obviously the exponential e that no confusion, it may be 
hoped, will arise. 
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of no consequence when 7' is very small. In the other limiting 
case it becomes 
é = Ad? /(B/AaT) = (A/B)(T/A4) 

so that 

A/B=8nk. . . . . . (39-09) 
The formula (39-08) fits the observations exceedingly well and 
there is no doubt it is the right one. It was discovered by 
Planck, who succeeded in giving it a theoretical basis. This will 
be studied in § 39:9. Meanwhile we might note that the expo- 
nential in Wien’s formula (39-06) is suggestive of the exponential 
in Maxwell’s distribution formula (12:16) and even more so of 
the exponential 

e-BE — p-E/® — p-E/kT 

in (13-171). And when we remember that many phenomena, 
notably those of photo-electricity, force us to regard light (cf. 
§§ 34:6 and 37:4) as having a corpuscular constitution we are 
tempted to look upon full radiation as a sort of gas, a photon 
gas. We are thus led to identify the exponents B/AT’ and 
H/kT, where EH means the energy of a photon. Thus 

H=Bk/,A, . . . . . «~(89°091) 
or 

He =Bk/er,. . . . . (39092) 
where c is the velocity of radiation in free space. Thus we may 
write for the energy of a photon (cf. § 41-2 et seq.) 


H=h/t=hy, . . .  . (39:093) 
where 
h = Bk/c, 
Or 
B=ch/k. . . . . . (39:094) 


The expression (39-093) for the energy of a photon is suggested 
also by the analogy or correspondence between dynamics and 
geometrical optics briefly discussed in § 9:4 and much more 
fully in § 41:5. 
From equations (39:09) and (39-094) we have 
A=8nceh . . . . . (39°095) 


The substitution of these expressions for A and B in Planck’s 
formula (39-08) gives it the familiar shape: 


ch 
e = 8rmchA-?/(eT — 1). . . . (39-096) 
Now edd means the quantity of radiant energy per unit volume 


associated with wave-lengths in the narrow range between / and 
A+da. We may write it as — uw» dy where dv is the range of 
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frequencies corresponding to dd and since 42 = c¢/y and conse- 


quently dA = — cdy/v? we get from 
eda = — u, dv 
he 
u, = Brhve/cX(ekrF — 1) . . . (39°097) 


which is an alternative form of equation (39-096). 

The methods by which we have reached this law of Planck 
in this section are largely empirical; but they contain already 
suggestions for a new and rather revolutionary dynamical theory 
which will occupy us in the chapters that follow. 


§ 39:1. THe Law oF STEFAN AND BOLTZMANN 


Let us imagine the enclosure of § 39 to undergo a reversible 
expansion. We may then apply to it the thermodynamical 
formula (15:91) 


dQ=dU+pdV,. . . . . (391) 


where dQ means the heat supplied, U is the radiant energy in 

the enclosure, p is the pressure it exerts on the containing wall 

and dV is the increment in volume associated with dQ and dU. 
Now 


U SUVs «= @ 2 « « (911) 
where w means the energy per unit volume, and 
p=ufs. . . . . . (39°12) 


as shown in § 27. Therefore 
dQ = Vdu-+(u + p)dV, 
and since wu is a function of 7' only (cf. § 38-9), 


rae yar 7 av. 


On dividing both sides of this equation by the temperature we 
obtain an expression for the associated increment in entropy, 
namely 


V du 
T dT 
and hence, by the thermodynamical rule (16-91), 


0 i AU 
OVr\T aT\ ~~ aT. 37" 


al + 3 adv, / . (39°13) 
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Therefore 
1 du 4 du 4y, 


fee, ee * Cee a 


Tada? 30dT  3T? 


and so 
gel du 
Tu 
Therefore 
| u = aT", (39°14) 


where a is a constant which we may term the Stefan-Boltz- 
mann constant or the constant of full radiation. 


§ 39:2. ALTERNATIVE STATEMENTS OF THE LAW OF STEFAN 
AND BOLTZMANN 


The quantity of radiant energy, per unit volume, travelling 
in directions contained within, or defined by, a narrow solid 
angle, dQ is clearly 


udf2/4a. . . (392) 


_ ob To get the quantity passing across 
a small surface dS during the time 
dt and travelling in these directions 
we have to multiply the expression 
(39-2) by the volume of the cylinder 
shown in Fig. 39:2, namely cdtdS 
cos 0, where 0 is the angle between 
the direction of the axis of d2 and 
Fie, 39-2 that of the normal, NV, to the sur- 
face dS. We thus obtain 


sin OcosOd0dpdidS, . . . (39-21) 


as 


since df = sin 0 d0 dd, where ¢ is the azimuthal angle. 
On integrating with respect to 0 and ¢ we obtain 


aS dt oe eee (39222) 


for total quantity of energy crossing dS from one side to the 
other during the time dt and 
uc/4 . 2. . . « « (39:221) 
for the quantity reckoned per unit area per unit time. 
The quantity wc/4a in (39-21) may be written 


we Bry _ ge 
47 47 
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and uc/4 in (39-22) may be written 


baie = Urn = oT". 
4 4 
The three constants, a, o, and o’, are related by the equations 
o = ac/4, 
eee belo... . (39-23) 


We may of course call any one of these constants, a, o, o’, the 
constant of full radiation. Their experimentally determined 
values are 

O22 7:61 10 

O 5-75 x 107° 

om P83 07° 
the energy density, w, being expressed in ergs per cubic centimetre. 


§ 39:3. Entropy or Funtt RADIATION 


If we replace u in (39°13) by a7'4 we get for dd, the increment 
of the entropy of the full radiation, 


dé = 4aVT? dT + sar av, 


and thus we obtain for ¢, if we make the constant of integration 
Zero, 


= ry, ee. (393) 


This expresses the entropy associated with the radiation in the 
enclosure. 


§ 39-4. Wren’s DIsPpLACEMENT Law 


During any reversible change or process a thermodynamical 
system remains in equilibrium and if the radiation in a vacuous 
enclosure is involved in such a process it must necessarily remain 
full radiation. Let us consider a reversible adiabatic expansion. 
The entropy is bound to remain constant and consequently by 
(39:3) 

T?V =constant. . . . . . (394) 
This is the relation between the temperature and volume of full 
radiation undergoing a reversible adiabatic change and for a 
small volume increment 


dV, = — (38V/T)dTy, . .  . (39°41) 
the subscript, ¢, reminding us that the increments dV, and dT’, 
are those associated with constant entropy. 
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Let us now consider the radiation, between the frequency 
limits 


v 


y + Ay, 


which is travelling in directions contained within the limits ofa 
narrow solid angle, dQ (cf. § 39-2), and incident at an angle, 0, 
on a small portion, dS, of the wall of the enclosure. In order 
to have a short name for it we may call it the radiation in the 
region (dy, dQ, 0). We shall suppose dS to be perfectly reflect- 
ing! and, in consequence of the reversible adiabatic expansion, 
to be moving outwards with a minute normal velocity, v. The 
energy from the region (Av, dQ, 9) which reaches dS in the time 
dt will obviously be equal to 


u, a2 


Av .cdt dS cos 6, 


(cf. § 39-2), if we define wu, so that u,Ayv is the energy per unit 
volume associated with the vibrations in the frequency range 
v y +Av. If we replace d2 by sin 0 dO dd we see that the 
energy from the region (dv, d2, 0) which reaches dS in the time 
dt is 


=~ .sin 6 cos 6 dé dpdS dt. . . . (39-42) 


IU 


Av. 


After reflexion at dS this energy necessarily leaves the region 
(Av, d2, 0). Some energy of course will enter this region by 
reflexion at dS and this must necessarily have, before reflexion, 
a slightly higher frequency, namely 


2v cos “) 


; . (39:43) 


y = o(1 a 


in order that the Doppler effect due to the outward motion of 
dS with the velocity, v, may bring it into the frequency range 
v y + Ay. Clearly the energy entering the region (47, dQ, 
dS) by reflexion at dS during the time dé will be 


du, 2vyv cos 0 
——— °c 


2 : .sin 0 cos 0 d0 dd dS di. 
470 


Av st, -- 


The gain in energy of the region (47, dQ, 0) by reflexion at dS 


1 This assumption is not unlike that made in § 11:9 in deducing 
Boyle’s law and we might avoid it altogether by a device similar to the 
one adopted there. 
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during the time dt is obtained by subtracting (39-42) from this 
expression. We thus get 


Ay ou, 269d0db.dV, . . . (39-44) 
2% av 


where dV =vdtdS 


is the increment in volume associated with the outward motion 
of dS during the time interval df. 

To get an expression for the total gain in energy in the 
frequency range from » to » + A» due to the expansion dV we 
must integrate with respect to 9 and ¢, the limits being 
respectively 


0——z/2 and 0——2z. 
In this way we obtain 
Ay. (ae), dVy . 2... (39°45) 
y 


The subscript, 7’, is used to indicate that the differentiation is a 
partial one with respect to », the temperature, 7', being the other 
variable on which wu, depends, is not altered in the differentiation. 

Now the increment (39-45) evidently represents precisely the 
same thing as 


Ay .d(u,V),, 
or Av. {V(du,), + u, dV¢}, 


which may be written 


av) V(sr) aT, + u, av. 
On equating this to (39-45) we have 


v/ou, ; 
i i) AV 9 = a Vor), et ee 


and on replacing dV, by the expression (39°41) we obtain the 
differential equation 


Ou, Ou, 
3uU, =+( 5) +0(sR) . .  . (39-46) 


which contains Wien’s displacement law. The factor, 3, on 


the left suggests the convenience of introducing a new function, 
y, defined by 


wv, 1) = u,/v?. . eee (39°47) 
On substitution in (39-46) we get 
op oy A 
(5), i (sr). =0,. . . . (3948) 


which is a simpler equation than (39-46). 
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Since y is some function of the independent variables v and 7, 


_ (a oy 
to (Fr) + Can)? 


and consequently 


or 
Op\ fav Ow 
OSs 22) — |. . . (39-481 
(5),(an), + (ar), « @Ras 
On eliminating (dy/oeT), from (39-48) and (39-481) we get 
ye (2 
Naty 
Thus when y is kept constant 
dy _ at 
yp TT? 
or T /v = constant 
when yw = constant. 
This means that T/v = function (y), 
or, what amounts to the same thing, 
y = p(n) 
where n=T/v. 


Finally, therefore, 
u, = vpn) |. . .  . . (3949) 


This is one of the expressions of Wien’s displacement law. 
Now wu, dv means the energy per unit volume associated with 
the range of frequencies »y y +dy. Therefore 
—u,dvy =ed,i, 
(cf. § 39-05) if dA is the differential of the wave-length corre- 
sponding to dy. Now 
dy = —cdi/i? 


and consequently 
ue/A>=e . . . . . (39-491) 
On substituting in (39°49) we get 
Ae/e = c8y(AT /c)/23, 


or e = A~*f(é) 


where ¢ = AT and f is a, so far, undetermined function. This 
is Wien’s law in the form (39-05) already given. 
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§ 39-5. PROPERTIES OF THE MAXIMA OF THE SPECTRAL 
DISTRIBUTION CURVES 


The last formula may be written 
e = Tf(e)/e 
or 
OS POEs. co. ce. & . & -a WOOD) 
where $(&) = f(&)/&, which expresses Wien’s law in still another 
way. 
If now we keep 7' constant or, in other words, if we keep to 
the energy distribution curve corresponding to the temperature, 7’, 
(Fig. 39-05) and differentiate with respect to 4 we shall get 


de = T°4'(£)da, 


where p'(€) = dd(&)/dé, 
so that the maximum of the curve is determined by 
Oe) = 0es ah a « « «= (3951) 


This last equation it will be noticed yields a definite numerical 
value, which we may call &,, for & which is quite independent 
of the temperature. The product 4,,7' (cf. Fig. 39-05), for ex- 
ample, is equal to the product d,,’7"". Experimental observations 
confirm this and yield 
bg Ay l 0288. « s « « (39252) 

approximately, 4,, being expressed in centimetres. 

Planck’s law (39-096), for example, gives the function, f, of 
(39-05) the form: 

8ach(e? — 1)~} 


where 
B= ch/kaAT = ch/ké, . . . . (39°53) 
so that the function, ¢, of (39-5) is 
b(&) = 8ach&—*(e® — J)-?. . .  « (39°55) 
Therefore equation 39-51 becomes: 
Bm = 5(1 — e7 8m), . . « « (39:56) 


It is easy to solve this equation by successive approximations. 
To begin with, it is satisfied to a rather rough approximation 
by B, = 5. If we substitute this in the exponential, which is 
small compared with unity, we get 


Bm os 5(1 — e~°), 
which yields the better approximation, f,, = 4:9665. To four 
decimal places we find, on continuing this process 


Bm = Ch/KAyT = 49651... . . (39°57) 
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The subscript, m, is to remind us that we are dealing with values 
of 8 and A appropriate to a maximum. With the aid of equation 
(39-57) we can calculate the ratio h/k from the experimentally 
determined value of 4,,7 and the known values of c and the 
number f,,. 

On substituting the constant value, 1,,7', for € in (39-5) 
we learn that the values of e at the maxima of the energy distri- 
bution curves are proportional to the 5th power of the tempera- 
ture. In fact 4(&,,) is a constant. 


§ 39:6. EVALUATION OF THE CONSTANTS OF BOLTZMANN AND 
PLANCK 


From (39:097) we obtain the following expression for w, the 
energy per unit volume in the vacuous enclosure of § 39, 


(39-6) 


in which 6 means hy/k7'. It is convenient to give it the form 


SaktT4- psd B 
w= \3 <r. 1 + (3961) 
0 
which reveals that Planck’s formula is in agreement with that 
of Stefan and Boltzmann. The integral can be expanded as 
follows : 


| B3dB fe? + 6-8 4+ e-B 4. . .}, 
O 


and its numerical value is therefore 


l 1 1 
ex(atatEt * .) = 6 x 1.0823 ee 
Since wu = aZ'4, where a = 7:67 x 1074 we have the numerical 
equation 


82 <X 6 X 1:0823/k4 
e —15 — 
7-67 x 10 = eG 


from which we get 
he 


wy = 2T7 x10. 2. . (39-62) 
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On the other hand the observational value of 4,,7', which we 
may term Wien’s constant, is 0-288 and (39:57) gives us 


k C 
a ees 39°63 
h 0-288 x 4-965] ( ) 
and by combining (39°62) and (39-63) we obtain the following 
numerical values for A and i 
h = 6-55 x 10-*" ergs x sec. \ 


k = 1:37 x 107! erg /°C. (39°64) 


§ 39-7. LoscHmipT’s NUMBER AND THE ELEMENTARY J[ONIC 
CHARGE 


Planck determined the values of h and & in this way and 
he made use of the value he found for &, namely 1:34 x 10716 
ergs per °C., to obtain an estimate of Loschmidt’s number 
(cf. §§ 12:6 and 12-8). The number obtained by Planck was 
6-2 x 1028, the first reasonably precise estimate of Loschmidt’s 
number. And dividing the charge, 2-896 x 10!4 ordinary elec- 
trostatic units, conveyed by a gram atom of hydrogen in elec- 
trolysis by his estimate of Loschmidt’s number he was able 
further to calculate the value 4:67 x 10719 O.E.S. units for the 
elementary ionic charge. This result was obtained by Planck at 
a time when the more direct methods of determining this quan- 
tity were only just beginning to be applied and years before 
Millikan used his well-known method. It was a very remarkable 
achievement and it constituted a confirmation of the correctness 
of his radiation formula and therefore of his new theory since 
his value of k was reached by the use of his new formula in the 
manner just described and the later measurements of the ionic 
charge by Millikan yielded a result very near to that calculated 
by Planck. Of course the value of & and consequently also 
Loschmidt’s number and the ionic charge may be obtained from 
measurements carried out on full radiation and confined to spec- 
tral regions where / is sufficiently great, or rather to spectral 
regions where AT’ is sufficiently great, since under these cir- 
cumstances Rayleigh’s formula (39-03) applies and it contains 
the single universal constant, &. So that full radiation measure- 
ments enable these quantities to be determined—if perhaps with 
less precision—without involving any departure from classical 
principles. 

The fact that we can determine Loschmidt’s number from 
one of the constants of the spectral distribution formula does 
not of itself justify us in suspecting full radiation to have a quasa 
gas constitution. The significance of the constant, k, as we 
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learned in §§ 13-4 and 13-5, is much wider than is indicated by 
its role as gas constant per molecule. From the point of view 
of the classical theory it might be described as the constant which 
fixes the value of the average kinetic energy per degree of freedom 
of the individual systems in an assemblage which is in tempera- 
ture equilibrium, and it does not matter whether the individual 
systems are molecules, vibrations in a more or less continuous 
medium, or what. 


§ 39-8. THe CrasstcaL THrory or Funtt RabDIATION 


To lead the way to a theoretical basis for Planck’s formula 
(39-096) it is best to study the problem of full radiation firstly 
from the point of view of Newtonian dynamical principles. We 
shall revert temporarily to the aether hypothesis and approach 
the problem of the spectral distribution of the energy in full 
radiation by considering a vacuous enclosure in the shape of a 
cube, each edge of which is of unit length. We may imagine 
the state of motion of the aether in it to be subjected to a Fourier 
analysis, 1.e. we may imagine it to be a superposition of simple 
harmonic vibrations constituting stationary waves with nodal 
planes which divide the edges of the cube into integral numbers 
of intervals. This can be illustrated by the rather simpler 
example of a cord stretched between two points to which its 
ends are fixed. Any state of motion of the cord can be regarded 
as a superposition of stationary waves dividing it into intervals 
each equal in length to 2/2 (§ 9). When the cord is divided 
into n intervals the associated frequency of vibration, », is 

enV i2by «© & & « ~ “(39°8) 
where JV is the (phase) velocity of a wave of such frequency along 
the cord and ZL is the length of the latter. If we confine our 
attention to motions in one plane there is one state of simple 
harmonic vibration for each value of nm and the number of inde- 
pendent states of vibration with frequencies between zero and » 
is in consequence of (39°8) 


n = 2Lyv/V, 
and when vn is a very large integer, i.e. when » is very large, we 
may write for the number of vibrations between » and y + dy, 


21 

— dy, 

V 
This refers to motions in a certain plane only. To remove this 
limitation we must multiply by 2, since the most general motion 
of the cord is a superposition of motions in some plane and quite 
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independent motions perpendicular to it. Hence we obtain for 
the total number of vibrations with frequencies between the 


limits » and » + dy 
40, dy 
po: 

This illustration will guide us in dealing with the enclosure 
mentioned above. A particular mode of simple harmonic vibra- 
tion will divide the edge of the cube which is parallel to the 
X axis of a suitably placed system of rectangular co-ordinates 
into n, intervals, that parallel to the Y axis into n, intervals, and 
the remaining edge into n, intervals. Since each edge of the 
cube is of unit length the intervals are respectively equal in 
length to 1/n,, 1/n2, and 1/n;. If now the normal to a set of 
nodal planes makes the angles 0,, 0,, and 6, respectively with 
the X, Y, and Z axes 


(1/n,) cos 0, = 4/2 


or 
cos 6, = n,A/2. 
Similarly 
cos 0, = n,A/2, 
cos 0, = n;A/2. 
Hence 


(2,7 + 2? + n,?)A2/4 = 1, 

or, since vA =, 
11% + M2” + Ng = 4y?/c2, 2 2. (39-81) 
It will be remembered that, in the illustration just given of 
the stretched cord, a particular value of the integer, n, was 
associated with two independent states of vibration, since any 
state of motion of the cord is a 
superposition of motions in any 
plane containing it and perfectly 
independent motions at right 
angles to this plane. So in the 
case under consideration any set 
of values of n,, n., and n, is 
associated with two independent 
vibrations, one associated with 
movements parallel to any plane 
containing the normal to the 
nodal planes and the other with 
movements perpendicular to it. 
Let us represent the various 
sets of values of n,, m., and n, in a Euclidean space, using rect- 
angular axes of co-ordinates parallel to the edges of the vacuous 
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cubical enclosure. We measure off a distance along one axis to 
represent 7,, along another axis to represent n., and so on. For 
each set of values 7, n., n, there will be a corresponding point 
in the representative space (Fig. 39-8). The points representing 
all frequencies from zero to some upper limit, », will (cf. 39°81), 
it is clear, be contained in an octant of a sphere of radius, &, and 


R? =n? +n? + n,*. 
Moreover, each point is situated at one corner of a unit cube and 
the total number of points associated with the range of fre- 
quencies mentioned will be identical with the volume of the 
octant, namely 
wh? /6 or 42y3/3c3, 

so that the total number of independent states of vibration in 
the frequency range from zero to » is 


823 /3c8,. 2 ww. (39°82) 
and in the narrow frequency range from y to » + d?, 
Bav*dy/c®, =. www. (39°83) 


The classical theorem of equipartition of energy (cf. § 13:5) 
assigns to each vibration an average kinetic energy equal to 
kT'/2; or, since in simple harmonic vibrations the average kinetic 
and average potential energies are equal, the vibrations in the 
enclosure have the average energy, #7’. Combining this with 
(39-83) we find for the energy, u,dv, per unit volume, of the 
vibrations in the frequency range »——yv + dy 


wu, dv = 8nv*kT dy/c8 
or 
Uu, = 8nv*kT' /c?. » . «  « (39°84) 
This is Rayleigh’s formula. Indeed, on replacing u,dy by 
— edi, vy by c/A, and dy by — cdA/A? we get the formula (39-07). 


§ 39:9. PLANCK’s Quantum THEORY 


There is no doubt that Rayleigh’s formula (39-07) is the 
inevitable outcome of the application of classical dynamical 
principles to the problem of the spectral distribution of energy 
in full radiation, and as it does not correctly represent (except 
in the limiting case of large values of 47’) the experimentally 
determined distribution we are forced, as was Max Planck in 
1900, to question their validity. Planck’s reflexions on the 
nature of the modification that the old dynamical principles 
ought to undergo led him to the view that energy exchanges, at 
all events when they occur between simple harmonic systems, 


§ 39-9] THE QUANTUM THEORY OF PLANCK 151 


occur in integral multiples of hy, where h is a very small universal 
constant. It will turn out, in fact, to be identical with the 
constant, h, of § 39:05 (cf. § 9-4). It will therefore be quite in 
conformity with the spirit of Planck’s theory if we deduce an 
expression for the average energy of a vibration from the assump- 
tion that the energy of each vibration of § 39:8 is an integral 
multiple of hy. We may express this hypothesis of Planck in 
another way. The Hamiltonian expression for the energy of the 
simple harmonic vibrations of a particle of mass, m, is 


2 2 
Het Bee 2 we eh & 18% 

2m 25 i277) 
where p (= mv) is the momentum of the particle, q¢ is its dis- 
placement at any instant from its equilibrium position, and yu is 
the restoring force per unit displacement. We may write the 
equation in the form 


pvi4 0 1. | . . (39-901) 
2mH = 2H /u 


so that if we plot » against g we get an ellipse whose semi-axes are 
(2m)? and (2H/mu)/?. 
The area, A, of this ellipse is 


A = 22H Vm/n\, 
and since the period of oscillation, +, of the simple harmonic 
vibration is 
tT = 2nVm/u | 
we infer that 
H = A/jt = Ay: ~ 2 « « (39-91) 
We can now see clearly the nature of Planck’s innovation. It 
applied specifically to simple harmonic motion and consisted in 
restricting the constant, A, which classical principles permit to 
have any real and positive value, to integral multiples of a 
certain, rather small, universal constant, A. It will be observed 
at once that this makes no practical difference to vibrations on 
a macroscopic scale and is therefore as it should be, since all the 
indications point to the adequacy of classical principles when 
applied to macrophysical phenomena. 
Therefore 
A=nh. . . . . « (39:92) 


where n is a positive integer or zero and the ellipses (39-901) 
divide up the phase-space into small areas | |\dp dq each equal 


to h. The points in the phase continuum which actually repre- 
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sent simple harmonic vibrations are points on these ellipses. 
We may suppose the vibrations for which » = 0 to be associated 
with the innermost ellipse, those for which n = 1 to be associated 
with the area, h, contained between this ellipse and the second 
one, and soon. The successive areas, each equal to h, correspond 
to the elements 4@,, dw.,, Mw;, ... of § 13:1; but whereas 
these latter elements had no precise value assigned to them and 
were assumed to approach the limit zero, the elements with 
which we are now concerned have the precise value, h. There 
is one further small difference between the elementary areas, A, 
and the 4w,, A@2, etc., of § 13:1: the points representing the 
dynamical systems we are now contemplating are situated on 
the boundaries separating the elementary areas, whereas in 
§ 13-1 they were regarded as uniformly distributed through 
them. 

We are now able to apply the results of § 13-1 to the calcu- 
lation of the average energy of the states of vibration with the 
frequency, v, in the vacuous enclosure. It is equal to 


SEf, . . . . . . (39-93) 
0 


where f, has the meaning defined in that section, H, = shy and 
s is a positive integer including 0. Now 


fs = Be" 
oe shy 
and B=1/de *F 
‘ _ fv 
or Baal ¢@ 2? 


The average energy required is therefore equal to 


ie, __ 2hv 
Bi hve WE Oye: Po Bi 3 | 
hy 


or Baw —1). 2... (39-94) 


The only important difference between the method now described 
and the classical one is that in the latter the areas, Aw, are made 
indefinitely small and indeed, if we imagine the area h in (39-94) 
to be replaced by one which approaches the limit zero, we get 
the result £7’ already used in § 39°8. 

To get the new distribution formula we must multiply (39-83), 
not by kJ, but by (39-94). We thus obtain 


hy 
Us Shy /c3( okt — 1), . .  . (39°95) 
which is Planck’s formula. 
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If now we write 
u, dv = — eda 
and remember that 
dy = — cdi/i? 
we get 


ch 
a= Smech /15( AT — 1) 
which is identical with (39-096). 

The introduction and application of the quantum theory to 
the phenomena of full radiation marks the beginning of a new 
era in the investigation of physical phenomena just as EKinstein’s 
theory of relativity may be said to mark the end of the classical 
era. 


§ 40. THERMAL CAPACITY OF SOLID ELEMENTS 


This is related theoretically to full radiation and it is appro- 
priate that the study of it should follow here. The internal 
energy in a body may be identified with the sum total of the 
energies of its ultimate particles, and when it is a solid element 
we may identify these ultimate particles with its constituent 
atoms and suppose them to be capable of simple harmonic 
vibrations about their positions of equilibrium. From the class- 
ical point of view we must assign to each atom an average 
kinetic energy, &7'/2, per degree of freedom in accordance with 
the principle of equipartition of energy, and therefore 3k7'/2 
altogether. In simple harmonic motion the average kinetic and 
average potential energies are equal, so that the average energy 
per atom is 3k7'. If now WN be the total number of atoms in 
a gram-atom (Loschmidt’s or Avogadro’s number, 6-0 x 1023, 
approximately) the internal energy in a gram-atom must be 


BNET. . . . . 2. (40) 


Now Nk is equal to the gas constant, A, for 1 gramme molecule 
(8-3 x 10’ ergs per °C. approximately). Consequently the atomic 
heat at constant volume, according to the classical theory, must be 
3h = 24-9 x 10’ ergs per °C. 

= roughly 6 cal. per °C. (40-01) 
We have here a very simple explanation of the law of Dulong 
and Petit. Like Rayleigh’s spectral distribution law, it ap- 
proaches the truth as we approach the macroscopic scale. It is 
nearer to the results of measurements in the case of elements of 
high atomic weight and deviates widely from the truth, at 
ordinary temperatures, in the case of elements of very low 
atomic weight, carbon, forexample. Measurements of the specific 
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heat of this element (in the form of graphite) have been carried 
out at relatively high temperatures (as high as 1000° C.) and it 
has been established that at temperatures of this order its be- 
haviour approximates to the law of Dulong and Petit—another 
instance of the adequacy of classical physical theory for phenomena 
on a sufficiently macroscopic scale. 


§ 40-1. Drsyr’s THEoRY 


After a tentative effort by Einstein to apply Planck’s quantum 
theory to the problem of the deviations from the law of Dulong 
and Petit, a high degree of success was achieved by Debye, 
whose theory of the internal energy of solid elements has an 
importance and significance which transcends the narrow limits 
of its more immediate application. It closely resembles the 
theory of full radiation as given in the foregoing sections. We 
may regard the material of the solid element as continuous, so 
long as we are dealing with portions of it which are sufficiently 
large, and we shall assume—rather tentatively at first—that the 
internal energy in it is similar to that in the vacuous enclosure 
of § 39-8. We shall suppose it to be associated with simple 
harmonic vibrations of an immense range of frequencies extending 
from very low frequencies to very high ones. These are of course 
vibrations of the material of the element, not the electromagnetic 
vibrations of § 39-8. Inaunit cube of the material we shall have 


Srv2dy 
ke 
vibrations, of the transverse kind, whose frequencies lie between 
yand »y + dy. v, means the velocity of transverse waves in the 


material and is therefore equal to n/p, where n and p are 
respectively the rigidity and the density of the material. 
Similarly there will be 


A4nv*dy 
v,3 
vibrations of the longitudinal kind whose frequencies lie in the 
range from vy to »y + dy. vv, is the velocity of longitudinal waves 
in the material and is equal to V(& + 4n/3)/p|, where & is the 
bulk modulus.1. The energy in the unit volume will therefore be 


’ 
; m 


‘Rocce if a | hy -.. (4041) 
0 


v8 v,* 5 
" “ek? _ 


1 This modulus, &, must not be confused with the entropy constant. 
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The upper limit, v,,, may be regarded for the moment as a symbol 
of our ignorance. If the material were perfectly continuous the 
upper limit in the integral would be infinity, just as in the 
case of full radiation (cf. § 39). 

Of course the integral (40-1) cannot include all the internal 
energy; it omits, for example, the contribution due to electro- 
magnetic vibrations. This, however, is of no consequence since 
the velocity of electromagnetic waves is so large compared with 
either v, or v,. Of one thing we may be confident: The choice 
to make for the upper limit, »,,, must be such that (40-1) is 
in accord with the classical formula (40) at very high tempera- 
tures. We shall therefore equate (40-1) to 3N’k7' where N’ 
means the number of atoms in the unit volume and 7' is made 
to approach the limit infinity. We thus obtain 


3.N’ = [4m = | a y2dy, 
Co 8 
0 


T 


or 


1 2 
v,,> = ON and -+ at » . « . (40-11) 
The frequency »,, is therefore determined by the elastic constants 
of the material, the number of atoms in the unit volume and the 
density, and may now be assumed to be known. If we make 
use of (40°11) we can express the internal energy of the unit 


volume (40:1) more compactly as follows: 
9N’ i hv8dy 


he 
o ekT pees ] 


(40:12) 


3 
Vn 


and we get the appropriate expression for the internal energy 
of a gram-atom by replacing NV’ by N(= 6-0 x 102%) the number 
of atoms in a gram-atom. As in § 39°5 and the following 
sections, we shall use the symbol, f, as an abbreviation for 
hy /kT and B,, for hy, /kT so that the internal energy of a gram- 
atom may be written 


Bm 
ONKAT4 ¢ BxdB 
h'y,,8 IE =< 1 
0 


(40:13) 


Whatever value v,, may happen to have for a particular element, 
Bm must approach the limit o as 7' approaches the limit zero, 
so that at very low temperatures the integral in (40-13) 
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approaches the numerical value 6 x 1-0823 (cf. § 39-6) and the 
atomic heat becomes : 


4 x 9N x 6 X 1:0823k47'8/h8y,,3. . . (40°14) 


It is proportional to the cube of the absolute temperature. 
Between the two extremes, (40°14) and (40-01), the atomic 
heat depends on the temperature in a way which can best be 
described in the following manner: We write (40-13) con- 
veniently in the form: 

ONKTS(Bm) - + + + + (40°15) 


By, 
where f(Bm) = i | Babe — 1). 
0 


The atomic heat is therefore 
INF (B,) + INAT HS (Bm)dBm/ET , 
where 7 (Bm) means af (Bin) /EBm- 


Hence the atomic heat may be expressed as 


since df,,/dT = — B,,/7, or more shortly 


ONid(Bm), . - + + + (40°16) 


where 4(f,,) is an abbreviation for f(8m) — Bnf’(Bm)- 
Now ¢ is the same function for all elements and 


1/Bm = T' / (ht /k) 


1/By =T/O . . . . . . (40°17) 


where © = hy,,/k. So that we may describe 1/f,, as the tem- 
perature measured by the unit, O, which is called the character- 
istic temperature of the element. It appears then that 
when the atomic heat 

is plotted against 1/8,, 

the same curve repre- 
sents the dependence of 

the atomic heat on the 
temperature for all 
elements. A word of 
caution must be said here. 

The atomic heat, as we 

VB. have defined it, is 
Fia. 40-1 measured by the increase 

in internal energy per unit 

rise in temperature, the latter being expressed in terms of 
the same unit (the Centigrade degree on Kelvin’s work 
scale) for all elements; but in the curve of Fig. 40-1 the 


or 


Atomic Heat 
6 calories 
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atomic heat, so measured, is plotted against the temperature as 
measured by 1/f,,. 

One feature of Debye’s theory is especially worthy of notice: 
the atomic heat of a solid element can be calculated from 
the values of its elastic constants. This is due of course 
to the fact that »,, is determined in each case (cf. 40-11) by 
the elastic constants k and n, since they determine the values 
of v, and »v,. 

Debye’s theory has been found to be very accurately in 
accord with the results of experiments on copper, silver, zinc, 
and other monatomic elements, and the portionality with 7? at 
low temperatures is well supported. It has been slightly ex- 
tended by Born and Karman, who have taken into account that 
solid substances are crystalline and have therefore characteristic 
modes of vibration determined by their crystalline structure. 

It will have been noticed how closely Debye’s theory is 
related to that of full radiation. The two are indeed identical 
and we may say that this theory of the thermal capacity of solid 
elements is almost, if not quite, as much a tribute to the genius 
of Planck as to that of Debye himself. Its success is due, how- 
ever, not only to the fact that it is based on Planck’s foundations, 
but also to the assumption, which happens to be true over a wide 
range of temperatures, that the heat energy of solids can be 
identified with the energy of their elastic vibrations. Atextremely 
low temperatures, however—temperatures of a fraction of a 
degree on Kelvin’s work scale—this energy of vibration becomes 
negligible, or at all events ceases to vary with the temperature. At 
these very low temperatures the energy of the electronic systems 
of the atoms and more particularly that of their magnetic fields 
becomes dominant. 


§ 40-2. THermat Capacity or GASES 


We have studied the thermal capacities of two media, namely, 
of free space and of a solid element. Though these two cases 
are in many respects very different from one another, they have 
this in common: we may regard the internal energy under tem- 
perature equilibrium as distributed among simple harmonic 
vibrations whose frequencies range from zero to very high values 
—infinity in the case of free space. Such discrepancies as we 
find between the pronouncements of classical theory and those 
of experimental observations are more and more marked the 
lower the temperature. The interesting result (39-14), known 
as the Stefan-Boltzmann law, was obtained without departing 
from classical methods. This was possible because of the fact 
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that the internal energy density is necessarily a function of the 
temperature only and the further fact that the pressure is known 
to be equal to one-third of the energy density. The laws of 
thermodynamics could therefore be brought into operation with- 
out the aid of constitutive hypotheses. The corresponding 
problem for the solid element, as dealt with by classical methods, 
is only possible with the aid of a constitutive hypothesis: namely, 
that of atoms capable of simple harmonic motions about fixed 
positions of equilibrium. It is this hypothesis which leads to 
the law of Dulong and Petit, a law which fails more and more 
conspicuously the lower the temperature. 

We may illustrate this kind of behaviour at low temperatures 
by studying the case of a gas. The constitutive hypothesis is 
now that of molecules, which are almost free from forces except 
such as are evoked in collisions, and associated with it we have 
again, when we use the classical theory, the principle of equi- 
partition of energy which requires that the average kinetic energy 
of each molecule is k7'/2 per degree of freedom, k being the 
familiar constant we have met in §§ 12, 12:1, 13°5 and else- 
where. The specific heat of the gas at constant volume is 
therefore approximately (according to the classical kinetic theory, 
§ 12) equal to 

Nnk/2, 


where WN is the number of molecules per unit mass and n is the 
number of degrees of freedom of the molecule, or 


nk /2, 
where f is the gas constant per unit mass. In this expression 


the heat is of course expressed in work units. There is the further 
consequence which may be noted here, namely, 


2 


(cf. 12-03). 

Experiment indicates that, as the temperature is lowered, 
the ratio (¢,/c,) approaches the limit 14 which, according to the 
classical kinetic theory, is the value appropriate to a monatomic 
gas. We see, therefore, that the lowering of the temperature 
has the same effect on the gas as if all its degrees of freedom, 
except those associated with translatory motion, were to dis- 
appear. The older quantum theory explained this in a fairly 
simple way, which we shall now describe. 

Planck’s original quantum hypothesis assigned the energy nhy 
to a simple harmonic motion of one degree of freedom, n being 
an integer. An alternative way of expressing this hypothesis 
is indicated in § 39:9. The relation—in simple harmonic motion 
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—between the momentum, p, and the positional co-ordinate, q, 
is expressed by (39-901). The area of the ellipse, which the 
equation describes must be equal, when Planck’s expression, 
nhy, for the energy is adopted, to nh. Consequently 


bpdg = nh, ee (40-2) 


is an alternative expression of Planck’s hypothesis. In this 
form it is capable of extension to a large class of dynamical 
systems—those for which the independent positional co-ordinates 
g, can be so chosen that each q, is associated with a period and 
the conjugate p, is a function of the corresponding g,. The 


integral o Po, 44, is then a constant and (40-2) may be extended to 


bP Ma = Mah 5... (40-201) 


There is one of these equations for each g,. This extension of 
Planck’s hypothesis was suggested in 1915 by the author of this 
book and was also discovered independently by Arnold Som- 
merfeld. We shall apply it to investigate the thermal capacity 
of a gas having 5 degrees of freedom, 3 of which we associate 
with the possibility of translation and 2 with that of rotation. 
We must then apply (40°201) to each degree of freedom. Be- 
ginning with the component of the motion of a molecule parallel 
to the X axis we have 


bP. dx = nyh. 


Since the momentum of a molecule is practically constant between 
two consecutive collisions, we may regard its motion as a simple 
harmonic one with an infinitely long period or infinitely small 
frequency. Therefore, since 7,hy is not infinitely small, n, is 
always enormously large. Planck’s hypothesis therefore does 
not depart from the classical theory when applied to the trans- 
latory motion of the molecules. It is very different when we 
apply (40-201) to the rotational motion of molecules. A rigid 
body in rotation about a fixed axis has the energy 


116%, 2 1... (40-21) 


where 0 is its angular velocity about the axis of rotation and I 
is the corresponding moment of inertia. The condition (40-201) 
requires that 


10 103): 
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where s is a positive integer or zero. Therefore 


since 0, the angular momentum, is constant. Consequently the 
energy associated with this rotation is, by (40-21), 


sth? 

5 80? 

Now the average energy of rotation (per degree of freedom) 
will be (cf. 13-101) 


(40-22) 


H=JZEH,f, . . . . .  . (40°23) 
where J, 0 OE De iret 
or 
ye ae Ome . . .  . (40°24) 
where 
O=h?/87TkT. . . . . (40-241) 


Therefore the average kinetic energy of rotation per degree of 
freedom is, (40-23), 


or 
B = okT=, . . .. (40-25) 


which may obviously be written 


R= — kT log Xe~™, =... (40-251) 
This expression is in accord with the principle of equipartition 
under macrophysical conditions, i.e. when we may regard fA as 
approaching the limit zero, or also when 7’ is very great. Under 
these circumstances o approaches the limit zero, and conse- 
quently, if we define « by 


we shall have 
ol/2 — da 
and therefore 
[eo 8] 
2 2 5 
Die et c= Geel = da 
1 
0 


=o Vegl2 2... (400252) 
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Therefore in the macrophysical case 


d 
E= — ok T log (f07~ ¥/271/?) 
or finally - 
KH =kT'/2 
as we should expect. . 
The formula (40°:251) may be written 

= h? d oe 

sa or i 
and when we apply it to a gas with, for example, two rotational 
degrees of freedom, we find for its internal energy 


2 
arp — 9, N.© log x, 


8n27l Cd 

where ff is the gas constant, NV is the number of molecules, and 

» is the sum Se- as", And for the specific heat at constant 
1 


volume we get 

2 
O, = 4B + 2Rot SEE, (40-26) 
the constant, &, now being that appropriate to the unit mass of 
the gas. 

As the temperature approaches the limit zero, and conse- 
quently o approaches infinity, the second term in (40°26) 
approaches zero. 

Thus the old-fashioned quantum theory provides an explana- 
tion of the observational fact that the specific heat (at constant 
volume) of a gas diminishes with diminishing temperature in 
such a way as to suggest that the number of degrees of freedom 
per molecule tends to be reduced to 3, the number associated 
with the molecules of monatomic gases. 


CHAPTER IX 


DEVELOPMENT OF THE QUANTUM THEORY TILL 
THE EMERGENCE OF WAVE MECHANICS 


§ 40-3. PHOTO-ELECTRICITY 


THE further development of the quantum theory following the 
achievements of Planck in the investigation of the distribution 
problem of full radiation and of Debye in the problem of the 
thermal capacity of solid elements was linked up with the study 
of photo-electricity and of the regularities found in spectra, more 
especially the series spectra of hydrogen, helium and the alkali 
metals, lithium, sodium, etc. 

The outstanding fact about the photo-electrical phenomenon, 
i.e. the phenomenon of the emission of electricity, in the form 
of electrons, under the influence of radiation (light or X-radia- 
tion) is that the maximum kinetic energy of the individual elec- 
trons ejected is independent of the intensity of the illumination 
of the emitting metallic or other surface. The number of elec- 
trons ejected is proportional to the radiant energy reaching the 
emitting surface; but the violence with which they are thrown 
out is quite independent of this and is just as great under the 
influence of the weakest illumination as under that of very 
intense illumination. It is characteristic of the photo-electric 
effect that the energy of the ejected electrons is determined by 
the frequency, v, of the exciting radiation and that there is for 
each material a fairly definite threshold frequency below 
which no emission of electrons occurs. Einstein explained these 
puzzling features of the phenomenon by supposing light to have 
a corpuscular constitution (cf. §§ 34:6, 39), each corpuscle or 
photon having the energy hy. This hypothesis is quite effective 
in explaining the observed facts of photo-electric phenomena. 
If we suppose that when an electron is ejected all the energy of 
a photon is used up, we get the equation 


hy = ymvi +4, . . . «. « (40°3) 
where ¢ is the work that has to be done on the electron to drag 
it out of the illuminated material. There will be a certain fre- 
quency, %, characteristic of the material, for which 
hyo = d 
162 
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and for which therefore the kinetic energy of the emerging 
electron vanishes. Photons of lower frequency than this will 
not be able to deliver sufficient energy to an electron to enable 
it to emerge through the illuminated surface. Thus 7, is the 
threshold frequency. 

In the case of X or gamma radiation, the photons of which 
have large energies (vy is very large compared with y,), equation 
(40:3) becomes practically identical with 


hy = $mv?, } 


or hy = m,c?(y — 1). (40°31) 


All these consequences of Einstein’s hypothesis are entirely 
supported by experimental results; but it raised a formidable 
difficulty in connexion with interference and diffraction pheno- 
mena, which are observable even with light the intensity of 
which is so small that any possibility of accounting for them by 
overlapping photons is quite excluded—even if such an explana- 
tion were permissible, implying as it does that the photons are 
small coherent wave-groups. The solution of this problem is 
accomplished by the wave-mechanics of L. de Broglie and E. 
Schroedinger which we shall study in a later chapter (§§ 41:6 
et seq.). 

The excitation of X-rays by electron bombardment is the 
converse phenomenon to the photo-electric one. The energy of 
the colliding electron is practically equal to eV, where e is the 
numerical value of the electronic charge and JV is the potential 
difference between the cathode and the anti-cathode. We have 
therefore for the woper limit of the frequency, 7, of the emitted 
X-radiation—since hy is the energy of an X-ray photon: 


hy =eV.. . . . . . (40°32) 


X-radiation of lower frequency may be, and is, excited, since the 
whole of the energy eV is not always used in the ejection of a 
photon. It may be used partly too in changing the electronic 
state or constitution of the atoms in such a way that they become 
capable of emitting radiation of lower frequency than the upper 
limit given by (40-32) (Barkla’s characteristic radiation). 


§ 40-4. THe Compton EFrrect 


The suggestion of a qguasz corpuscular constitution for electro- 
magnetic radiation is strongly supported by the phenomenon 
known as the Compton effect. Indeed, its discoverer, A. H. 
Compton, was led to search for it because it appeared to be a 
consequence of the view that light (and X-radiation in par- 
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ticular) has a corpuscular structure, each corpuscle (photon) 
having the energy hy. Though now known as the Compton 
effect it appears to have been discovered experimentally by 
C. G. Barkla many years earlier. 
He noticed that the X-radiation 
scattered by various materials was 
invariably slightly more absorbable 
in aluminium than the primary 
radiation, a fact which reveals its 
slightly longer wave-length. 
Imagine a photon to collide 
with an electron, the latter being 
assumed to be at rest before the 
collision, and let the line along 
which the photon is_ travelling 
Fia. 40-4 before colliding with the electron 
be AB, the electron being, before 
the collision, at rest at B. If after the collision the scattered 
photon travels away along some line BC, while the electron 
travels along BD, these lines making the angles 6 and ¢ re- 
spectively with AB, we easily derive the following equations. 
From the energy principle 


hy =hv' +mecXy —1),. . . . (40-4) 
while the principle of momentum yields 
a = oe cos 6 + moyv cos ¢, 
- 8 , (40-41) 


/ 


0= a sin 9 — moyv sin ¢. 


In these equations y is the frequency of the incident photon, v’ 
is its frequency after its collision with the electron, m, is the rest 
mass of the electron, and y is the familiar factor (1 — v#/c?)"1/ 
of relativity theory. The expressions hy/c and hy'/c for the 
momentum before and after collision naturally suggest themselves, 
since 


me? = hy 
and hence 

me = hy/c, 
m being the mass of the photon. The equations (40-41) have 
been derived with the tacit assumption that AB, BC, and BD lie 


in the same plane. A very little reflexion will make it evident 
that the principle of conservation of momentum requires this. 
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From (40:4) we easily get 
h(v — v’) 
ce 


+ Mo 


Moy = 
and consequently 


2 
My? aed “0 = yp’)? ate 2m ,h 


———(v — 9’) + m)*,. (40-42) 
while from equations (40-41) we obtain 
h? 


—(y2 + »’® — Qyy’ cos 0) = m,*y*v?, 
c2 
or since y2v? = c*(y? — 1), 
2 
My? = ai — vp’)? + 4yy’ sin? 3} + my". . (40°43) 
C 
On combining this with (40-42) we get 
— y= an vy sine 
ae 9 


and since vy = c/A and v’ = ¢c/2’, where A and 2’ are respectively 
the wave-lengths associated with the incident and the scattered 
photons, 

2h 0 


Vo — ji = — sin? -. 
MoC 2 


(40:44) 


Compton measured the change in wave-length, 4’ — A, due to 
scattering, of X-rays for various values of the angle, 0, and 
established the substantial correctness of this equation (40-44). 

The assumptions just made for the energy, Ay, and the momen- 
tum, hy/c, of a photon are just those suggested by the analogy 
between classical dynamics and geometrical optics (§§ 9-4 and 
41:5) which leads to h/t (t is the period) for the energy and h/A 
for the momentum of any particle. 

Without any calculation we may infer that the radiation 
scattered by electrons must have a longer wave-length after 
scattering, since the photons must impart some of their energy 
to the electrons—at all events when the latter are initially prac- 
tically at rest. Hence the product h x frequency must be smaller 
for the scattered than for the incident photons. Their frequency 
is therefore smaller and their wave-length consequently longer. 


§ 40-5. ELEMENTARY Facts ABOUT SERIES SPECTRA 


As early as the year 1885 Balmer discovered that the wave- 
lengths of the lines in the most prominent series in the spectrum 
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of the light from glowing hydrogen could be represented with 

accuracy by the formula 
2 

aa ee 

‘ n? — 4’ 

in which A is the wave-length of a line, A is a constant to which 

Balmer gave the value 3645-6 in Angstrom units (one A.U. is 

10~1° metres), and n is any integer in the sequence 3, 4,5, . . . 00. 

Using the value of A just given the wave-lengths corresponding 

ton = 3, n = 4, n = 5, and n = 6—they are usually called the 
a, B, y, and 6 lines—are 


Ae =— 6562-08 A.U. 


(40-5) 


jg = 4860-80 ,, 
A, = 4340-00 __,, 
hs — 4101-30 93 


It will be noticed that the length, A, is the limit which the 
wave-lengths of the light corresponding to the various lines in 
the series approach as n approaches infinity. 

Balmer’s success with hydrogen was followed by the discovery 
of other important regularities in spectra, notably by Rydberg 
and Ritz. The former gave Balmer’s law the form: 


v =B(— a) -.. . (40-501) 


where v’ is the wave-number—i.e. the number of waves in 
the unit length. The constant R’, known as Rydberg’s con- 
stant, is equal (if we adopt Balmer’s value of A) to 

4/3645:6 (A.U.)~! 
or R’ = 109721 cm.-! . . .) .  (40°502) 


approximately. The calculated wave-lengths, in vacuo, of the 
lines in Balmer’s series fit the observations best when we adopt 
for R’ the value 109677-6 cm.~!. 

It is sometimes convenient to multiply both sides of (40-501) 
by c (= approximately 3 x 101° ecm./sec.) so that we have 


= RS = =i) - 2. (40-503) 
in which y is the frequency or the number of waves emitted 
in the unit time and R& (which is also called Rydberg’s constant) 
is equal to cR’. Obviously 

R = 3-29 x 1045 sec.-? «Sw Sw (40-504) 
approximately. 
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A very slight generalization of (40-503) gives us 


y= RS =) See (4051) 
and when we adopt the values 1, 2, 3, and 4 respectively for n, 
the resulting formulae do in fact give the wave-lengths for the 
lines of four series which have been observed in the hydrogen 
spectrum, namely Lyman’s series, Balmer’s series, Paschen’s 
series, and Brackett’s series. 

The form of (40°51) suggested to Ritz one of the most im- 
portant and fundamental spectral laws: namely, that the fre- 
quencies (and therefore also the wave-numbers) of the light 
emitted by a system (atom or molecule) can be expressed as the 
differences of numerical quantities, called spectral terms, which 
are characteristic of the particular emitting atom or molecule. 
In the case of the hydrogen atom these terms are represented 
by &/n?, where & is Rydberg’s constant and n is any positive 
integer from 1 to o. This important generalization is known 
as the combination principle of Ritz. While it is true that 
every observed frequency (or wave-number) is equal to the 
difference of two of the spectral terms which belong to the emit- 
ting atom or molecule the converse statement is not true. That 
is to say, if we take any pair of the spectral terms of an atom 
their difference is not always equal to the frequency of a spectral 
line of the atom. 

Balmer’s series is typical of the various series of lines which 
are observed in the emission spectra of atoms. Such series are 
represented by a formula containing a constant term, R/2?, in 
the special case of Balmer’s series, and a variable one, R/n?, in 
the series spectra of hydrogen, and one term is distinguished from 
another by the value of some integer (or it may be integers), 
the integer nm in the case of Balmer’s series. At an early period 
in the history of spectroscopic investigation some of these series 
were called principal series, others sharp series, diffuse 
series, and so on, on account of their prominence or the appear- 
ance of the lines in them. Consequently the variable terms in 
the formulae representing the wave-numbers (or frequencies) of 
the lines in these series were called P terms, S terms, D terms, 
and soon. A further spectroscopic discovery was that the letters 
representing these different classes of spectral terms can be 
placed in such an order: for example 


DoD se eg 


that only those differences of spectral terms represent observed 
frequencies when the terms belong to classes denoted by neigh- 
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bouring letters. Thus the difference between an S term and a 
D term never represents a spectral frequency, but the difference 
between an S term and a P term does, or that between a P term 
anda Dterm. It is convenient for our immediate purely descrip- 
tive purpose to represent the spectral terms of an atom, e.g. 
sodium, collectively in the following way 

IS, 28, 38, ... 

EP OP Oko: <2: % 

1D, 2D, 3D,... 

If, 2F, 3F,... 


If we do this the frequencies (or wave-numbers) of the principal 
series of sodium are represented by the sequence 


1S — 1P, 1S — 2P, 1S — 3P,... 


the upper limit of the sequence being 1S. Indeed, the term nP 
may be represented, quite roughly, by #/(n + mw)? where # is 
Rydberg’s constant, n is the serial integer, and mu, though not 
quite a constant, varies very little. The sequence resembles, as 
is the case with all the alkali metals, that of Balmer’s series. 
With this provisional notation the sharp series of sodium would 
be represented by 


1P — 28, 1P — 38, 1P —48,... 
and the diffuse series by 
IP — 1D, 1P — 2D, 1P — 3D,... 


Each of the two latter series has the common upper limit 1P, 
and this limit subtracted from the upper limit 1S of the principal 
series gives 1S — 1P the first line of the principal series: 


[Limit of Principal Series] 
— [Limit of Sharp or Diffuse Series] 
= [First Line of Principal Series]. 


This is known as the Rydberg-Schuster law. 
In the present notation 


mM >nP>nD>nk ...,, 


nm being the same (serial) integer in each case. 

There is one important feature of these series which has been 
tacitly ignored till now: every line in each series is multiple. 
In the case of the alkali metals it is double (e.g. the well-known 
D lines of sodium which constitute the first doublet member of 
its principal series). The separation of the members of each 
doublet (as measured by their wave-numbers) diminishes pro- 
gressively in a principal series as the serial integer increases and 
approaches the limit zero as » approaches oo. In the case of 
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the sharp series the separation is constant. These peculiarities 
were of course discovered long before Ritz’s combination prin- 
ciple. They are due to the fact that the S terms are all single 
while each P, D, etc., term is double—in the case of the alkali 
metals. That is to say, we find not one but two P terms differing 
little one from the other. Since the P terms diminish with the 
serial integer n the diminution of the frequency difference between 
the members of a doublet in a principal series is a necessary 
consequence. Similarly, since the doublets in a sharp series are 
represented, each one, by subtracting a single S term from a 
constant double P term, the doublet separation is constant 
through the series. 


§ 40:6. Bour’s DERIVATION OF RYDBERG’S CONSTANT 


In the year 1913 Niels Bohr succeeded in deducing the 
formula (40°51) and in calculating the value of Rydberg’s con- 
stant from premisses provided by Planck’s quantum theory. 
He hit upon the brilliant idea of associating the energy values 
of the emitting system (atom or molecule) with its spectral terms. 
His chief postulate may be expressed in the form: 


spectral term =energy/h, . . . (40°6) 
when the frequencies, y, are being calculated, or 
spectral term =energy/ch, . . (40°601) 


when wave-numbers, »’, are being calculated. The constants 
c and A are of course the velocity of light in vacuo and Planck’s 
constant respectively. Thus the frequency of a line is the differ- 
ence of two spectral terms (40-6) and is therefore equal to the 
difference of the energies of two stationary states divided by h. 
In other words, the energy difference, which represents the 
energy emitted (or absorbed), is equal to hy. This is completely 
in accord with Planck’s principles and also with the view now 
held that light consists of quasi particles each having the energy 
hy. Bohr adopted Rutherford’s view that all atoms consist of 
an inner, relatively massive, positively charged nucleus with 
planetary electrons revolving round it, and he assigned to 
hydrogen the simplest structure of this type, namely a nucleus 
with a positive charge equal to the elementary charge e 
(4-774 x 10-19 O.E.8.U.) and a single electron with a numer- 
ically equal charge. In his earliest work he simplified his cal- 
culations by assuming the centre of mass of the atom to be in 
the nucleus itself—this is permissible as a first approximation, 
since the mass of a hydrogen atom is about 1845 times as great 
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as that of an electron—and he confined his attention to circular 
orbits only. 

In describing this first effort to give a theoretical basis for 
the origin of spectra it is convenient, since we are concerned with 
energy differences only, to fix the constant part, whether we 
think of it as the m,c? of relativity theory or the arbitrary constant 
of Hamiltonian mechanics, in such a way that the potential energy 
of the atomic system is zero when the radius, 7, of the electronic 
orbit is infinite. With this convention the energy, H#, of the atom 
is negative and equal to — e*/2r, while its kinetic energy is equal 
to e?/2r. We are using e to represent the numerical value of the 
electronic charge. That is to say e means + 4-774 x 1071 when 
measured by ordinary electrostatic units. Bohr adopted the 
hypothesis 


E=—nhw/2,. . . . . (40-61) 


where 7 is a positive integer, f is Planck’s constant, w is the 
frequency of revolution of the electron in its orbit, i.e. the number 
of revolutions it makes per second, and # is the energy of the 
system in one of its stationary states. It will be remembered 
that Planck’s quantum theory regards any system, while in a 
stationary state, as conservative and conforming to Hamiltonian 
dynamical laws. Therefore 


mv? = 2T = — 2h = e?*/r 
where m is the mass of the electron, v its constant velocity in 
its circular orbit, 7' its kinetic energy, and r is the orbital radius. 


When we combine these equations with (40°61) and remember 
that w = v/2nr we easily get 


, (40°62) 


so that the spectral terms become in virtue of the postulate 
(40:6) (if we agree to make them positive) 


2r*me* . 1 
h3 ne 


Thus, according to Bohr 
R= 2n?met/h3, «ww. (40°63) 
and when we substitute in this formula the value -9 x 107” 
for m, 6-54 x 10-27 for h, and 4:77 x 10~!° for e the agreement 
with (40-504) is very striking. 
The condition (40-2) unites the apparently discrepant con- 
ditions: EH =nhy of Planck, # = — nhw/2 of Bohr and the 
suggestion, made by Nicholson several years before Bohr suc- 
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ceeded with hydrogen, that an angular momentum is always 
equal to nh/2x. 

Let us now deal again with 
the problem we have just 
solved —this time without 
making the approximate 
assumption that the centre of 
mass is in the nucleus. For 
simplicity we shall continue 
to deal with the special case of 
circular orbits. The planetary 
electron travels in a circle of 
radius r (Fig. 40-6). The 
nucleus travels in a circle of 
smaller radius, #, and the 
centre of mass of the system Fic. 40:6 
is at O. Obviously 


Bee Pew. ow tae 4004) 


where m and UM are the masses of the electron and of the nucleus 
respectively, v and V their respective velocities and s is a small 
constant. The quantum condition of (40-2) when applied to 
this case gives 
(mor + MVR)2a = nh, 
or by (40-64) 
mor(1 + s)2% = nh 

or finally 

2amur = enh . . . . . (40°65) 
where « means 1/(1 + s) and is not very different from unity. 
We shall make our problem a little more general by supposing 
the charge on the nucleus to be Ze numerically where Z is a 
positive integer called the atomic number.! The centrifugal 
force on the electron and on the nucleus is balanced by the 
electric attraction between them. Therefore 


7 R (ry + RB)? 
and therefore 
my" + MP2 — _ er 
(r + Ry’ 


+ The term has acquired this meaning in recent times. As originally 
used it meant the number of the element in the list of elements arranged 
in the order of increasing atomic weights. 
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so that 
Eze? 


Finally, we may note that 
a me (40-67) 


and on eliminating v andr from the three equations 40-65, 40-66, 
and 40°67 we find 
27°*meZ*e4 
De oP aaa . . . . (40-68) 
This differs from (40-62) only in the factor ¢ (Z is unity in 
40°62) and 


e=I1/l+s)=M/(M+m) .. . (40-681) 
and is always near unity. The spectral terms are now 
RZ? /n? 
and 
R= 2n*meet/h3, =. .  . . ~((40°69) 


so that Rydberg’s constant varies slightly in value from one 
element to another. 


§ 40-7. Bour’s CALCULATION OF THE RATIO OF THE 
MASSES OF THE PROTON AND ELECTRON 


The case of singly ionized helium is of rather special interest. 
The neutral helium atom has a mass which is 3-97 times that 
of the hydrogen atom. So that we may assume, with a sufficient 
approach to accuracy, that its nucleus has a mass which is 3-97 
times that of the hydrogen nucleus—which is called a proton. 
The positive charge on the helium nucleus is 2e(Z = 2). The 
neutral atom has two planetary electrons and the singly ionized 
atom only one. Bohr’s theory suggests for the latter the spectral 
terms : 

4 it. / n?, 


The subscript He is meant to indicate that we have here the 
Rydberg constant appropriate to helium. We may anticipate 
therefore the spectral series included in the general formula 


» = 4Bnol = — ah 5... (40-7) 


Ny” n2 
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If, for example, n, = 4 we have the series 


or 
pe a (40-71) 

He 92 (n/2)? e . e e 
in which n is any positive integer for which 7/2 is greater than 
two, ie. nm = 5, 6, 7, 8,9, ... For even values of n, therefore, 


(40-71) is practically coincident with Balmer’s series of hydro- 
gen. The slight difference between them is due solely to the 
slight difference between Ryeium 20d Ryyarogen: 

The lines corresponding to odd values of n, namely 5, 7, 
9 ..., were observed by Pickering in the spectrum of the star 
¢ Puppis in 1896 and were quite naturally, but erroneously, 
thought to be due to hydrogen. The slight difference in the 
values of the &’s of helium and hydrogen is of great interest. 
Evidently 


Reretiam —_ EHelium 


Misdropen Eydrogen 
or approximately 
Ryo — fu 


R = ie — € 


where £ is the approximate value—say that of hydrogen. If 
now M be the mass of a proton, that of the helium nucleus will 
be 3-97M. Hence 


"Ye = pee , 
3-97M +m 
M 
and eu = 7 ar 
by (40-681), therefore 
ge -fg mi =m 
R M 3:97M 


therefore 


in which #’ signifies the value appropriate for giving wave- 
numbers. Now observation shows that 


Ryo! — Rg’ = 44:5 om.-1. 


174 THEORETICAL PHYSICS [Ch. IX 


Hence 


44-5 om 1 
109700 a 7 ia) 
which gives us approximately 
M/m = 1844, 


in very satisfactory agreement with the value obtained by other 
and very different methods. 


§ 40:8. APPLICATION OF THE QUANTUM CONDITIONS TO 
THE HyDROoGEN ATOM 


According to the classical theory an electron in orbital motion 
round an attracting centre is continuously radiating energy on 
account of its acceleration (§ 27:7). This is a very slow process 
and to a first approximation such a system can be regarded as 
conservative. The application of the old quantum theory to 
such cases always assumed conservation except when transitions 
occurred from one stationary state to another. We shall there- 
fore regard the system consisting of an electron in orbital motion 
round an attracting nucleus as subject only to a central force 
Ze*/r*, if r is the distance between the electron and the nucleus 
and ignore the reactionary forces due to the radiation of energy. 
We have already done this tacitly in describing Bohr’s early 
work. ‘The motion of the electron is therefore subject to the 
equation 


2 
amv? eae e = EL, , : _ ; , (40-8) 


in which # is the energy, m and v are the mass and velocity 
respectively of the electron, e is the numerical value of the 
elementary charge (e = 4:78 x 10-19 O.E.S. units approxi- 
mately). We are assuming for brevity that the mass of the 
nucleus is very great, practically infinite. The reader will easily 
make for himself, with the aid of § 5°5 or § 40-6, the necessary 
modifications for the finite nuclear mass. The motion of the 
electron is in a plane (cf. § 5:5) and we may suppose this to be 
the X, Y plane. The energy, #, and the angular momentum, 
Q, are constants of the motion (constants of integration). Other 
such constants are the phase integrals 


a bo, dr, 


. (40°81) 
re bo do, 


§ 40°83] DEVELOPMENT OF THE QUANTUM THEORY = 175 


in which p, and , are the radial momentum and the angular 
momentum respectively, while r and 0 are respectively the radius 
vector and the polar angle. These constants—the phase inte- 
grals (40-81)—-can be expressed, as we shall see, in terms of 
and {2 and the inherent constants of the system such as Z, m 
and e. We may in fact regard them as constants of integration 
which are alternative to H and 2. 
Equation (40-8) may of course be written 

Pp,” Do" Ze? nee EB 

2m 2mr? ro 
and since p, is the constant represented by , 


2 2 
= a| 2m 4 2mLe _ 2 . 
r 
When this is substituted in the first of the integrals (40-81) we get 
Ze? 
J = 27 ice Oe oon \ 
; ty — mE | 
For the method of effecting the integration the reader should 


consult the work of Sommerfeld mentioned in the bibliographical 
list at the end of this volume. We thus find 


R= _ 270°*mZL *e4 
(J, + JS)” (40-82) 
QO = J, /2K. 
The quantum conditions (40-201) require that 
ys = nh, e 
ene } . oe ee. (40°83) 
where n, and n, are positive integers. Hence 
2702mZ *e4 
aaa ae » « « « (40°84) 


where n means 2, + ,. This is in agreement with (40°62) and, 
if we introduce the factor «(= M/(M + m)), with (40°68). It 
is now apparent that the validity of these formulae is not con- 
fined to circular orbits. The two equations (40-82) give us 


262? J,” Ne? 


— mZtet (J, + J,)? (n+ 10,4)? 
and it follows (by 5:532 and 5551) that 
(1 — e?)!/2 = n,/(my +72), « ~. «~ (40°85) 
e being the eccentricity of the orbit. 
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§ 40-9. GENERAL APPLICATION OF THE QUANTUM CONDITIONS 


The application of the quantum conditions was confined, as 
we have seen, to systems which from the classical point of view 
are (a) conservative or so nearly so that they may be treated 
as such and (b) are such that co-ordinates g can be found with 
the property that each q, librates between definite limits (as for 
example the r in the Kepler planetary motion) and each phase 


integral Op, dg, is a constant. Such systems are called con- 


ditionally periodic. Each g, passes periodically through the 
same range of values, but the periods of the different q’s are not 
in general commensurable and the state of the whole system does 
not in general repeat itself. When it does happen that two or 
more periods are commensurable (as in the case of r and @ in 
Kepler motion) the system is said to be degenerate (cf. § 42:5), 
Such constants of integration as the energy, angular momentum, 
etc., can be expressed in terms of the phase integrals J,. Thus 


H = function (J,, Jz, Js, .. .).  «  e (40°9) 


and when we replace each J, by n,h we have an expression for 
the energy of the system in one of its stationary states. On 
dividing this by h (or ch) we get the associated spectral terms 
(§ 40-6). We may express the energy change AL, of the system, 
due to a transition from one stationary state to another, in the 
form 


AK =AH,+AH,+AH, +... 


where A, means the part of AH which is due to AJ, the change 
in J,, and so on. Therefore 


AH, E, 
AH = AT, —— AJ, +4 ag Jo+. 
If we divide both sides of this equation by h, the left-hand side 
is the frequency, v, of the radiation emitted (or absorbed) during 
the transition and therefore 


_ AB, ALE, 
UG ton gen vee » » « (40°91) 


81, Sa, etc., being integers, positive, negative, or zero. This is the 
general expression, according to the older quantum theory, for 


the frequency of the radiation emitted by an atom. 
We shall now show that the frequency of libration of the q,, 
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assuming the validity of Newtonian (or Hamiltonian) dynamics, 
must be given by 


yee... . (40°92) 


The Hamiltonian function S is an invariant so that =|p. dq, is 


invariant and the dynamical systems in which we are now inter- 
ested have the property (as explained above) that each separate 


|P. dg, is a function of g, only and the integral . Po, Aq, taken 


once over the complete range of libration of g, is a constant— 
the constant represented by J,. Now let us define a variable 
0, by 


0, = [Pa de/ 2x - . (40-93) 


in which, for the present, 2, may be any arbitrarily chosen 
constant. Thus S becomes 


£|2, 0, — Bde 


0, is clearly a function of the single variable q, and the 2, are 
new momenta. We shall fix the constant value of each 2, by 
laying down that 


OP. Ady a 2,26 ed J a: 


If the energy be expressed in the new canonical variables 2, 
and 6, we have 


dQ, ak 
dt —»«-°00,’ 

10, _ ob (40-94) 
dt = 0Q, 


Since the 2, are constants the first of these equations 
indicates that the energy, H, can be expressed in terms of the 
Q, solely. Further, 6, ranges through 2x while the variable q, 
makes one whole vibration. The number of complete librations 
per unit time is d0,/2x dt. We shall represent this by », thus 
the frequency of libration of gq, is 


a0, /27 dt, 
58/330, 


It is usual to represent 0,/22 by w, and to call the latter 


(40-941) 


Vg = 
or Vo a 
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an angle variable. It increases by unity for each complete 
libration of g,. Remembering that 


J, = 22Q, 
we see that the equations (40-94) are equivalent to 
dJ,  —«- «OH 
dts wy, 
dw, _ al (40-95) 
dt ~~ ©, 


the latter of these two equations being equivalent to (40-92). 
As a verification let us take the case, already discussed, of the 
circular motion of an electron round a massive positively charged 
nucleus. The energy # is expressed by 


220*mZ*e4 
acess? oe 
where 
J = mv2nr. 
The frequency of revolution, according to (40°92), is 
ee 4n°mZ°et = — 2H 
8 Wd 
or 
oe 27 
Wd 
: mv v 
1.é. p= Se, 


and the formula is verified. 

A further and helpful illustration is provided by simple 
harmonic motion—a particle of mass m moving under the influence 
of a restoring force equal to yu (a constant) per unit displacement. 
Obviously 


B* Bae 

im + 32 4 
and consequently 

p = V2mE — mug? | 
—— {2H 
or p= Vinu|, | 0 
Hence since 
pdq = £2 dé 


on = pvmu], [= — a] Sage 
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Therefore 


222 = /mp| xX (Area of circle of radius J ==) 
ll 


2222 = /me| X me 
i.e. J=2n [™ 
a eens 
Here again the classical frequency, which is Vu/m| /2z, is 
equal to ol /dJ. 

The frequencies (40-92) must appear (according to the clas- 
sical theory) in the radiation emitted by conditionally periodic 
systems. It is easy to see, however, that they are in general 
only the fundamental frequencies and that integral multiples of 
them must generally appear. Let us consider, for example, the 
disturbance produced in the surrounding medium in consequence 
of the periodic change of 7, the radial distance of the electron 
from the centre of mass in the hydrogen-like atom. Though 
periodic, the variation is not a simple harmonic one and the 
spectroscope carries out a Fourier analysis of it into its simple 
harmonic components. Thus we come to the conclusion that 
the frequencies of the emitted radiation according to the classical 
theory must be expressed by 


=—-S, + —-s,+...,  . (40°96) 


EL. 


the s,, 8, Ss, ete., being integers positive, negative, or zero. 
There is a remarkable resemblance between this classical 
formula and the quantum formula (40-91). To each frequency 
as it might be calculated by classical methods there is a corre- 
sponding one given by (40:91). Apart from the fact that we 
have in (40-91) ratios of finite differences and differential 
quotients in (40:96), there is another important distinction 
between the two formulae. In the classical formula (40-96) 
some of the integers, s, have quite definite values assigned to them 
while others may have any integral value. We can illustrate 
this by a simple harmonic motion which is characterized by one 


frequency, namely, 
y= 1 fe 
~ OF Ont N mM’ 


so that s is unity. Another illustration can be found in the 
case of the s associated with 0H/oJ where J is the angular phase 
integral in the Kepler motion. Here s is confined to the values 
+ or — 1 (cf. § 42:8). 
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§ 41. Tur CoRRESPONDENCE PRINCIPLE 


We can now understand the basis and significance of Bohr’s 
famous correspondence principle. The classical formula 
(40°96) is clearly an asymptotic limit to which the quantum 
formula (40°91) approaches as the scale of magnitude of the 
quantities involved becomes very great, in particular when the 
AE, and AJ, become very small compared with H, and J, 
respectively. Now we have seen (§ 40:5) that, while every 
spectral frequency is equal to the difference between two of a 
set of terms characteristic of the emitting (or absorbing) system 
the converse is not always the case. We have seen, for example, 
that in series spectra the frequencies (or wave-numbers) may 
be differences of S and P terms, or of P and D terms but not 
of S and D terms. Bohr made some progress in introducing 
rationality into these restrictions (selection rules they were 
called) and also in other directions, e.g. the determination of the 
polarization of the components in the Stark resolution of a 
spectral line (cf. § 41:1) by applying his correspondence 
principle. This simply lays down that those things which the 
quantum theory (without the correspondence principle) left 
undetermined should be determined by the aid of the corre- 
sponding classical formula or expression. If, for example, the 
classical theory gives a definite value, or set of values, for one 
of the integers s in (40-96) the correspondence principle prescribes 
this value (or values) for the corresponding s in (40-91). Or 
when, for example, the classical theory indicates a particular 
type of polarization, the correspondence principle lays down the 
same type of polarization for the quantum theoretical radiation 
of the corresponding frequency. Similarly, when the classical 
theory associates a definite intensity with the emitted radiation 
of some frequency, Bohr’s correspondence principle assigns the 
same relative intensity to the radiation which has the corre- 
sponding frequency as given by (40°91). In simple harmonic 
systems s = 1 for example. Similarly in the Kepler motion the 
integer s, is confined to the values + 1 or — 1. Im other words, 
the integer n, (Bohr’s k) must change by + 1 or — 1 when a 
transition occurs. One of Bohr’s strokes of genius consisted in 
assigning to k the values 1, 2, 3, etc., for the 8S, P, D, FF... 
terms, respectively (cf. § 40-5), thus giving some reason for the 
absence of such frequencies as that represented by S — D, for 
example, since k(= ,) can only change by + 1 or — 1. 

Further illustrations of the application of the correspondence 
principle will appear in the sections devoted to the Stark and 
Zeeman phenomena. It is really only an aspect of a wider 
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correspondence, a limiting case of which has long been known 
and consists in the perfect analogy between geometrical optics 
and Hamiltonian dynamics (cf. §§ 9:4, 41-5 and 41:6). 


§ 41-1. Tar Stark Errrcr 


When emitting hydrogen atoms are subjected to a strong 
external electric field each spectral line (which for the present 
purpose may be considered to be single since the effect we are 
now going to study is on a much bigger scale than that of the 
fine structure which the line exhibits under highly resolving 
apparatus) splits up into a group of lines which are symmetrically 
situated relatively to the position of the original line. The 
phenomenon is named after Johannes Stark, who discovered it 
in 1913. Its explanation by the application of the quantum 
conditions (cf. §§ 40-8 and 40:9) amplified by the correspon- 
dence principle was one of the great successes of the older quantum 
theory. The mathematical problem involved is a particular case 
of the problem of the motion of a particle under the attractive 
forces of two fixed centres of force and was solved by the German 
mathematician C. G. J. Jacobi in the earlier half of last century. 

We shall suppose the attracting nucleus to have the charge 
Ze and to be at the origin of rectangular co-ordinates. Super- 
posed on the field of the nucleus is a uniform one of intensity IF 
which we shall assume to be in the X direction. In order that 
the variables may be separated in the sense explained in § 40-9 
we choose co-ordinates & and 7 (known as parabolic co- 
ordinates) and defined by 

w= (§% —77)/2, . . . . . (41-1) 

p = &n, 
where x is the X co-ordinate of the planetary electron and 
pl = (y? + 2*)'/*] is its perpendicular distance from the X axis. 
For the remaining co-ordinate we choose the azimuthal angle, 4, 
about the X axis. We shall content ourselves with giving the 
expression for the energy in terms of the phase integrals J,, 
J,, and Jy, namely 

Oyrces ax 27 ?mZ2e4 _ 3S (Se aa J.) 
J? 8 2*mZe 

where J=J), +d, +d5. 
In arriving at the formula it has been assumed that the centre 
of mass of the atom is in the nucleus itself an assumption which 
is of course approximately true. 

Equation (41-11) does not involve any departure from 
classical dynamical methods. 

VOL. IlI.—13 


, 2. (44-11) 
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The quantum theory enters when we replace each J by the 
product of an integer and h, for example 


J = nh, 


nm, being an integer, positive or zero, and when we identify H/h 
with a spectral term (or 4/ch if wave-numbers are being calcu- 
lated). Thus we get for a spectral term 

E 2n*mZre* =3n(n; — n,)h 


Sn a ee 


where N=N +N, + Ng. 


In place, therefore, of the single term 272mZ*e4/n*h® associated 
with a given value of n, we have a number of terms. 

The correspondence principle restricts the transitions to those 
for which dn, = + 1, 0, or —1. Moreover, it indicates that 
transitions for which An, =O are associated with radiation 
polarized in the sense that the electric vibrations in it are parallel 
to the external field # (parallel to X) and those transitions for 
which 4n, = + 1 or — 1 are associated with radiation which is 
circularly polarized as viewed along the axes of #’. Both radia- 
tions will appear plane polarized as viewed perpendicularly to 
fF, the former having its electric vibrations parallel to F and 
the latter perpendicular. In the case of the circularly polarized 
radiations both directions of rotation for any given frequency 
are equally frequent, so that the radiation as actually observed 
longitudinally, coming as it does from many atoms, appears 
unpolarized. 

Not only are the transitions confined to those for which 
Any = +1, 0, or —1, but m, cannot be zero. The correspon- 
dence principle does appear to indicate this. The integer n, 
corresponds to the integer J] + 1 (cf. §§ 42:3, 42:4, and 42-5) 
which cannot be zero. 

The differences in frequency between the components, into 
which a line (say a Balmer line) is broken up, are represented 
by the expression 


3 AF 
UO n(n: = Ny), 


~ 8S x2mZe 
or Avy =CN 


where C means 3hF'/8x*mZe and N means n(n, —n,). The 
separations are therefore proportional to the field F. 

We shall illustrate (41:13) by applying it to the special case 
of the Balmer « line of hydrogen. The atomic number, Z, is 
equal to unity. Therefore C = 3hF'/8x?me. The « line is due 


(41-13) 
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to a transition from n = 3 to n = 2. The possibilities for the 
separate quantum integers are given in the following table: 


Bofore Transition After Transition 

ng, Me Ny N Ng, be n N 
3 0 0 0 2 0 0 0 
2 l 0 3 ] I 0 2 
2 0 ] — 3 l 0 ] — 2 
i 2 0 6 

1 0 2 — 6 

1 i ] 0 


Thus we get for the p components, i.e. those polarized with their 
vibrations parallel to the field (An, = 0): 


When n, = 2 
(3 — 0)C = 30 
(— 3 —0)C = — 30 
When ny, = 1 
(6 —2)0 = 40 
[6 = 20 == 86 
(0 —2)C = — 20 
(6 + 2)C = 80 
—642)0 = — 40 
(0 + 2)C = 2C 


For the s components, polarized perpendicularly to the direction 
of the field (dn, = + 1 or — 1): 
Imtial ny = 3 


(0 — 0)C =00 
Imtial ng = 2 

(3 —2)C =C 

(3 + 2)C = 5C 
(— 3 — 2)C0 = — 5C 
(—3+4+2)0 =—C 

(6 — 0)C = 60 
(—6—0)C = — 6C 

(0 —0)C = 00 


The components are therefore symmetrically situated, their 
separations being integral multiples of the quantity C. The 
multiples for the p components being 2, 3, 4, and 8 on one side 
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and — 2, — 3, — 4, and — 8 on the other. Those of the s 
components are 
0, 1, 5, and 6 
with — 1, —5, and — 6. 
The agreement with Stark’s observations is extraordinarily good, 
even in regard to the relative intensities of the components, 
which have been estimated 
by Kramers with the aid of 
the correspondence principle. 
(calc) One very noteworthy feature 
is that the theory makes the 
p and s components of AH, 
to coincide and thus predicts 
partial polarization which is 
in fact what is observed. 
(Obs) In the figure! the p lines 
are drawn in full, the s lines 
ted. are broken. The heights of 
teeta pee te tet, Units the vertical lines in the figure 
20 lo : ba 20 represent intensities. The 
Fie. 41-1 agreement between the 
observed results (lower part 
of figure) and the theoretically calculated ones (upper part) is 
very striking. 


. Re ween we oe wee 


§ 41:2. Tur Zeeman Errect 


The simple Zeeman effect can be accounted for, as H. A. 
Lorentz showed (§ 26:7), without resort to the quantum theory 
by supposing that the radiation of the particular spectral line is 
due to the simple harmonic vibrations of an ion (electron). 

Precisely the same result emerges when we apply the classical 
theory to the hydrogen-like atom. The problem is so closely 
linked with the recent development of quantum mechanics that 
it is desirable to deal with it here. We have learned in § 36:1 
that the equations of motion of a charged particle in an electro- 
magnetic field are of the same form as those for a particle in the 
absence of such a field provided we replace the momentum p 
by a more general momentum II defined by 

W=p+eK. ... . . (41:2) 
We may call K the electromagnetic potential. Its curl is equal 
to wH/a, where a is the numerical constant whose value is unity 
when we employ electromagnetic or electrostatic units and equal 


1 The figure is taken for R. C. Johnson’s Spectra and illustrates the 
case of H,. 
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to ¢c when we use mixed units—electromagnetic for the magnetic 
quantities and electrostatic for the electrical quantities. We 
shall use the latter units and may take uw to be unity. Thus 


curlK=H/ce.. . . . . (41-21) 


It should be noted that in (41-2) the symbol e includes the sign 
of the charge as well as its absolute value. Thus for an electron 
it means — 4:78 x 107-!° O.E.S. It is, however, convenient in 
what follows to use e to mean -+ 4:78 x 10-7! in these units. 
Let us now consider the motion of an electron in the field of an 
attracting nucleus whose charge is + Ze. The application to it 
of a magnetic field, H, will not change its energy (since the 
resulting contribution to the force on the electron will be per- 
pendicular to the direction of its motion); but the motion will 
be modified in the sense that instead of the azimuthal angular 
momentum, p, about the axis of H, remaining constant, the 
momentum 
IT, = py — eKy 
will be constant, where K, is a vector generalized in the same 
sense a8 Dy. 
Now (41:21) is satisfied by 


K, = — yH/2¢, 
K, = cH /2c, 
and K, = 0, 


H being identical with H,. These equations, it will be observed, 
satisfy 


div K = 0. 
The vector K is parallel to planes perpendicular to H and 
K? = 7? sin? 0.H?/4c? 
or K =rsin 0.H/2c. 
The appropriate expression for K, is clearly 
K, =7rsin 0.K = r* sin? 0.H/2c. 
The field H is in the direction of the Z axis and 0 is the angle 


between this direction and the radius vector, 1. 
We now have 


IT, = p, — eK, = py — r* sin? 0.eH/2c = M, aconstant. (41-22) 
The energy equation is 


Py, Bo Py Be? _ | 
Sin. Ope One ce " =H, . . (41-23) 


or, by (41:22) 


| 
& 


(M + r?sin? 6.eH/2c)? Ze? 
2m 2mr? 2mr? sin? @ r 
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aoe = we ignore the second order small term containing H?, 


De? + = (2mB — ue — p,?)rs + 2mZe*r, . (41°231) 


si 0 
Each side of this equation must be equated to a constant, which 
we shall represent by N. Thus the phase integrals are: 


f= il, ee be, dr 


=§ J i? ae (2m z we) har 
= bIT,d0 = bp d6 
and - “$e = snr . 


Jy = Il gip = 20M. 
Thus 


me JW 

ee ee re VA, 

5 Pe [aS - ame ; 
C 


J) = 2n{ VN — M}, 
Jy = 22M. 
On eliminating the constants M and N from these equations 
we easily get 


(41-24) 


2amZe* 
Jet Sot dy = ey aml 
r Ono 2m 
270C 
Hence 
J cH 472m ?Z 2e4 
ae OH) tease oie ee 
ane SS Sp hg Fs)” 
or 


27°*mZ*e4 J eH 
(J, + Jo +J4)° dame * 
We get the possible frequencies, according to the classical theory, 
by applying the formula (40:92). The field H does not affect 
the frequencies associated with J, and J,; but that associated 
with J, is changed by the amount 


eH 


ee (41:25) 
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Now p, may be positive or negative as referred to the Z axis 
(direction of H), i.e. it may be in the sense of the rotation of a 
screw travelling in the Z direction (p, positive) or the opposite 
sense. In the former case Ay is an addition to » and in the 
latter a reduction of v. So we have the original frequency » 
eH 


470mc 

We might have arrived at this result much more simply. 
Indeed, the application of the field H, according to (41-22), 
increases p, from its original value M to M + ekKy. The associ- 
ated increase of angular velocity is 


eK,/mr? sin? 6 = eH /2mce. 


Thus the effect of the field is to superpose on the angular velocity 
d¢/dt the amount eH/2mc. This effect is called the Larmor 
precession. In other respects the motion is changed inappre- 
ciably, since in the energy equation, as represented by (41-231), 
the constant 2m is altered only by the small term MeH/c. 
In fact, we may describe the effect of the field H by saying that 
it causes the ellipse, in which the electron moves when H = 0, 
to precess round the Z axis (axis of H) with the Larmor pre- 
cessional velocity given above. It will be seen in fact that if 
we were to refer the system to co-ordinates rotating about Z 
(or the axis of H) with the angular velocity eH/2mc the electron 
will travel in its usual elliptical orbit (or, to be quite precise, 
in the orbit which is modified by replacing # by H — MeH/2mc 
which is inappreciably different from #). The angle between the 
normal to the plane of the precessing ellipse and the direction 
of H is thus constant, so that the projection of the radius vector, 7, 
on the axis of H is unmodified by the field and obviously it is 
not affected by the Larmor precession. On the other hand, the 
projection of r on a plane perpendicular to H is affected by the 
Larmor precession. We conclude, therefore, that the radiation 
which would be emitted in directions perpendicular to H if the 
classical theory were valid will be polarized with its vibrations 
parallel to H in the case of the unmodified frequency, », and 
with its vibrations perpendicular to H in the case of the frequencies 
y-+ Av. The Larmor precession, it is clear, will impress on the 
radiation travelling in the line of H a circular polarization—not 
a pure circular polarization since the projection of the electron’s 
motion on a plane perpendicular to H is not in general a circle— 
in such a sense that the higher frequency is associated with a 
clockwise motion of the electron when it is seen by looking in 
the direction of H. 

To apply the quantum theory to the problem we have to 


and two new frequencies vy + Av and » — Av, where Av = 
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replace each of the phase integrals J by the product of an integer 
and A and form the spectral terms by dividing — # by h. We 
thus get for the spectral terms: 
EL  ant*mZr%e* e eH 
hs n®h3 *470me 
where n =n, +7 + 7,. Thus the old quantum theory also 
yields 


Ss 
47M ° 


where, in accordance with the correspondence principle, 

Ss, = An, = +1, 0, or —1, 
the changes + 1 and — 1 being associated with circularly polar- 
ized light. ‘Thus the old quantum theory gives the same pro- 
nouncements about the Zeeman effect as does the classical theory. 


The integer n, has been called by Sommerfeld the magnetic 
quantum number. 


CHAPTER X 
INTRODUCTION TO WAVE-MECHANICS 


§ 41:3. A CrrraIn FourterR EXPANSION 


THE function f(z), defined by 
—~hoz< —l, 
Fe) = of z< D, 
and 
f(z) = A cos Qz, —l<z< l, 


where z is a real variable and J, L, A, and 2 are real and positive 
constants, can be expanded in the form 


2 3 
f(z) = @ + a, cos +e + a, cos 7? -+ a3 COS Fe +... (41:3) 
The coefficients, a, are given by the formulae 
: L 
ty = 5p (SUC) at, 
a (41-31) 
] i 
a, = | J(6) 008 Fo dt, 
—L 
where s = ], 2, 3, ... o. Sine terms are absent in the ex- 


pansion, since f(z) is an even function (§ 4). On carrying out 
the integrations in (41:31) we easily find 


fi Bes A sin Q] 
a L oO 5) 
(sin (2 i. rT a (0 _ rh (41-311) 
Ae L L 
a, Ose . Oia 
L L 
where again s = 1, 2, 3, ... o. For convenience, let us call 


those quantities which are of the same order of magnitude as 

unity quantities of the order null. Those which are very large 

compared with unity we shall call quantities of the order + 1. 
189 
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Quantities of the order magnitude of the squares or products 
two at a time of those which are of the order + 1 we shall term 
quantities of the order + 2,andsoon. Thus if we were to adopt 
10° as a number of the order + 1, then 10142 would be one of the 
order + 2. Similarly we shall speak of quantities which are 
small compared with unity as quantities of the order — 1; those 
of the order of magnitude of squares or products two at a time 
of quantities of the order — 1 we shall call quantities of the 
order — 2, and so on. Using the standard we have adopted as 
an illustration, 10-* and 10-17 might be regarded as of the 
orders — 1 and — 2 respectively. 
We are interested in the case where 


A is of the order 0, 


l 93 29 0, 
Q 93 39 ae 1, (41°32) 
L 99 9) + 1, 


and we shall regard the standard which fixes the order + 1 as 
a very large number, so large that it may be taken for practical 
purposes as infinite. 

The wave-length, 4, i.e. the distance from crest to crest, in 
the cosine curve described by f(z) is obviously equal to 22/2 
and we shall define a number, o (not necessarily an integer), by 


Q=on/L. . . . « . (41°321) 
It will also be convenient to use 2, in the sense defined by 
Qo= bef, . « « « « (41-322) 


where the s are the integers in the expansion (41:3) and in 
(41-31). If we use x and y to mean respectively 2, — 2 and 


Q, + Q, 

x =(s —o)n/L 

y = (8 + o)n/L 
and we may write 

dx =dy = xn/L. 
The sum (41:3) may therefore be written 


Q+00 


f(z) = <4 [08 (y — Q)z cub Yay + fo (2+ Q)z 2 ae, 
Q 


The integral in y, both limits of which are positive and enor- 
mously large, must ei and consequently 


sin al 


fl2) ~ ff ot QB Mae |, (41-323) 
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Equations (41-3) and (41-323) represent f(z) as a super- 
position of cosine curves of wave-lengths extending from infinity 
(Q, = 0) to zero (Q, = oo), corresponding in the latter equation 
to a range of values of x from — o to + oo. Now it is obvious 
from (41-311) that the only amplitudes which are important in 
this superposition are those corresponding to small values of 
(Q, — 2)/Q, i.e. to a small range of values of x in the integral 
(41-323) and it is of interest to inquire about the result of a 
superposition of cosine curves for all of which (2, — 92)/2 is 


very small, i.e. curves for which 4 i is small compared with 


Ss 
1/4. We therefore ask ourselves: What is the value of the 
integral 


“(eos (x + 2)z nde, » .  « (41°33) 
7 


where a is a small positive number? So long as the extreme 
values of xz are sufficiently small we may write for this integral 
+a 

a COs 2n( a a x 

7 x 
which becomes, when / is sufficiently large, A cos Qz. This will 
be approximately true even if J is not infinite. When / is suffi- 
ciently large, therefore, there is an appreciably large range of 
values of z, say —A< z< + A, for which aA is so small that 
cos (« + 2)z does not differ sensibly from cos 2z. This is no 
longer the case when aA becomes an appreciable fraction of 2/2, 
so that (41-33) will only represent the function A cos 2z within 
the range of values — A < z< A, when the order of magnitude 
of aA does not exceed that of unity, so that 

aA ~1 
at most, or 
AQ x Awl, 


and since 42) = 2x24 (=) 


i 
or finally PA(L/a) x 2A~ 1]... . (41:34) 


When z is outside this range of values, ic. when 2 >A or 
z< —A, the function cos (* + 2)z in the integral (41-33) 
begins to differ appreciably from cos 2z and, when z is sufficiently 
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far outside the range —A<z< + A, to alternate in sign so 
that the integral (41:33) becomes small and rapidly approaches 
zero the farther z extends beyond the limits marked by A and 
—A 

We arrive at the conclusion therefore that a superposition of 
cosine curves extending from — o to + oo, and all of nearly 
the same wave-length, will produce a cosine curve of wave- 
length A, differing little from the wave-lengths of any of the 
constituent cosine curves, within certain limits — A<z< + A. 
Beyond these limits it will gradually and fairly rapidly approach 
zero as illustrated in Fig. 41-3. 


Fic. 41:3 


§ 41-4. Tur Simpte Group 


The function f(z) of § 41-3, which was defined between the 
limits 
—lo2z<l 
to be 
f(z) = A cos Q2, 
will become, when we replace z by 2’ — d, 
y(z') = Acos Q(z’ —d) . . . . (41:4) 
between the limits 
—-l+d<2v<l-d. 
Outside these limits it vanishes. The centre of the wave system 
which f(z) or w(z’) describes is at z = 0, or at 2’ =d. If we 
replace d by ut, where wu is a constant velocity of the order 0 and 
tis the time, and if we then write z for z’—this will cause no 
confusion since we shall have no further need for z in its original 
sense—formula (41:4) becomes 
y= AcosQ(z—ut) . . . . (41-41) 
and we conclude that the train of waves it describes can be 
regarded as a superposition of simple waves 
y = La,cos Q(z — ut), . . . (41°42) 
each simple sinusoidal wave in the superposition (41:42) extend- 
ing from — o to + o, and if we ignore in the summation the 
terms for which s lies outside the range As defined in § 41:3 it 
will still approximate to A cos 2(z — ut) when 


—A+tu<z<A+tuw.. . . (41-421) 
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We shall use the term simple group for this train of waves 
and it will be noted that, in this instance, the group travels for- 
ward with the same velocity, namely, uw, as that of the individual 
crests and troughs. In other words, the group velocity is 
identical, in the present example, with the phase velocity. 

Let us next study a simple group or superposition of simple 
waves like that represented by (41-42), but with the difference 
that each constituent simple wave has its own individual phase 
velocity. We must describe it by 


y = La, cos 2,(2 —u,t), . . . (41-43) 
or ; 
y = La, cos (Q,z2 —T,t), . . . (41-431) 


where 7', means the product 2,u,. Each uw, in the narrow range 
As defined in § 41-3 differs very little, we shall suppose, from 
a certain mean velocity, wu, and we shall also assume that the 
ratio 
(u, — w)/(A, — A) or du/da 

is sensibly constant within the narrow range As or AA with which 
we are concerned. Now it is clear that at the instant t = 0 the 
superposition of simple waves described by (41:43) is identical 
with that described by (41:42). It will also be identical with 
it at all the instants 


t =nP 
where ” is an integer, positive or negative, and 
P =da/du, 
or P= —di/du, 


according as dj/du is positive or negative. We can see this with 
the help of the conventionalized diagram, Fig. 41-4. At the 
instant t = 0 crests of all the individual simple waves will be 
coincident at O. The crests which are one wave-length to the 


0 
cha abe 


ty 
Fic. 41-4 


left, or to the right, of O will occupy separate positions at a, b, c, 

.. If now, for example, the simple waves of longer wave- 
length travel faster than those of shorter wave-length, the crest 
c on the left will overtake the crest @ in the time 


(A, = Aa) /(Ue _ Ug); 
Le. in the time P = dd/du. Similarly the crest b will overtake 
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the crest a in the time (A, — 4,)/(uw — u,), le. in the time 
P =di/du. After the time, P, therefore the centre of the group 
has dropped a distance 4 behind O, or the centre of the group 
has travelled the distance wP — A. Its velocity is therefore 


v = (uP — A)/P 
or v=u—A/P 
or, finally 
v=u—aAdu/di. . . . . (41°44) 


When dA/du is negative it is easy to see that the crest a, on 
the right for example, will overtake the crests b and c in the 
time P = — di/du, and during this time the centre of the group 
has consequently travelled the distance uP + 4 and just as 
before the group velocity will be that given by (41-44). 

We see that at the instants t = nP the superposition of simple 
waves described by (41:43) has exactly the same shape as that 
described by (41:42). What can we say about its shape at 
intermediate times? To answer this question we replace z by 
¢ + vt, in which v is the group velocity, i.e. the velocity of the 
centre of the group, so that ¢ means distances measured from 
the centre of the group. Thus 


yp = La, cos {2,(¢ + vt) — T',t} 
or y= Sa, cos {2,6 — (7, — vQ,)t}. 


The phase velocity of the simple wave, s, relatively to the centre 
of the group, is thus 
T,/2, —v or u, — », 

where u, is its phase velocity relative to the fixed zero z = 0. 
We have now a clear picture of the group. It has the shape of 
a sine curve, approximately at any rate; the group as a whole 
progresses with the velocity v given by (41:44). The individual 
crests or troughs travel through it with a velocity u — v relative 
to the group, being created behind and destroyed in front when 
u — vis positive (dj/du positive) or destroyed behind and created 
in front when u — v is negative. 

There is another way of expressing the formula (41-43) which 
is interesting and important. We may write it 


y = La, cos {(2 + AQ,)z — (T 4+ AT,)t}, 
or y = La, cos {(22 — Tt) + (42,2 — AT,t)}, 


and therefore 
y = cos (Qz — Tt)La, cos (42,2 — AT,t) 
— sin (Qz — Tt)La, sin (42,2 — AT) 
8 
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and within the range As already defined this must be 
y = A cos (Qz — Tt), 

so that 

A = Xa, cos (AQ,2 — AT.t), . . . (41-45) 

0 = 2a, sin (AQ2,.2 — AT,.t). 
Strictly speaking, A represented by (41°45) is not quite constant. 
It varies from a maximum at the centre of the group, changes 
very slowly within the limits (41-421) and rapidly approaches 
zero beyond these limits. It is represented by the height of the 
broken line in Fig. 41-3 above the horizontal medial line (ef. 
§ 9:3). It will be seen from (41°45) that each particular value 
of A is propagated with the velocity 


AT /AQ, 
and this must of course be identical with the group velocity 
which may consequently be written 


v=dy/dv', . . . . . (41:46) 
since AT = 2n/A?, 
and AQ = 2nAv', 


where y and »’ are respectively frequency and wave-number. It 
is easy to show that (41-46) is in agreement with (41:44). We 
have in fact 

dy /dv’ = d(uv’)/dv’ =u + v'du/dv’ 
and »v’ and dv’ are respectively equal to 1/A and — dA/2?2, so 
that on substitution we obtain (41°44). 

The simple group we have been describing is unlimited 
laterally, i.e. in directions perpendicular to the direction of 
propagation and when it is referred to rectangular axes of 
co-ordinates with the Z axis in the direction of propagation the 
amplitudes, a,, are independent of x and y. If we wish to 
investigate the character of a group which is limited in all direc- 
tions, i.e. in the X and Y directions as well as in the Z direction, 
we must extend the investigation of § 41:3 and study the Fourier 
expansion of a function like the f(z) of § 41°3, but described 
in the following way : 

—-L <2z2<-—-] 
b<cz< Lb 
fle.n =p SESE 
ae do a y < —_ hid 
,? < y = a 
—t <2< l 
f(z, y, 2) = A cos ox Le ee l' 
io qi ea y < he 
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The Fourier expansion for such a function may be written 


f(z, y, 2) = arias r, 3 COS ae COs a cos ne (41-47) 

As before 2,(= sa/Z) is very large, order + 1, but {2,(= px/L’) 

and 9&.(=rxz/L'') are only of the order O. The amplitudes 

associated with the values of p, 7, and s of other orders than 
those mentioned are ignorable. 

The symmetry of (41-47) enables us to put it in the form: 


F(x, y, 2) = LALA, », 5 COS (Fre + 5 ++ 


prs 


gD L 


and we are thus led to a result analogous to (41°43) that a train 
or group of waves limited in all directions and describable within 
these limits by the expression 


A cos Q(z — ut), 


A, 2, and u being constants of the orders of magnitude 0, + I, 
and 0 respectively, is practically identical with a superposition 
of infinitely extended simple plane waves, namely 


Lan, r,s cos {2,2 + Q.y + 2,(z — Un, r, st) }, 
prs 


“yt r*) (41-48) 


the 2, and 2, being of the order 0 while the 2, are as before 
of the order + 1. Hence we get 


yp = LL2Xa,y, », 3 COS Wy x, s{Ep€ + EY + Eg(% — Up, », st) }, (41-49) 
prs 


where 
Wp, r,9 = VQ,? + 2 + Q,?|. 


Clearly the «, and «, are small quantities of the order — l, 
while the ¢, differ from unity by second order small quantities, 
i.e. by quantities of the order — 2. 

This group is clearly a superposition of simple plane waves 
extending to infinity in all directions and travelling in directions 
which build up an infinitely narrow cone, since the cosine of the 
angle between any one of them and the direction of the Z axis 
differs from unity by a small number of the order — 2. Itis on 
account of this last-named circumstance, which is due to the 
fact that Q is very large, i.e. to the fact that A is very small, that 
the group can only spread at an inappreciable rate and conse- 


quently behaves as if its boundary region were nearly rigid 
(cf. §§ 27-1 and 28:2). 
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§ 41-5. Tar ANALOGY BETWEEN CuiassicaAL DyNAmIcs 
AND GEOMETRICAL OPTICS 


The important analogy which we are now going to study is 
more precisely described as an analogy between classical dynamics 
and a certain limiting case of wave propagation. As we have 
frequently pointed out, e.g. in §§ 34:6, 39, and 40-3, we have 
been forced to depart in very important respects from the views 
of Young, Fresnel, and Maxwell about light, so that now we can 
hardly be said to regard light as an undulatory phenomenon in 
some kind of luminiferous medium (aether). This is not of 
course an ignoration of the fact that optical phenomena exhibit 
the familiar features associated with waves. Light waves are 
not physical entities in the same sense as are, for example, 
sound waves, but many of the laws governing optical phenomena 
are exactly those governing wave phenomena and thus many of 
the calculations in optics are effected by rules and formulae 
which are characteristic of waves, and it is only the undulatory 
aspect of optics which appears in the analogy we are about to 
describe and which was discovered by Hamilton early in the 
last century. Let us regard monochromatic light as constituted 
of such simple groups as we have described in § 41-4, ie. of 
groups of plane sinusoidal waves, limited in all directions and 
having a wave-length, 4, very small compared with the dimen- 
sions of the group. Hach such group travels (in an isotropic 
medium) in a direction perpendicular to the plane wave fronts 
with the group velocity, v = dv/dy’, »v being the frequency 
(number of vibrations per unit time) and »’ being the wave- 
number (number of waves per unit length). In general, this 
velocity differs, as we have seen, from the phase velocity which 
is equal to v/v’. The two velocities happen to be equal in the 
absence of dispersion since then 

du/dv’ = 0, 
and therefore 
d(v/v’)/dy’ = 0, 
or dv/dv' — v/v’ = 0. 

Such a group is illustrated by G in Fig. 41-5(a) which is travel- 
ling from a place marked 1 to another place marked 2. The 
wave crests in the group are indicated by straight lines per- 
pendicular to its direction of propagation. We have seen 
(§ 41:4) that it behaves as if its boundary were that of a rigid 
body. The special case of geometrical optics arises (cf. 
§ 28-2) when the simple groups, G, are so small compared with 
the dimensions of the lenses, apertures, etc., that they may be 
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regarded as points (Fig. 41-5(b) ); or when the groups, G, if not 
very small, may be subdivided into smaller ones which are still 
simple groups though practically points in their spacial extension. 
Such minute groups are very like Newton’s ‘rays’. The differ- 
ence in the meanings of the term ‘ray’ as used by Newton, 
and as used at the present time, is just the difference between 


G 


rr. ||) eo 
(a) 


(6) 
Fia. 41:5 


the minute group, G, in Fig. 41-5(b) and the path along which 
it travels (cf. § 28:2). 

When the conditions just described, which define the scope 
of geometrical optics, are satisfied, interference and diffraction 
patterns are too small to be observed. Their dimensions are 
in fact of the order — l. 

The laws of geometrical optics are contained in the single 
statement known as Fermat’s principle (cf. §§ 28-4 and 
28:5). We shall express it in the form 


2 
5{>' al = 0, Doe. (ALB) 
1 


where v’ is the wave-number, i.e. the number of wave-lengths 
in the unit length, dl is an element of the path, Fig. 41-5(b), 
along which G travels, and the limits 1 and 2 represent two points 


2 
on this path. Thus the integral | v’ dl represents the length of 


1 

the actual path between 1 and 2, along which G travels, as measured 
by the number of waves in it. In the more usual language of 
geometrical optics it is the optical distance between 1 and 2 
(cf. § 28:3). The symbol 6 denotes the difference between this 
length, i.e. the length of the actual path, and that of a neigh- 
bouring path. The actual path is defined or determined by 
certain parameters ¢, %,.. . and a neighbouring one by ¢ + 44, 
d + df,.. . where dd, df. . . are of the order — 1 (cf. § 28-4). 
The statement (41-5) means, therefore, that the distances from 
1 to 2 as measured along the actual path and along the neigh- 
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bouring one are equal, or, to be quite precise, differ by quantities 
of the order — 2 at most. 

The product »’ dl is an invariant and we may conveniently 
regard it as the scalar product ((v’, dl)) of two vectors v’ and dl 
which, in an isotropic medium, have the same direction. If we 
use dq, for the components of dl—for example, dq,, dq., and 
dq, Mean, in a rectangular system of co-ordinates, dx, dy, and 
dz respectively—we may replace »’ dl by the sum 


Ve Adus 


and so Fermat’s principle becomes 


9 


ad 


dfn! da, = 0. oe (4151) 
1 


where the repetition of the subscript «’s serves to indicate sum- 
mation. Fermat’s principle, though often termed the principle 
of least time, in fact only determines the shape of the path 
between 1 and 2. Of course if the time were calculated on the 
assumption that G travels with the phase velocity, uw, it would 
indeed have a stationary value and often a minimum value, 
for it would then be proportional to the number of waves, 
2 


[re dq,, the sum of whose lengths is equal to that of the path. 


1 
But the time taken by G to traverse its path is deter- 
mined by the group velocity and Fermat’s principle tells us 
nothing about this. The time is of no importance in the usual 
applications of geometrical optics; but here, where we are 
concerned with the nature of classical dynamics and the corre- 
spondence between it and geometrical optics, the group velocity, 
dy/dy' with which G travels along its path is of great importance. 
It is not, however, contained in Fermat’s principle (41:51). 

The symbols 6 and d will be better understood by reference 
to § 3:3. The former refers to differences between neighbour- 
ing paths, the latter to differences between points on the same 
path, whether the actual one or a neighbouring one. 

The statements (41:5) or (41:51) are associated with two 
highly important conditions which are usually tacitly under- 
stood. They are expressed by 


eae Soe ee (41-511) 


Consequently »,’, which is a function of » and the q,, may 
be regarded in (41:51) as a function of the g, only, whenever 
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we are calculating the differences dv,’ or dv,'. The frequency, 
¥, is in fact a constant in the functional expressions for »,’ which 
we use in applying Fermat’s principle. 

The principle of least action, as it is usually termed 
(8-636), discovered by de Maupertius, can be expressed in 
the form : 


2 
|p. da. =0,. . . . . (4152) 
1 
to which are attached the conditions 
dH = 0, 
3H — 0} (41-521) 


where, of course, H means the energy of the system. Expressed 
in the form (41°52) with the conditions (41-521) it is strictly 
analogous to Fermat’s principle. Like Fermat’s principle, it 
merely gives the shapes of trajectories. It is true that velocities 
enter into it, since p, means either mass x velocity or moment of 
enertia xX angular velocity or the product of some other coefficient 
playing a part like mass, or moment of inertia, and the corre- 
sponding generalized velocity. But the velocities which thus 
enter do so in an adventitious manner, as will be better under- 
stood after Hamilton’s principle has been discussed, in association 
with its geometrical optical parallisms. In order to bring out 
clearly the full scope of the analogy between classical dynamics 
and geometrical optics we must broaden the statement of Fermat’s 
principle. The mere fact that we are dealing with waves suggests 
the following form : 


8 (my dag — » dt) = 0, 2. (4153) 
1 


and this is strongly supported by the relativistic consideration 
that we should complete the 3-dimensional scalar product 
vy dg, by the addition of the fourth product, — »dt. If again 
we lay down the old conditions (41:511) it is clear that 


dfs AQ 
i 


must vanish separately and consequently 


2 
il» dt 
1 
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must also vanish. It therefore follows from (41:511) that 
2 


[ode ae) 
1 


and therefore the two paths, the actual one and the neighbouring 
one, which are co-terminous in space, are also co-terminous in 
time. That is to say, they not only begin and end at common 
points, but start at the same time and end at the same time. 
But the extended principle (with the conditions 41-511) includes 
no more of the physical features of the propagation than does 
the principle in its older and more restricted form. The extended 
form, like the older one, does no more than determine the shape 
of the path. I+ is different, however, when we alter the con- 
ditions attached to the application of (41:53): as, for example, 
when we introduce the conditions 


dv = 0, ! 


dv =a small constant, order — 1, (41531) 


which are obviously compatible with one another. These new 
conditions include the old ones since it is open to us to adopt 
for dv the value zero. The part, therefore, of the variation 
of (41°53) which is due to the dg, must vanish separately as it 
did before; but when dy is not zero we must have the extra 
contribution to the variation represented by 


2 2 
ov | Dey by | at 
ov 
1 1 


and, since this must vanish and dy is arbitrary 


(41-54) 


Our extended Fermat’s principle therefore gives the correct ex- 
pression for the velocity of the groups, G, of Fig. 41-5 (b). The 
exact correspondence of the equations (41°54) with Hamilton’s 
canonical equations 


. (41-541) 


should be observed (cf. 8-43). 
The condition dy = 0 (41-531) may be written 


Ov ov 


0 = dv,’ + —dq, 
a To. 
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and therefore by (41-54) 


dq Ov 
dt We aq 
and consequently 
dy,’ ov 
= — oy e e 4 . 
‘7 50, (41-55) 


These equations correspond exactly to the canonical equations 
(8°46), namely, 
dp, ‘OH 
dt  § @4 
Finally, we may note that the statement (41-53) is in all 
respects exactly analogous to Hamilton’s principle, which may 
be expressed in the form (cf. §§ 8-6 and 35:7) 


9 


od 


f(r. dq, —-Hdt)=0. . . . (41°56) 
1 
It is worthwhile to observe that the velocities (41:541) can be 
deduced from Hamilton’s principle (41:56), just as the group 
velocities (41:54) can be deduced from the extended principle 
of Fermat (41-53). In this respect Hamilton’s principle is more 
comprehensive than that of Maupertius. 

We may aptly describe the analogy or correspondence between 
classical mechanics and geometrical optics by saying that every 
purely mechanical problem—at any rate when it is associated 
with a conservative system—can be translated into a problem 
in geometrical optics, or into one which has exactly the same 
mathematical form as one in geometrical optics. The main 
features about this translation are the replacement of the general- 
ized momenta, p,, by wave-numbers, »,’, and the energy, H, by 
a frequency, v. In fact we may replace each momentum, 7,, 
by Ay,’ and the energy by hy, where h is any constant. 


§ 41-6. WaAvE-MECHANICS 


When the conditions described and illustrated diagram- 
matically in § 41:5 are not satisfied: namely, when A is not a 
second order small quantity compared with the dimensions of 
the apparatus used, the lenses, apertures, etc., the laws of geo- 
metrical optics begin to fail. They still have an approximate 
validity when A is not larger than a first order small quantity. 
They may then be supplemented by Huygens’ principle (31°85). 
The laws of geometrical optics and also Huygens’ principle (cf. 
§§ 31-7 and 31°8) fail altogether when A is of the same order 
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of magnitude as the apparatus. When this is the case, optical 
problems have to be attacked by suitable solutions of the partial 
differential equations (Maxwell’s equations) governing them. 
Briefly, then, the comparatively simple laws of geometrical optics 
which, as we have seen, are analogous to those of classical 
mechanics, fail when the dimensions of the regions involved, the 
lengths of the optical paths, the apertures, etc., are not suffi- 
ciently large compared with the wave-length, 4, of the light. 

Now we are familiar with a similar failure of classical dynamics, 
and of classical physical theory generally. This was first recog- 
nized and appreciated by Max Planck in his investigation of the 
problems of full radiation (§ 39-9). 

Classical methods fail when applied to very small systems, 
atoms, electrons, etc. If now we bear in mind the remarkable 
correspondence between geometrical optics and Hamiltonian 
dynamics and also that both break down under similar circum- 
stances we are naturally led to a new principle: All dynamical 
problems can be translated into optical problems, or more 
precisely into problems whose mathematical form is that of 
optical problems, i.e. of optical problems from the point of view 
of the undulatory theories of Young, Fresnel, or Maxwell. We 
have already anticipated this principle in § 9:4 and called it 
Schroedinger’s principle, since his methods constitute vir- 
tually, if not actually, an application of it. When the dynamical 
problem happens, for example, to be a microphysical one the 
corresponding optical problem is not one of geometrical optics 
but of undulatory optics. This acceptance of a larger parallel- 
ism between mechanics and optics than that discovered by 
Hamilton constitutes the basis of wave-mechanics. 


§ 41:7. DE BRoauiz: WAVES 


Louis de Broglie introduced his wave-mechanics in the attempt 
to reconcile the apparently contradictory undulatory and cor- 
puscular features in light. He began by assuming that in the 
phenomena of light both waves and particles (photons) are 
associated. The energy in a beam of light he supposed, as did 
Kinstein, to be seated in the photons, each having the energy hy, 
h being Planck’s constant. He assigned to the waves the function 
of guiding the photons along lines normal to the wave fronts. 
Having arrived at this view of the nature of light and having 
reflected that, in our strong conviction, since the time of Young 
and Fresnel, of the undulatory nature of light, we have been 
blind to the possibility of the corpuscular elements in it, he 
suspected that we may have erred in the opposite sense in our 
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views of matter and thus have overlooked the possibility of waves 
being associated with elementary particles such as electrons. 
Just as in the case of photons he assigned the energy hy to each 
elementary particle, v being the frequency in the associated wave 
or simple group and h being Planck’s constant. He identified 
its momentum with hy’, where v’ is the wave-number of the waves, 
and he supposed the velocity of the particle to be equal to the 
group velocity, dv/dv’, of the simple group. Finally, he gave 
the following relationship between group and phase velocity : 

USO se & & dd. ae (407) 
This last formula is easily derived. The Hamiltonian corre- 
spondence gives 

u=v/y =hy/h’ = H/p. 
Now we have seen that, for a particle, 
H = me’. 

Therefore u = me?/mv = c*/v. 


These brilliant predictions were completely confirmed by the 
experimental work of Davisson and Germer, G. P. Thomson, 
EK. Rupp, and their successors. 

The present view of the nature of the waves, often termed 
de Broglie waves, which are associated with elementary par- 
ticles, differs from that originally held by de Broglie and also 
from that of Schroedinger (described later). We cannot now 
ascribe any physical reality to them any more than we can 
ascribe it to the waves in the geometrical optical picture of classical 
dynamics and they should be regarded as symbols used in the 
mathematical description of the characteristics of the phenomena 
with which we associate them. 


§ 41-8. PHoTONS AND ELEMENTARY PARTICLES 


A parallel beam of light consists, according to the undulatory 
theory of optics (Young, Fresnel, Maxwell), of such simple groups 
as are described in § 41:5. Let us consider what happens when 
it falls on a screen containing an aperture, e.g. a screen perpen- 
dicular to the direction in which the light is travelling and con- 
taining a rectangular aperture or slit. When the wave-length 
is very minute indeed (e.g. gamma rays), diffraction phenomena 
are not observed. The only effect of the aperture is to cut down 
the lateral dimensions of the beam. The photons which pass 
through the aperture simply travel straight onwards and their 
motion is governed by classical dynamics.? 


1 Classical dynamics includes relativistic dynamics. 
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On the other hand, with monochromatic light within the 
range of the visible spectrum in which the wave-length is much 
longer, it is easy to observe fringes (§ 30-2), and of course even 
with such light the fringe system contracts as the aperture is 
made broader until it eventually becomes unobservable. Whether 
it can be observed or not is simply a question of the relative sizes 
of wave-length and breadth of aperture. The fringe system is 
not due of course to one group interfering with another. The 
only coherence (§ 30-1) is that between one part and another 
of the same group. Each group produces a complete fringe 
system. Further, there is only a single photon associated with 
each group. The distinctive features of wave-mechanics now 
begin to appear. The size of the wave-length, 4, has become 
significant. The phenomena which belong strictly to the realm 
of geometrical optics do not determine wave-lengths and we 
learned in § 41-5 that in the expression of the parallelism between 
geometrical optics and classical dynamics the constant, h, may 
have any value. It is different when we emerge from geometrical 
optics. We can now measure /, and since in the parallelism, 
which we continue to accept as existing between optics and 
dynamics, p = hv’ = h/A, we find a precise value for h, since 
h = pd. We thus learn that the parallelism between optics and 
mechanics gives a reason for the existence of this constant of 
Planck. 

When the wave-length, A, which we associate with a photon 
(or other elementary particle) is sufficiently small we may repre- 
sent the particle by a simple group of practically punctual dimen- 
sions. The smallness of 4 by comparison with the dimensions 
of the group will be assured when 7 is a small quantity of the 
second order (i.e. of the order — 2). The momentum of the 
photon is h/A (or hy’) and therefore very great (macrophysical 
case). Its velocity and position may be identified with those 
of the simple group (G in Fig. 41-5(b)) and its motion is in 
accordance with classical dynamical principles. When 2 is larger, 
for example, when 4 is of the order 0, a simple group is only 
possible when it (the group) is large. The momentum of the 
photon is again h/A, but very small (microphysical case). We 
may identify its velocity with that of the simple group, but its 
position has become vague. Indeed, when a beam of light passes 
through a slit there is nothing which determines the part of the 
fringe system (which, it will be remembered, is completely formed 
by the group representing a single photon) to which the photon 
travels. We do know, however, that the intensity of the light, 
for example, at places on a screen on which it is incident, is 
everywhere proportional to the square of the amplitude, A?. 
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Therefore the number of photons falling on the unit area per 
unit time is proportional to A®?. We are consequently led to 
regard the value of A? at any point in a simple group representing 
a single photon or other elementary particle as a measure of the 
probability that the photon is there. More precisely 


A* da dy dz - ee ee (4158) 


is the probability that the photon is in the volume element 
dx dydz. Naturally we fix the absolute value of A? so that 


||| 42 de dy de an] 


when the integration is extended over the whole of the region 
occupied by the wave-system which represents the photon and 
thus conforms with the convention which represents certainty by 
unity. We may do this because only relative values of A or A? 
are otherwise determined. 
In this connexion it is of great interest to revert to formula 
(41-34) and multiply both sides by A. Thus 
A(h/a) x 2A ~A 
and 2/1 is the extreme length in the Z direction over which the 
simple group extends. It represents, in fact, the uncertainty, 
call it Aq, in the value of the Z co-ordinate of the photon (or 
elementary particle), and clearly A(h/A) represents the uncer- 
tainty in the value of the corresponding momentum component. 
Hence 
Ap xX Aq ~h. » . . . (41°81) 
This means that, however accurately we may measure p, for 
example, i.e. however small the uncertainty, Ap, in its value 
may become, that of the conjugate 
quantity, namely, Ag, will become 
correspondingly greater. There is a 
lower limit, of the order of h, for 
their product. The result (41-81) 
is usually called Heisenberg’s 
uncertainty relation. It is well 
illustrated by Heisenberg’s 
‘Gedankenexperiment’ with a 
gamma-ray microscope. The ex- 
; periment consists in locating the 
CD position of a minute particle by 
Fre, 41:8 means of an instrument of high 
resolving power—a microscope using 
light (photons) of very short wave-length. In Fig. 41-8 AB is 
the objective of the microscope and the particle which we are 


\ 
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locating is at C. The uncertainty, 4g, in the value of the 
co-ordinate of the particle parallel to AB may be represented 
by CD. Now 

(CD) A 

(40) ~ (AB) we ee (41°82) 
(cf. § 30-5). Suppose now that we happen to know very pre- 
cisely the component of the momentum of the particle, parallel 
to AB, just before the observation of its position and that we 
succeed in observing the particle by means of the scattering into 
the objective of a single photon. The momentum of this photon 
will lie between that represented by the lines CA and CB. Its 
component parallel to CD is thus uncertain by an amount repre- 
sented by AB. Therefore the component, parallel to CD, of 
the momentum of the particle has been modified, in consequence 
of the collision with the photon, by an amount lying between 
zero and AB. So that Ap is represented by AB. Now AC is 
a measure of the momentum of the scattered photon, or at any 
rate is of the same order of magnitude. This is not of course 
the momentum of the particle which is being located, so we shall 
call it p’. We have therefore from (41°82) 

Aq A’ 


p Ap 
or Ap x Aq~p'’ ~mh, 


in agreement with (41°81). 


§ 41-9. An ILLUSTRATION oF THE WAVE EQUATION 


In micromechanics a dynamical system is represented by a 
linear partial differential equation such as we have met in dealing 
with waves and our next problem is to discover a general method 
of constructing such an equation. As a guide we shall begin 
with a simple special case, that of a rigid body capable of rotating 
about a fixed axis and free from forces so that its angular momen- 
tum, p, and energy, H, are constants. The corresponding wave 
equation represents a propagation of sinusoidal waves with a 
phase velocity v/v’ = hy/hy' = H/p and may be written 
"ng — Ht)... . (41-9) 


h 


This equation represents an extreme case, namely, that for which 
H and » are constant, and precisely given, and it extends from 
q=—o tog=-+ oo. It is what we have described as a 
simple wave. This case is so very simple that we have not 


y = A cos 
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needed to set up a differential equation first in order to arrive 
at the result (41:9); but in general, of course, we can only 
arrive at the result corresponding to (41-9) by first setting up 
and then solving a differential equation, just as in classical 
physical theory. Now the differential equation suggested for our 
study by (41-9) is obviously 


Oty ay 

52 = wT ca & & «(49 
where wu is a constant, namely H/p. The old way (cf. § 9) of 
dealing with such an equation consists in finding particular 
solutions, y, each of which is a product of functions of one 
independent variable only. In the present example we search 
for a particular solution 

y=T.Q, 


where 7' is a function of ¢ only and Q is a function of qg only. 
When we substitute in the differential equation we get 
i pt 

Cae ag 
or, on dividing by 79, 

Lar _ut dQ 

T dt? Q dq?’ 
This can be satisfied only by equating each side to the same 
arbitrary constant, thus 


1 @?T 
Tae = & 
uP d?Q _ 
Q dg 
Hence 
/ Leen ae” "lt ie ae", 
Q — ow at b’e — Vit 


a, a’, b, and Db’ being sank constants. Thus we get, for 
example, the following particular solution of the differential 
equation : 
n(2- 
yp = TQ aA). (41-911) 
in which A(= ba’) is an arbitrary constant. Now the case of 
constant energy implies a frequency v = H/h, therefore 


Vk | = 2Q2niv = I%iH/h. . . . (41-92) 
When q increases by 27 the configuration of the physical system 
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we are dealing with, in this case a body rotating about a fixed 
axis, is exactly repeated so that Q must repeat its value by such 
a complete rotation. ‘Therefore 
~ V Al(g+2n) mac 
be = be 
and consequently 


Hence it follows that 
Vil 27% = 2nin 
u 
where n is any integer. Therefore 
Vi| =inu =inH/p.. . . . (41-921) 
On equating the two expressions, (41:92) and (41:921), for 
V/ k | we get 
p=nmh/an.. . . . . . (41-93) 


This is of course precisely what the older quantum theory gave 
for the momentum in such a case. 

The relation between p and H in the case of a rigid body 
rotating about a fixed axis is 


A = p?/2I, 
where J is the moment of inertia and a constant. Hence by 
(41-93) 
H=n*h?/8r7l. . . .  . (41:94) 
(cf. §§ 40-2, 40-8, and 40-9). 
The old quantum theory obtained these results by prescribing 
for each phase integral Py dq, the value n,h where n, is a positive 


integer or zero. In the present example there is only one phase 
integral and the angular momentum, 7, is constant. Therefore 


bp dq = po dq = p2x = nh. 


In the more general case of a free axis we shall see (cf. 42:3) 
that, instead of (41-94), we get for the energy 
H=n(n+1)h?/8n7t. . . . . (41°95) 


When we substitute the value (41-92) for Vk | in the particular 
solution (41-911) we get 


2rt 
p= Aen | (41-96) 
This particular solution is complex and we may compare it with 
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the complex solutions of the differential equations we met with 
in the study of electromagnetic waves and oscillations. The 
advantages of such solutions are even more conspicuous in wave- 
mechanics. 

When we differentiate wy in (41:96) partially with respect to 
gq and ¢ we obtain 


hl 
ag oh” 
op 2701 
d cf eerily 2 Fy 
es at eo 


so that we may regard » and H as equivalent to the operations 


een /2nis. 


G 

at 

respectively carried out on the function wy of (41-96). 
The particular solution (41-911) of the differential equation 

(41-91) is a solution whatever value may be assigned to Vk; 

but, as we have just seen, the conditions associated with the 

special problem we are dealing with restrict the admissible values 

of this constant to an integral multiple of 1w or 1H /p (41-921). 

The most general admissible solution will of course be a sum 


p= SeTQe . » . . « (41:98) 


. (41:97) 
and H = — (h/2n1) 


Such functions as 7', and Q, are known as proper functions 
and the associated special value of k, or Vk |, is called a proper 
value. The corresponding German terms are Higenfunktion and 
Exgenwert. 


CHAPTER XI 
OUTLINE OF WAVE-MECHANICS 


§42. Tur Wave Equation 


WE cannot of course deduce the mode of setting up the general 
differential equation, which will fit all cases, from the study of 
one or more particular cases like that in the last section. But 
such particular cases provide us with helpful suggestions which 
we can usefully follow. The most obvious of these is the following 
generalization of (41-96): 


274 


ws 
p=AGu da... te 1. 2. . . (42) 
in which A and S are real functions of the real variables 
di, J, -. . # and S is the Hamiltonian principal function 
S = |(rsdqs + p,.dq,...— H dt) 


(cf. §§ 8-6 and 8-7). For the present let us suppose the system 
is a particle of mass m and that q,,q.,and qg; are the rectangular 
co-ordinates of its position (more usually represented by 2, y, 
and z). We shall also assume that the particle is in a field of 
force with which a potential energy function, V, is associated. 
According to the classical (non-relativistic) theory the behaviour 
of the particle is subject to Hamilton’s equation 


1 as \? as 
ew +V+>=0,. . . (42-01) 


(cf. 8°68). We shall now carry out differential operations on 
(42) and build up a differential equation under the guidance of 
the principle that the classical theory must hold in the macro- 
physical case, i.e. (42°01) must emerge when m is very large. 
We easily find that 


a = 1 0?A = as? dig 4x OA OS ra 27 028 
A oq2 aq Ah aq, 04, ' fh aq, i 
thy {3 OA , 21 a? 


ane 06 (UNA OE CO 
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1 y/as\2 He Ty cia Nes S08 
L{amO(aq.) + (Y ~ sean a¥"4) + Fr] 


-if h OO he, ay aA h aa 


2rAm —4 OF, OY, 4m QnA at 
=(M—iN)p . . 2. ww wwe. (42-02) 
It is now clear mo if we adopt the equation 
h oy 
Vv? il 8 a yee oa ne 
or 
872m 4nmi ow 
Qayy — ee 7 
Vy 2 V iy 0, (42-03) 


we shall satisfy the requirement that Hamiltonian dynamics will 
hold in the macrophysical case (m very large). since M and N 
must vanish separately and M reduces, when m is large (compared 
with h), to (42-01). 

It sould be noted here that (42-03) is precisely what we get 
when we regard the left-hand side of (42:01) as an operator and 
replace each p,, or 0S/0q,, by the operator (41:97), and when 
we similarly replace dS/ot, which is equal to — H, by the 
appropriate operator (41:97), 

Since the right-hand side of (42:02), which we have written 
M —iN vanishes, it is clear that N must vanish separately. 
Thus 

h 0A 08 h h oA 


ae I itl «Ses li, =e ee 
27Am md OF OF, tn a 2xA at 


or with a very little reduction 
S *) 2 Da (A?) _ 
aD y—-—— ela aes = 
If we revert . is more usual notation for rectangular 


co-ordinates (x, y, z instead of q,, G2, 7s) we May write the equation 
in the form 


0(A?*) o(A*) 0(A?*) 
m0, et ay ee i 


“a e a = + m2) — 0 


=='.(), 
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and finally 


div (A*v) + a 


=0.| . . . (42-04) 


This is a very significant result. It asserts that a certain quan- 
tity whose density is A? and whose velocity is v is conserved. 
It justifies our use of A* dx dy dz to express the probability that 
the particle is situated within dx dy dz because it assures us that 


if |||? a dy dz = 1 at any instant, when the integration is 


extended over the whole region where A? differs from zero, it 
must also always be equal to 1. 


§ 42:1. SCHROEDINGER’s AMPLITUDE EQUATION 


When we take proper solutions of (42-03) for which the time 
factor is the exponential e~?"', so that y = ae~?""!, we may 
replace dy/dt in (42°03) by — 2mrvy. 

We thus obtain on substituting in (42-03) 


Vy i “(H — V)y = 0 
or since p = ae~2nut 
Vv w(H—Vja=0.) . . . (42-1) 


This is Schroedinger’s amplitude equation. 


§ 42-2. Tue SIMPLE HARMONIC OSCILLATOR 


It is appropriate to illustrate Schroedinger’s theory by 
applying it, in the first instance, to the case of simple harmonic 
motion. It will be remembered (§ 39-9) that Planck assumed 
the energy of a simple harmonic system to be nhv, where 1, is 
its frequency of oscillation and 7 is a positive integer, including 
zero. Schroedinger’s equation (42:1) for the present case is 


d’a | 8x%m oNe 
a “ar (H — Ga") = 0 -., (42-2) 
where a is the amplitude in the expression 
yess qe el 4 ym, w § (4227) 


1 Planck modified this in his later work to (n + 4)hy,, thus anticipating, 
as we shall see, the pronouncement of wave-mechanics. 
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vy is the frequency of the associated de Broglie wave and hy the 
energy of the system corresponding to the proper solution 
(42-21). 

It is convenient to replace the variable, g, by a new one, 2, 
so chosen as to simplify (42:2) to 


da 


Tn? +(R—-—a2)a=0.. . . . (42:22) 
We can do this by the substitution 
c= Bq, 


if we give to § a suitable constant value. On substituting we get 
d?a (sa _ ae) au 
dx? Bh? Bth? 
We must clearly assign to f such a value that 
4n?mu/Bth? = 1. 


da m| E 
pase 4 PE a AO Wega 
oe + (4n,/\5 x*)a 0, 


4nV mi / | = 2/0; 
where v, is the frequency of the oscillator, 


d?a 2H . 

mt ( aa = 0. - 3... (4223) 
The amplitude, a, in this equation is illustrated by Q in § 41:9. 
Just as in the case of Q the amplitude a has to satisfy certain 
conditions, namely, it has to be one-valued, finite and continuous 
for all real values of g between — o and + oo, i.e. for all real 
values of x between these limits, and it must approach the limit 


We thus get 


or, since 


ioe) 


zero when g (or x) approaches oo. Indeed, the integral {a dq 


0 
has to be finite so that we may make it unity by a suitable choice 
of the otherwise undetermined constant with which any solution 
may be multiplied. 

It is easy to see that 


will satisfy (42:23) when 

2h /hy, = I, 
so that a possible energy value is 

H = hy, /2. 
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To deal more generally with the problem we shall try to get 
solutions of the form 

@ = vez P 
where v is a (so far) unknown function of x. When we substitute 
this expression for @ in (42:23) we obtain 


Nod 2 
er A cee ae — 0, 
dix? ‘ 


dat 
where f = 2h/hy,. Hence we find for v the differential equation 
dy dv 
Se Og ae ER Ses. a <8 
Tx? a + [R — ljv =0 (42-24) 


Following a well-known method, we expand v in the form: 
V= a tax +aw* ta wit... .,, 

the coefficients, «, being constants which we have to determine. 
We then substitute this expression for v in the differential coeffi- 
cients dv/dx and d*v/dx? and substitute in (42:24). The equation 
is satisfied by equating the coefficient of each resulting power of 
z to zero. The coefficient of x”, for example, is 

(R — 1 — 2nja, + (n + 1)(m + 2)onag. . (42-25) 
This must be equated to zero. 

Thus there are in the expression for v two coefficients which, 
if we are only concerned in finding a solution of the differential 
equation (42:24), may be given any values we choose. We 
might for example give «, any value we choose, in which case 
all the «,, where s is even, are determined. Similarly the a, 
where s is odd might be fixed by assigning an arbitrary value 
to «,. Instead of proceeding in this way, suppose we assign the 
value zero to «,, in which case all the a, for which s is odd vanish, 


and the value zero to «,4, where n is any even integer we care 
to choose. Therefore by (42:25) we have 


(Rk — 1 — 2n)a, = 0. 
This equation will be satisfied even when «, itself is not zero 
provided 
R=2m+1. . . . . (42:251) 

or R— 1 = 2n. 
Equation (42-25) gives us further for this value of R — 1 

{2n _ 2(n ~_ 2) }on—2 aT (n a 1)(1)o&n = 0, 
or 4a,-9 + n(n — l)a, = 0, 
thus «,_2 is expressed in terms of «,. And so we may deter- 
mine all the «, for which s is an even number less than n. Further 


{2n — 2(n + 2) forge + (nm + 3)(M + 4)ony4 = O. 
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Since &,49 is zero, so also is «,,4 and therefore all the coefficients 
a, where s is even and greater than n. Thus we get for v a series 
with a finite number of terms in it, «,v" being the last one. 
Therefore the solution 
a= ety 

satisfies the requirement of being finite, continuous and only 
valued for all values of x between zero and infinity. We reach 
a similar result, of course, by proceeding in such a way that all 
the even «, are equal to zero and choosing F so that ” in (42-251) 
is odd. 

Equation (42:251) gives us 

H = (n + 4)hr. » oe ee (42°26) 

Only when the energy, HZ’, has one of the values (42:26) and 
for no other values of # do the particular (proper) solutions, a, 
of the amplitude equation satisfy the condition of being finite 
and continuous for all values of g and of approaching the limit 
zero when g—> ©. 

The result (42-26) differs slightly from that obtained by 


applying the old quantum rule pdq = nh, namely, H = nhr,. 


When the oscillator is emitting radiation, i.e. photons, the 
energy of each photon is equal to hy, where v is the frequency 
of the radiation, we have 

hy = (m2 + z)hvy — (m1 + Z)hro 
or Y = (Ne — 21)%. 
The only permissible transitions, as the correspondence principle 
has already indicated, are those for which », — n, is unity, 
so that 
VSD: 

How this emerges from wave-mechanics will be explained 
in § 4258. 

The functions, v, which have appeared in this problem of the 
oscillator are known as Hermitian functions. 


§ 42-3. THe ROTATOR 


Let us now study the case of a particle which is forced by 
constraints to keep to the surface of a sphere whose centre is 
fixed and suppose the particle subject to no forces except those 
due to the constraints. We may equate its potential energy to 
zero and consequently its Schroedinger equation becomes 


Ha=0 . . . . (42:3) 
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It is now convenient to ps the Laplacian V 2a, which in 

2 2 
rectangular co-ordinates is ¢ —— a os + es 
co-ordinates. This can Heke ne be done by applying Gauss’s 
Theorem (3-01) to the product V’ar*drsin 6 d@dd. This 


product is equal to the surface integral ods integrated over the 


in terms of polar 


faces of the volume element, n representing the outward normal. 
The surfaces of the element are: 


(a) rd0 x rsin 6 dd 


and a corresponding opposite one separated from it by the 
distance dr ; 


(b) rsinOdd xX dr 
and opposite it one separated by the distance 7 d0, and, lastly, 
(c) dr x r do, 


and opposite this a similar surface separated from it by the 
distance 7 sin 6 dd. 
Applying Gauss’s theorem, we get from (a) 


oa 
r do x rsin Op — rh 
or 
_ 2 ain 6 a6 dd 
Or 


and from the opposite face : 


\" a i mG 2 a sin 6 dO dd. 


Altogether from (a) and its opposite face 
a 2 da 
or? ' or Or 
If we divide by the volume element, r? dr sin 0 dO dd, we get the 
corresponding contribution to the Laplacian, namely, 
07a , 2 0a 
Or? or Or 


Similarly, from the face (6) and its opposite face we get 


: sa(i0 9 55). -.. (42-311) 


>" dr sin 0 dO dd. 


(42-31) 


r2 gin @ 00 ‘ae 
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Lastly, from (c) and its opposite face we similarly find as the 
contribution to the Laplacian 

] 07a 

r? sin? 0 a6? 

The complete Laplacian is therefore, in these co-ordinates, 

Batted OR ce 

Or?  rdér_ r*sin 6 00 00 r2 sin? 6 ad? 

In the case we are now studying r is constant and (42:3) 

becomes 
07a ,_ cos @ da 1 da . 8x*mr? 
30% | sin6 06 | sm?0ag2 | ha 


(42-312) 


(42:32) 


H.a = 0, 


or 
0’a | cos @ da l1 da 
202 ° sin 6 26 ° sin? 6 ge > A222) 
where 
872I 
= 73 EO... . (42-331) 


and f is the constant (moment of inertia) mr?. 
Following the usual method, we shall endeavour to find a 
particular solution 
a= O@® 
where © depends on 6 only and ® on ¢ only. On substituting 
in (42-33) and dividing through by the product 0.0 we get 


1 d?0 cos 9 dO 1 l1d’®@ 


Oi) Gantde ante oaar 
or 
sin?é6d?O  cosOsinOddO 1 d?@ sea 
6 mt o dt dageture=? 
We can satisfy this equation by 
1d ; 
oe Sent ew = Ow ED: 
& dg m (42-34) 
and. 


sin? 0d20 | cos @sin0dO ee ee 
a ana —5 —— 3 + M sin 6 = m2, (42-35) 


where m? is any constant. 

We require of a (= O®) that it shall be finite and continuous 
for all values of 6 and ¢ and, moreover, one-valued for all direc- 
tions. We must consequently make m? a positive integer, so that 

® = Boos (md — n), 
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where B and 7 are constants. The function ® will thus repeat 
its values when ¢ is changed by 2z. 
Turning to (42:35), we have 
d?Q cos6dO ( M m* 


dé? sind dé - gin? 5) 9 sl I 


and, when we represent cos 0 by x and substitute in this equation, 


d?2@ d® m? 
a ey a = 
(1 — 2?) 2x + (ar ay 


dx? dx 


This equation is dealt with in great detail in treatises on spherical 
harmonics. We can best deal with it by writing 


je —0. (4236) 


@ = (1 — x2)2v 
and substituting in (42:36). When we do this we get for the 
function v, the equation 


dy dv 
—_— 2 ae Viet aa — = e 
(l—«2 ) a8 2(m + 1)x Tr (M —m(m-+1))v =0. (42°37) 


We can find a solution of it by representing v as a power series 
in 2, just as we did in the case of equation (42:24). Thus we write 
v= taxrtaw?+aa~?+..., . (42:371) 
substitute this for v in (42°37) and equate the coefficients of 
each power of x in the resulting expression to zero. The coefficient 
of x” is 
{M —m(m + 1) — 2n(m + 1) — n(n — 1) }a, 
+ (n+ 1)(n + 2)a,49. . . . (42°38) 
This and all other such coefficients must vanish. Therefore all 
the coefficients of the even powers of 2 in the expression for v 
can be expressed in terms of any one of them which may be 
chosen arbitrarily. Similarly all the coefficients of the odd 
powers of x in the expression for v can be expressed in terms of 
any one of them. The expression for v is therefore the sum of 
two parts: one containing even powers of x and an arbitrary 
constant, one of the even «’s, and the other containing only odd 
powers of a and one of the odd «’s. 

Since the independent variable 6 is confined to the range of 
real values between 0 and za, the variable x ranges over the real 
values between + 1 and —1 only. Within these limits the 
function v must be finite, continuous and one-valued. We can 
secure this in the following way: let us take « to be zero, in 
which case all the even coefficients must be zero, since (42°38) 
must be zero. We may then, for example, choose that any one 
of the odd coefficients, say «,,9, is zero. The series for v then 
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consists of a finite number of odd powers of 2 ending with «,2” 
(n supposed to be odd). Equating (42-38) to zero, we get 

M=(m+n\(m+n+1) . . (42°381) 
Similarly we may, alternatively, choose «, to be zero, with the 
consequence that all the odd coefficients in the expression for v 
vanish. If now we choose that «,,9 (n being any even number) 
shall be zero, the resulting series for v again consists of a 
finite number of terms ending with «,«” (n being even), and 
once again we get (42-381). We may just as well write (42-381) 
in the form 


M=tl+1). . . . . (42+382) 
where / is an integer. 
Thus by (42-331) 
877] 
73 E=(l +1) 
Wl + 1)h? 
or EK = ney meek (42:39) 


This is the result anticipated in § 41-9. 


§ 42-4. Banp SPECTRA 


The simplest type of band spectrum receives an immediate 
explanation by this last result. We may regard (42:39) as 
expressing the energy of rotation of the molecules in a gas or 
vapour. ‘The integer, /, as we shall see in § 42-8, can only change 
by unity. Thus when a rotating molecule emits radiation (or 
photons) the energy of one of these is 


hy = {Ul + 1) —(b — 1LI}h?P/8x2T, 
if we assume that the moment of inertia, J, of the molecule does 


not change when such a transition occurs. Hence the possible 
frequencies of the emitted radiation are 

yv=lh/4n*I. 2. 2. 1. (4204) 
Thus such a spectrum consists of equally spaced lines (as measured 
by the frequency intervals). Such purely rotational spectra 
have been observed both as emission and as absorption spectra 
of various gases and vapours in the extreme infra-red. 

If we suppose the molecule to be capable of simple harmonic 
vibrations, as well as of rotation, we get an explanation of another 
type of band spectrum. The expression for the energy of the 
molecule now becomes 


(n + 2)hyy + Ul + Ih? /872I. 
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Both n and J can only change by unity (§ 42:8). When » is 
big enough the integer 1 may increase by unity in the emission 
of radiation as well as decrease. Thus we have for the frequency, 
vy, of the emitted radiation 


2 
hy = {(n +4) — (m+ DV + UE +2) - U0 + I} 
and also 
2 
4 Sa Dig a ie ay, 
872 L 
or 
y =v + (Ll + Ih /4r%l 
and (42-41) 
vy =v, — lh/4nl. 


The spectrum therefore consists of two branches, one corre- 
sponding to each of the expressions (42-41). The individual lines 
(which correspond to different values of the integer, /) are 
separated by the common frequency difference h/4x?J. The 
formulae (42°41) indicate apparently a central frequency, 7. 
The observations, however, while they confirm (42°41) in other 
respects, indicate that this frequency is missing. We can ac- 
count for this if we suppose that negative values of / are not 
permissible. Thus in the upper formula, where / represents the 
final value of the integer, » = », would mean / = — 1, while 
in the second formula, since 7 would have to be zero, the value 
of the integer before the transition would have to be — 1. The 
reason for the absence of negative values of J is given in § 42:5. 

The relative intensities of the lines in bands like (42-41) can 
be explained at least approximately with the aid of Maxwell’s 
distribution law (12:16). The intensities rise on either side of 
the position of the missing line, »), reach a maximum and then 
diminish. 

In addition to the two types of bands described above, still 
another type is well known, and indeed more familiar, since it 
is observable in the visible region. The classical example of this 
type is furnished by the cyanogen bands. Such bands are called 
electronic bands since their production is believed to be associated 
with electron transitions within the emitting molecule and a 
consequent change 1n its moment of inertia. The frequencies in 
these bands may be represented by 


y =v, +», +[rotational terms]. . . (42:42) 


The frequency », is the vibrational one of (42:41), while », is 
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the contribution due to the electron transition. The rotational 
terms arise out of 


Vie+ Dh Wl +h 


8x2’ BT 
which is the difference of the initial and final rotational energy 
after it has been divided by h, to give the contribution to the 
corresponding frequency. 
There are three cases: 


(1) @ =l+1, (RB) 
(2) U’=t—1, (P). . . . (42-43) 
(3) Uv =], (Q) 
They are referred to as the R, P, and @ branches respectively. 
They may be expressed as follows: 


(hk) v=» +y +a(l + 1) + 670 + 1), 
(P) v=»+»,—al + bP, . . (42-44) 
(Q) vy = % + + bl + OL, 


where 


and I’ and J are the molecular moments of inertia before and 
after the transition respectively. 

The vibrational frequencies are not necessarily simple har- 
monic. Their Fourier resolution, however, represents them as 
a superposition of simple harmonic vibrations whose frequencies 
are integral multiples of a fundamental one. There is conse- 
quently a band, the frequencies of whose components are given 
by (42-44); for every one of these vibrational frequencies. They 
form, collectively, a band system. 

When the integral values of J are plotted against the corre- 
sponding values of v, as calculated by (42:44), each branch, R, 
P,and Q, is represented by a parabola. The values of / are 
subject to restrictions similar to those associated with (42:41). 
The branch, #&, with the permitted values of / + 1 includes the 
apex of this parabola and thus explains one of the most char- 
acteristic features of these bands. The lines are crowded together 
at the apex of the parabola, R, thus producing the head of the 
band. 

The relative intensities of the lines vary from one value of 1 
to another in a similar way to that mentioned in connexion with 
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vibration-rotation bands (42:41) and the line for which J = 0 is 
also missing. 

The vibration-rotation bands of HCl (in the infra-red) show 
each line accompanied by a neighbouring weaker one of lower 
frequency. This is accounted for by two separate values of the 
vibration frequency v) In consequence of the fact that there are 
two isotopes of Cl, namely, Cl,;, and Cl,,. The former, having 
a smaller mass, has a correspondingly higher »,. The relative 
numbers of these isotopes is Cl;;: Cl;, = 3:1, and the corre- 
sponding intensities are in accord with this ratio. 


§ 42-5. KepterR MoTion anD THE HYDROGEN SPECTRUM 


Let us imagine a fixed attracting centre (nucleus) with the 
positive charge Ze. We may think of e as the elementary 
charge, approximately 4:78 x 10~1° ordinary electrostatic units, 
and of Z as a positive integer, the atomic number. In the field 
of this nucleus is an electron with the charge e’ 


(e’ = — 4:78 x 10°" O.ES. units). 
The potential energy of such a system is 
V = Zee 
r 


if r is the radial distance from nucleus to planetary electron. Or 


2 
V=— ss (42-5) 
Schroedinger’s equation for this system is therefore 
R72 2 
va + at +a =0,. . . (42:51) 


m being the mass of the planetary particle. This equation can 
be written (cf. 42°32) 


a 2001 a, cosd oa, 1 ata 
dr? r Orr? 002 r®?sin@ 00 r2sin? 6 ad? 
872m Ze® 
+ (w+ Ea =o. _, (42:52) 


We naturally seek a proper solution 
a= RO®, 
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in which, as in § 42:3, © and @ are respectively functions of 
O and of ¢ only while & is a function of r only. On substitution 
in (42°52) we get 


d2R dR hae) cos 8 dO 
OF 7s ag = 00 r ROG + os Lar} 
1 d2@ B 
7 state dae (a1 ¥ ; )ROo i 
where 
_ 822m 
==>. 
shades . (42-53) 
yo ee eee 
h2 
Therefore 
1 dR 2 dk 1 @O , cosd 1 dO 
Rd '7R dg ' 6 do? | snd 6 do 


] 1 d*®@ B 
T sain? 6 @ ie + (M+) ai 
Just as in the case of (42°34) we can get a particular solution 
by equating 
1 d?@ 
® dg? 
where m may be any constant if we are merely concerned in 


obtaining a solution. But the same reasoning which, in § 42:3, 
required m to be integral applies here. Thus 


1 d?Rk 2 dR 1 d*0 cos @ 1 dO 
R dr? ' rR dr | 720 d@? | r2sin6 © dé 


cia + (1 +2) =o, 


to —m*, . . . . . (42:54) 


— f2 gin? § 
or 
rR @wdR, , 1 do 
Rae Roa Pe ne Ber 


cos 9 1 dO m? 
sn6@0d6  sin?6 

This equation can be solved by writing 

r2 d*@R  2rdR 

R dr? R dr 

1 @0  cos#1 dO m? 

6 do? ' snd Odd sin?6 


+rmM+rBb=L 


and 
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where IL may be any constant if we are not concerned with the 
character of the solution. But the same argument which made 
the constant M in (42-351) equal to l(l + 1), where / is an integer, 
applies here and we shall write 


B21 ay, 
Consequently 
@R 2 dR Bo Ulti\, _ 
lt Ft (e+e Ta) = 0. _ (42-55) 


As a guide, let us find the asymptotic solution for r—» oo. In 
this case (42°55) simplifies to 

d?R 

—_ + MR=—0 

dr? T 
and a particular solution is 

R = etvV—M1r, 
Let us first take the case where #, and therefore also M, is 
negative. From the classical point of view this is the case in 


which the electron travels round the nucleus in an elliptical 
orbit. Of the two possibilities in the last equation we must take 


Ri =.67 Va Mir, 
so that R may approach zero as r approaches infinity, and the 
suggestion naturally arises that we should try to solve (42:55) by 
R= e~V—Mirv, 
or R= ey, 
where v is some, so far unknown, function of r and where 


a=V—M. . . . . (42-551) 
Writing v’ for dv/dr and v”’ for d*v/dr? we have 
aR = sey 
| ae yn + e~%, 
and ee = ¢2e-%y — Que—y’ + emery’, 
dr? 
Hence on substitution in (42°55) we obtain 
d*y 2 dv B-—2 Il+1)\\\ _ 
+ (- 2a) i ( “ap =0. . (42:56) 


To find a solution of this equation we might, as we have done 
before (cf. § 42:2), write 


v=b, + by + ber? + bar? + eo 0 6 4 
but it is better to write v in the form 
OSD fe 0 agree Der es 6 ay 
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v being a certain positive integer and b,, 6,,,, suitably chosen 
coefficients. By differentiation we obtain 


v= vr ttvtlbyyw t+... 
and vv! = (vy — 1)ybrr 2? + oy + Dba t tw. 
in which v’ and v” mean respectively dv/dr and d?v/dr2. We 
substitute these expressions in (42°56) and equate the coefficients 
of the powers of r to zero. The coefficient of r’—2 is 

{»(» — 1) + 2v — Ul + 1)}, 
and since, by hypothesis, }, is different from zero 
y=lor — (1+ 1). 


We are unable to adopt » = — (1 +1) since this would make 
v approach infinity as r approaches zero. Therefore 
yooh. . . 1. . (42557) 
Consequently 
v= br + byw ttt byortt? + 2... ~~. ~~. «(42-58) 


The coefficient of r’+s—1, i.e. of '+8—! in the power series obtained 
by the substitution in (42:56) is 
{d+ s)\i+s+1)4+ 20 +s +1) —1l 4+ 1) }by5414 

+ {(B — 2a) — 2a(] + s)}B4,5. . . (42°581) 
This must of course be equated to zero. If now we choose « 
so that 


(B — 2a) — 2a(. +s) =0, . . . (42582) 
(cf. § 42-3). The coefficient 0,,,,, (and indeed all succeeding 


coefficients) will vanish, so that the expansion for v ends with 
the term 


Diss gyits. 
It follows, therefore, that v and consequently # will be finite 


and pontinueus for all values of 7. 
From the condition (42:582) we get 


1 = B 
— «Oo +s +1) 
or in consequence of (42:53) and (42°551) 
2m TZ 2e4 
oie, gn ew CSD) 


(I +s + 1)?h? 
This the familiar expression (40-84) for the energy values of 
hydrogen-like atoms. It will be noticed that the quantum 
integer / arose in connexion with the polar angle, 0 (cf. § 42:3), 
and it is obviously confined to positive integral values, including 0. 
The integer, s, on the other hand, has arisen in connexion with 


§ 42-6] OUTLINE OF WAVE-MECHANICS 227 


the radius vector, r. Thus s is the integer n, of § 40°8 while 
t+ 1 can be identified with na, i.e. with Bohr’s &. The integer 
1 may take the values 0, 1, 2, ... or & may take the values 
1, 2, 3, ... Now a given value of s +12+ 1 can be built up 
out of various values ofsand/. Forexample, whens +1+1=83 
we have the following possibilities 

s = 0 with / = 2, 

g=1 , b=, 

S22; ==), 
Therefore several different sets of proper functions can be associ- 
ated with the same value of the integer s +1-+ 1. In the old 
quantum theory this case was called degenerate (German: 
entartet; cf. § 40-9). 

We have just learned that in the case where F is negative 

(elliptical orbits in the classical theory) the energy values are 
discrete and indeed they are in agreement with the values derived 


by using the quantum conditions b pq, =n, of the older 


theory. When £ is positive (hyperbolic orbits of the classical 
theory) all real and positive values of H# are possible. This 
theoretical result, which also emerges from the quantum con- 
ditions of the older theory, has its observational counterpart in 
the continuous hydrogen spectrum. 


‘ § 42-6. ORTHOGONALITY OF PROPER FUNCTIONS 


Let us write Schroedinger’s amplitude equation (42-1) in the 
following way : 


V7a + Ca = 0, 
where 
8702 
C= - (H — YV). 


If a,, and a, are two proper functions satisfying this equation, 
then 


2 = 
V a, = Cin 
and Va, = — C,a,. 
Thus 
On V An a anV An 
7 (Cn _ Cr )OnGn, 
Se? 


h2 (Ly, axe Bi )G,Gp- 
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Let us substitute a,, and a, for U and V in Green’s formula 
(3:12). We thus obtain 


Sze? 


“Fr tim — Ba)| lana, de dy de = ([((aq grad a,, d8)) 


= {| (Gn grad a,,, dS)). 


All such functions as a,, which are associated with discrete 
proper values diminish at least as rapidly as 1/r for large values 
of r, where 7 is the radial distance from the origin of co-ordinates. 
If, therefore, the volume over which the integration is extended 
be pushed to the limit infinity the surface integral will approach 
the limit zero. Therefore 

82?m 


h2 (Z., a B,)\ | (ana dx dy dz — 0. 


When m +n the difference H,, — EH, is not zero, consequently 


[| (nan dx dy dz = 0. 
[| fans dx dy dz 


is obviously not zero, and the otherwise undetermined factor in 
each a, is chosen so that this integral is equal to unity (cf. § 41-8). 
Therefore finally 


Now 


[| fancn dx dydz =1, m= Nn, 
O,m~n.. . . (42:6) 


When the constant factor in each a,, is chosen in this way these 
functions are said to be normed (or, more usually, normalized) 
and we call such functions orthogonal functions (cf. § 4:2). 
The simplest examples are the cosines and sines which appear, 
for example, in the problem of the rotator when there is only 
one degree of freedom—i.e. one independent variable. 


§ 42-7. SCHROEDINGER’S INTERPRETATION OF THE 
FUNCTION 


Each proper solution of the wave equation, », for example, 
is a product of a Schroedinger amplitude a,, and an exponential, 
e~2niv,!, and obviously the p,, like the a,, are orthogonal func- 
tions. We may therefore express the general solution (or any 
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solution) of the wave equation as a ‘ Fourier’ expansion in ¥,, 
Wa... Yn, ete. Thus 


= + Yi + pot... ., 
the coefficients «, «1, %, etc., being constants so that 
y= Ay +. ae 2nint + a,e~ 2rivst + aes 
in which the amplitudes a are identical (apart from a constant 
multiplying factor) with the amplitudes @ in Schroedinger’s 


amplitude equation (42-1). It is convenient to introduce the 
complex quantity y which is conjugate to p, namely, 


y =) + Ge*rnt + G@,e27iral BS a: eens 


in which @, d,, da, etc., are conjugate respectively to a, a1, Qe; 
etc. On multiplication we get for yy an expression in which 
the individual terms contain exponentials, e?™* and e~?", in 
which the e include the fundamental frequencies 7, v2, e or 
y,,, ete., and their differences v, — »,, v1 — v3, . . Sen ae 

- ete. Schroedinger very naturally identified ne fre- 
quencies with spectral frequencies and thus provided a beautiful 
explanation of the combination principle of Ritz. In order 
to keep as close a contact as possible with classical theory, and 
with Maxwell’s theory in particular, he supposed the electron (in 
the hydrogen atom, for example) to be spread continuously over 
the region round the nucleus and identified the product yy with 
the electric density. It was probably this interpretation of wy 
rather than reflections like those of § 41°8 which led to the later 
view that pp dx dy dz should be interpreted as a measure of the 
probability that the electron is in the volume dadydz. The 
frequencies which in the older quantum theory were ascribed to 
transitions from one stationary state to another now appear as 
oscillation frequencies of the quantity yp. The term transition 
is of course still appropriate, but not in Schroedinger’s original 
theory in which radiation was not regarded as a corpuscular 
emission, but something very closely resembling the classical 
conception of it. 

To find an expression for the amplitude of the vibrations, 
parallel to the X axis, for example, in the emitted radiation 
Schroedinger formed the corresponding component of the electric 
moment of the atom, namely 


{| (0 dx dy dz, 


or, since he identified the electric density, p, with py 


{| \=7 dx dy dz, 


TL} 
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and he naturally associated 


[ffovat ted 


with the frequency ¥,, — v,. The corresponding amplitude is 
i | | [24nd dxdydz. . . . (427) 


We can still retain this formula while rejecting Schroedinger's 
interpretation of the meaning of yy. The present interpretation 
of wy as a probability of course leads to the interpretation of 
Lmn a8 the probability of a transition from the state m to the 
state n. Similarly we must regard 


vam = [| [ann dx dy dz, 


or its real part, as the probability of a transition in the opposite 
sense. 

The quantities 2,,,, suitably arranged, constitute one of the 
matrices, namely, 


Hii, Viz, Uy3, - - + Vin s+ - 
Co1, Vee, Veg, - + + Lan + « - 

(42:71) 
Lis C2, Umar + +> + Smn > > > 


Lm +1) 1> Lm+s 2 Lm +19 Ba. “Si 1-18 Lm+1s a 


which we shall meet in the chapter on matrix mechanics. It 
is easy to see that 

mn = Lam: 
We have, for example, in the integral expression for 2,,, the 
product a,d,, which may be written in the form 

c,etrincg, e- tm, 
in which c, and c,, are real, or 

Cy Ce ym) ; 
and when we form the corresponding product in the integral 
Lmn We get 

CC em = 1") 
and the two expressions are obviously one the conjugate of the 
other. Matrices like 42-71, whose components have this pro- 


perty are called Hermitian matrices after the French mathe- 
matician Hermite. 
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§ 42:8. SELECTION AND POLARIZATION RULES 


It has long been known that while the frequencies observed 
in the spectrum of the radiation emitted by an atom (or molecule) 
are differences of terms characteristic of the atom (or molecule) 
the converse is not always the case. Bohr derived selection rules 
by appealing to his correspondence principle. For example, 
his quantum number k (§ 41) or n, (§ 40-8) could only change 
in any transition by +1 or — 1. A transition in which & did 
not change at all, or changed by some other amount than + 1 
or — 1, being forbidden. Similarly, appeal to the correspondence 
principle in the case of a simple harmonic emitting system 
restricts the possible transitions to those for which the quantum 
integer changes by + 1 or — 1. 

We shall now show, by reference to some special cases, how 
this question is handled by wave-mechanics. Beginning with 
the simple oscillator, the Schroedinger amplitude for the frequency 
Vy — My 18 


-+ 09 -- 00 
i | 2nd, diz = | ean, dx, - . (42:8) 
— —o 


if we use the expressions for the amplitudes given in § 42-2 in 
which complex numbers are not used, so that @, =a,. When 
we substitute for a,, and a, the expressions given by the method 
of § 42:2 we have 


+00 
ae ee [e-*rn20, dx. »  .  « (42°81) 
Now xv, is a polynomial in x of degree n + 1 and we may, 


SINCE Vo, Vi, Vz, etc., are polynomials of degrees 0, 1, 2, etc., respec- 
tively, expand it in the form: 


LVy = AKqVo +- KV, + Kero + he Gh we +- bn+1Un4-1- 
Thus (42:81) becomes 
+00 
—y? 
lnn = fe of {%oUmVo fs An V1 a eae a AnYmUn ae bn+1¥mUn+ dx. 


All the integrals in this sum must vanish except that one (if 
there is one) for which the two subscripts are equal. It is clear 
that when m>n the integral can only differ from zero when 
m=n-+1. Similarly when n > m the amplitude z,,,, can only 
differ from zero when n =m+1. The only other possibility 
is that for which m =n. In this case we have an integral 


232 THEORETICAL PHYSICS [Ch. XI 


extending from — o to + o and containing only odd powers 
of x. It therefore vanishes. Thus the only non-vanishing 
amplitudes are those for which 


m—-n=+l1or —I, 


or, in the language of the older quantum theory, the only pos- 
sible transitions in the case of the simple harmonic oscillator are 
those for which n in the expression H = (n + 1/2)hy changes by 
+ lor —l1. 

Turning to the rotator, we may regard it, as we did in § 42:3, 
as a particle of mass m whose motion is constrained to be confined 
to the surface of a sphere. Its rectangular co-ordinates are 


x =rcos 8, 
y = 7 sin 0 cos ¢, 
z = yrsin 6 sin 4, 


and r is a constant. We can simplify our investigation by 
combining y and z in the complex expression 


C=y+iz=rsin be* 


and by introducing the corresponding complexity in the factor 
® of (42-34) which occurs in the amplitude a. That is, we write 
® in the form 
@ = Bem 
instead of 
® = Boos (md — n). 


Thus the X component of the Schroedinger amplitude, % i». »,m’; 
| i do. +. (42-82) 
0 


where do is an element, namely, r? sin 0 d0 dd, of the surface of 
the sphere of radius 7. This integral contains ¢ in the form 


20 


jeer dd 
0 


and consequently vanishes except when m =m’. 

Vibrations parallel to the X axis can only be found in the 
emitted radiation, therefore, as a consequence of transitions in 
which the integer m does not change. In such transitions the 
emitted radiation is polarized in the sense of having its vibrations 
parallel to X. 


1S vy m,; l,m’ 


o— 3 
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For all directions perpendicular to X we have the moment 


m™ 21 
Pennie | \? sin ea, diy: do, (42-83) 
0 0 
so that this integral‘involves ¢ in the form 
2x 
Jetttetin—m dd 


0) 
21 


or iad 1)> dd. 
0 
Therefore ¢) »;1,m Vanishes except when 


m=m +]. 


The radiation emitted when this moment does not vanish, Le. 
when m =m’ +1 will, quite obviously, be circularly polarized 
as viewed in the direction of the X axis or if viewed along direc- 
tions perpendicular to the X axis it will appear polarized as if 
its vibrations were perpendicular to the X axis. 

We have next to inquire what restrictions have to be imposed 
on J and J’ in order that the moments (42-82) and (42°83) shall 
not vanish. Beginning with the former, we note that m must 
be equal to m’, so that it becomes 


te 2re 


Lime l'm = {fea m OU, m do. 


00 
The part of this involving 6 is 


\? 220) mOr, m sin 6) ao, 


0 
TT 


or 70, mOr, m Cos 6 sin 6 dd, 
0 
or finally 
+1 
| YO, mOv.mdy, . « « . (42-84) 
cae! 


if we drop out the constant factor r? and represent cos 6 by y 
—it is of course usual to represent cos 6 by x, but in the present 
investigation x has already another meaning. 
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Now 
Or am oa (1 pas y?)20, m) 
where v is the expansion (42°371) and 1 =m +n, where n is 
the exponent of y in the last term of the expansion (cf. 42-381 
and 42-382). We have therefore for (42:84) 


+1 


\( L yPyrry, m(YPr, my 
=| 
and, assuming | >I’, we can deal with it exactly as we dealt 
with (42°81) and establish that all the integrals in the expansion 
vanish except that for which 
t=l+] 
or, if l’ is greater than 1, 
lu =1+ 1, 

The case | = l' obviously, as in the case of (42°81), makes 
the integral vanish. Precisely the same result emerges when 
we study the other moment (42°83). The only permissible 
transitions are therefore those for which 


m—>m 


m+1 

Wet es & op Ro (42-84) 
12 L+1 
“1-1. 

These rules (42°84) apply to the Kepler case also. In par- 
ticular, the integer, J (which is identical with k — 1, where k is 
the angular momentum integer in Bohr’s theory), must change 
by +1 or —1 (cf. § 41). The integer m does not appear 
explicitly in (42-59); but it is in fact part of J (cf. 42-381 and 
42°382). It is the integer which appears in the theory of the 
Zeeman effect as Sommerfeld’s magnetic quantum number 


(§ 41-2). 


CHAPTER XII 
MATRIX MECHANICS 


§ 42-9. OBSERVATIONS ON THE NATURE OF MICROMECHANICS 


WE have approached the subject of the mechanics of very small 
scale physical systems from the starting-point of the remarkable 
analogy between classical dynamics and geometrical optics— 
regarding light for the purposes of the analogy as an undulatory 
phenomenon. Micromechanics emerged when we expanded the 
analogy beyond the limits of geometrical optics so that it became 
one between optics, in the widest sense of optics, and dynamics. 
This naturally involved the representation of each particular 
mechanical system by a partial differential equation analogous 
to that which describes the propagation of light (or other) waves. 
Hence the name wave-mechanics. 

About the time when de Broglie initiated wave-mechanics 
and before Schroedinger made his great contributions to the 
subject W. Heisenberg published a description of another, and 
apparently totally different, form of quantum mechanics. He 
was inspired mainly by Bohr’s earlier work and especially by 
his correspondence principle, but also by a principle insisted on 
by the Viennese physicist, Ernst Mach, which can be traced 
back to Newton’s hypotheses non fingo and which forbids the 
introduction into a theory of symbols representing anything 
that cannot be regarded as observable. 

In order to bring out the familiar result known as the com- 
bination principle Heisenberg introduced into his quantum 
calculus a rule of multiplication formally identical with the 
rule for multiplication of matrices, and since its further develop- 
ment by Born and Jordan involved the deliberate use of matrices 
the term matrix mechanics is often applied to it. Notwith- 
standing its very different outward form it appears to be funda- 
mentally identical with wave-mechanics. The relationship 
between the two may fairly aptly be compared with that between 
the full analytical treatment of an old-fashioned dynamical 
problem, and the more abbreviated treatment of it by the methods 
.of old-fashioned vector analysis, the latter corresponding to 
matrix mechanics. 
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Independently of Born and Jordan and still earlier P. A. M. 
Dirac developed Heisenberg’s mechanics in a way essentially 
identical with that of Born and Jordan, but without insisting 
that the non-commutative products characteristic of Heisen- 
berg’s mechanics were necessarily products of matrices. Where 
Born and Jordan speak of matrices Dirac speaks of ‘ q ’ numbers 
which he distinguishes from ‘ ordinary’ or *‘c’ numbers. All 
the ‘q’ numbers which have any significance for physical obser- 
vations are in fact matrices, so that his form of mechanics is in 
fact matrix mechanics. 


§ 43. H&ISENBERG’Ss MECHANICS 


We can best approach matrix mechanics and appreciate its 
relationship to wave-mechanics by starting out from the latter. 
We regard every p and its conjugate q as operators which operate 
on a function y, the wave function (cf. § 42). In fact, the wave 
equation is set up by replacing each component of p by the 
corresponding (h/2n1)0/éq. Now consider the expression 
(d/o0q)cey which represents the result of first multiplying y by z 
and then differentiating the product partially by gq. Clearly 


ri) Ox 

ag 4 ae 
The brackets on the right indicate that 7 differentiation 0/0q 
within them is confined to x. Therefore 


0 _ roy —-(% 
aq Aq! aq)" 


; a fax 
at — 3 = (5): - oe. (43) 


If now we replace the operation 0/dg by its equivalent (277/h)p 
we get 


ast. 


Tp ~ xp) = ( -.. (43-01) 

q 
This equation would have no sense if we were to regard p and 
x as numerical magnitudes in the common acceptation of such 
a description. It is because » and x in (43-01) are operators 
in a wider sense than are ‘ ordinary numbers’ that px — xp is 
not in general a null symbol. The products px and xp are in 
general different. They do not conform to the commutative 
law of ‘ ordinary’ algebraic products, or, to adopt a mode of 
expression which has become usual, p and x do not commute 
with one another. 
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It must be emphasized that p and q in (43:01) are conjugate. 
That is to say, when q is the positional co-ordinate q, the » means 
the corresponding momentum p,, or the operator (A/221)0/0q,. 
So we have 

2700 Ox 


(Pat — 2p,) = 0, » . « (43-011) 
and if x happens to be gp, 
Omi _ oq fl, B= 
pala — taba) = Slt = fo) 5 ‘. _ (43°02) 
Similarly 
270 
= —(PaPp — PpP2) = 0 . « . (43°021) 


whether 8 = « or not. 
The classical analogue of (43-011) appears to be 


Ox 0% OD, Ox OD, 


aq, 4, Op, OP, O44 
It should be noted that the independent variables in this equation 
are the p’s and q’s, so that dp,/dp, = 1 while dp,/dq, = 0. 
We prefer to write this equation in the following way : 


(43-03) 


The expression 
yizess2 
I \ OD, 24, Oy Oe 
is Poisson’s bracket expression for uw and v. We shall there- 
fore call the expression (43-011) a Poisson bracket expression, 
following Dirac’s usage, though it is not strictly analogous to the 
classical Poisson bracket expression which involves a summation. 


We shall abbreviate the statement of (43-011) by 


0x 
[pi] og: ee (43-04) 
so that [p,7] is an abbreviating symbol for (227/h)(p,« — xp,). 
Similarly by analogy with (43-03) 
ox 0x AQ, 0x Od, 


Op. OP. My Oda Py 
and by comparison with (43:04) 


_ Digs 9) — a (43-05) 
h Va Va = CDs 
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If in this equation we substitute {2 for x we get 


2 7} 
F(a ~ dtp) = Ho "+. (43-06) 


du ox dq, ox dp, 
B~ Dan a + xt 2s 


at = 
The Z in this equation is the analogue of a certain constant 


quantity in classical] dynamics and we must consider what 


of the matrix » IS Xn, the first subscript, m, indicating the row 
in the matrix, while x indicates the column. In the product 


LY =z 
of the two matrices «and y, the rule for multiplying is expressed by 
Zan = Lin Yrn [summation with respect to ke], 


as we shall see in the following section, and all the matrices 
which concern ug contain the time jn the way indicated by 
the equation 


— ary. —» 4 
enn = amne ome 


in which Y, and », are constants. Hence 
= xiv, Vin ne (43-08) 


We shall regard a, Matrix, x, ag constant when Ann /dt vanishes, 
whatever values the subscripts m and ”“ may have. For 
constant matrix therefore 


221(Y,, a n)Emn = (0 
and consequently every x,,, for which ” =n must vanish. 
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Such a matrix has therefore only diagonal elements. We 
conclude that the energy H, being a constant, must be represented 
by such a matrix. 

From (43:07) we have, whether x is a constant or not, 


: 271 
2700(Vin a Vn) aren as F(A nic®ien 2) LmyH an) 


in which we must sum with respect to k&. Since H is a diagonal 
matrix the summation yields 


2701 
2702 (Von =F a Eo =e (Am Fa eS) hea 


and consequently 

Yn eS (aim ~% Ayn) /h. ‘ : (43-09) 
This equation expresses at once both Bohr’s postulate about 
spectral terms (cf. §§ 40-5 and 40-6) and the combination 
principle of Ritz. It should be noted that 1 (unity), in (43: 02), 
for example, is a diagonal matrix, each of whose elements is 
equal to the ‘ ordinary’ number 1. It has the characteristic 
property that we associate with unity, namely, 

Lee A 


where x is any other matrix. 


§ 43-1. MatTRIcES 


Consider the linear equations 


Yr = AynY1 a AieWo + hi3Y3 +. i, 
Pe = eiY1 + Gea. + AesY3 +. . 


ue = ae = mae a ake ce (43-1) 


When we sphiciats fiigia by tine 
wo =ap . . . . . (4311) 
a is called a matrix and written 
ity Cig, Gigt & 
B= Neds Deas: Cay oe 
sig Cgay Was, ese 


or in some similar way, while W is treated as if it were a vector 
in a rectangular system of co-ordinates. Similarly we may write 


pb” = by’ = bap = cf 
and since 
y;, = a,;y; [summation with respect to 7], 
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while 


wy,’ = by,’ [summation with respect to 7], 
therefore 
y, = b,a;y; [summation with respect to 7 and 4]. 
But 
WY, = Cyp; [summation with respect to 7]. 


We see, therefore, when we compare the last two equations, how 
the rule already mentioned in the preceding section is derived. 


§ 43-2. StTarEs AND OBSERVABLES—PROPER VALUES 


In wave-mechanics the proper (eigen) solutions are very 
prominent and are in fact solutions of the partial differential 
equation (the so-called wave equation) or of Schroedinger’s 
equation possessing the property of orthogonality. Such solu- 
tions have been derived in §§ 42:2, 42:3, and 42:5. The general 
solution, y, which represents, in modern terminology, the state 
of the dynamical system is expressed as a “ Fourier’ expansion 
in terms of the proper y’s. In matrix mechanics no analytic 
representation of yw and of the proper w’s appears explicitly. 
Indeed, we have no differential equations at all. Instead we 
adapt to our purposes the formulae of classical dynamics by 
representing the observables, e.g. energy, momenta, positional 
co-ordinates, etc., by matrices and by replacing differential 
operations by certain analogues of the classical Poisson bracket 
expressions as explained in § 43. 

The proper functions of wave-mechanics are represented in 
matrix mechanics as if they were the components of a vector 
in a rectangular co-ordinate system. Thus instead of the proper 
functions y,, w., etc., of wave-mechanics we have the com- 
ponents ,, yw... . of a vector. The orthogonality of the 
proper functions of wave-mechanics appears in matrix mechanics 
as the vanishing of the scalar products 


(pip), (paths) or (PnP) 


where m +n. Indeed, we sometimes speak of proper vectors 
rather than of proper functions. 

It is characteristic of a proper vector that an operator merely 
changes its value and not its direction, and we identify the ratio 
of the new value to the original value with the proper value or 
values of the operator, i.e. of the observable. Thus the operator 
q transforms the vector into a new vector ’ as follows: 


Pr = QirYr + QiaPe2 + Qisyps +... 


Wo = Jo1P1 + JoeP2 + JesYs +... - 
Ws = TsiY1 + Tsa2Wea + TastPs -- be. wee te 
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and if it happens that W’ is equal to cp, where ¢ is an ‘ ordinary ’ 
number, we obtain 


(Qiu. — C)Pi + di2Y2 + GisW3 +... = 9, 
JarY1 + (Cea — C)W2 + Joss +... = . 


Gap. + UseP2 + (Ys3 —C)Y3 +... 


Hence we find for c the equation 


dit — ©, Qi; 713) 5 es 
J21) Yes =—=G, J235 ee 0. (43:2) 
31> T3325 OnegceerGs Gene 


The values of c which this equation yields are the proper values 
of the operator g. It will be noticed that when all the elements 
of the matrix q, except the diagonal ones, vanish the diagonal 
elements represent the proper values. We have already noticed 
that this is so in the case of the energy matrix H. 


§ 43:3. ANGULAR MomENTUM—PauvLi’s MATRICES 


As an illustration of matrix mechanics we begin with the 
rotator whose axis is fixed. Just as in § 41:9 we make use of 
the fact that the configuration of the system is repeated when 
the angle, 6, increases by n2x where n is any integer. 

If we replace x in (43°011) by e’® and q, and p, by 0 and p 
respectively, we shall have 


20, , 3 
j (pe? a en) = nem. 
b 


Each side of this equation is a matrix and we may equate the 
corresponding elements—for example, the element distinguished 
by the subscripts a, 6. Thus 
a Dacle™ a =. (e"")acDeo } = ni(e?)ap. 
The observable p (angular momentum) being a constant can be 
represented by a diagonal matrix. Therefore only the elements 
Pag and p,, can appear in the summation with respect to c. 
Consequently we get 

27 = 

F (Paw = Pvp) = Nn, 
or 

Paa — Poo = nh/2n. 
Thus we may conclude that 


p = (n + a)h/2x 
where « is a constant and n is an integer. Positive and negative 
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values of n in this equation correspond to opposite senses of 
rotation and it is clear that equal numerical values of 2 must 
represent equal numerical values of ». It follows therefore that 
(n + a)h/2a% = —(—n + a)h/2n. 
Hence « = 0 and we get finally the result we have already found 
(§ 41:9) by wave-mechanical methods, namely, 
p = nh/2xn. 


While we are dealing with angular momentum we might 
consider the case of a particle moving round a fixed centre under 
the influence of a force directed to or from it (cf. § 5:4). The 
classical expression for the angular momentum M of the particle is 


M=rxp 
in which p means the ordinary translational momentum of the 
particle, r means its distance from the fixed point, and the symbol 
x is employed to indicate a vector product, since we now require 
the brackets [ ] to represent the Poisson bracket expressions of 
§ 43. 
Such Poisson bracket expressions as [M,, M,] are of special 
interest. 
[M,, M,,] aan (yD. — 2Py, Py — x“p,; 
= [yPz» 22] — [yPz, &P2] — [Py 2P2] + [Py Xz], 
= [YPzs 2D,| 3 [z2p,,, LP, | 
since the brackets with the negative sign have commuting 
factors. Thus, for example, 


274 
[yp., xp,| = ze {YP-XP, — LPP, } 


2712 


=a, {(yx — xy)p,*} = 0. 


Therefore 
[M.,., M,,| == YP.[ Pz, z] a p «lz, Pz); 
= (YD, — XPy)[Pz; 2). 
and. 
[p., 2] = 1 

by (43-02). So finally 

[M,, MM, craaeitd M, 
and similarly 

[M,, M,) = — M,, (43:3) 

[M,, M | -— M,. 
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We can also show that 


[M,., Py] = — Pz; 
[A,, Px] = — Py: 
Indeed, 
[M,, Py] = [yP. — 2Py) Py] = LY Dz; Pyl o- [zpy5 Py). 
The second of these bracket expressions vanishes since the 
factors of the products in it commute. Therefore 


[M, Dy] am ply, Pyl 
=. = PLP, y] 


2701 
fan Dz- Ft Pu = YP, } 


= — Pz. 
We might indeed have inferred the results (43-301) from the 
fact that the formal relationships of classical differential coeffi- 
cients such as 0/,/dy are preserved in matrix mechanics. In fact 


— [M,,, Dy = [Py M,| 
represents 0M,/dy, and since 


M, = YP, — 2py 


We may note further that 


[M,, y| a eS 
[M,,2] = — 2, » . « « (43°302) 
[M,, 2 Y; 

and leave the proof to the reader. 

Further 
[M,, Zz?) = Lyp. — py; 2] = [YDe; z?] = 2y2, 
while 
[M,, y*?] = — 2y2z and [M,, x?] = 0. 
Consequently 


[M,, x* + y? + 27] = 0 
or (M,., r?] = 0. 

The angular momentum components M,, M,, and M, there- 
fore commute with r? and consequently with r and functions of 
r. We can similarly show that the angular momentum com- 
ponents commute with p? and they must therefore commute 
with the Hamiltonian energy expression 


Pp? 
by + AME), 


where f(r) is the potential energy function of the central force. 
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Finally, then, 


Otherwise expressed, M is a constant, as we might have other- 
wise anticipated. 

This discussion of angular momentum as it appears in matrix 
mechanics will help us to describe and understand the spin 
momentum which Uhlenbeck and Goudsmit ascribed to the 
electron in 1925. According to them every electron has an 
angular momentum equal to one half of the unit h/2x. It 
belongs to the class of observables and must therefore be repre- 
sented by matrices. We shall represent its components by 


8,h/2n, syh/2n, and s,h/2z. 
Therefore by (43-3) 


h? h 
dale) = ~ Srp 
or le Bt ey SS. }-= gal! 
4n2? fo 7 Y are “On 
and therefore 
S8y — SySz = 18, 
SyS_ — 8,8 = Wy » . « « (43°31) 
8,8, — 8,8, = By. 


We shall for convenience use o to mean 2s, so that 


O,0, — 0,0, = 210, 
0,0, — 0,0, = doz . (43°32) 
0,0, — 0,0, = Qa, 

By hypothesis the proper values of the spin momentum com- 
ponents are h/4nx and — h/4x and consequently those of each 
component o,, c,, or o, are +1 and —1. Consequently 
0,7 =," =o, = 1. Tf now we take one of the equations 
(43-32), say the first one, and multiply by o, first on the right 
and then on the left and add we get 


FyOz0y — Fy0jFz + G,0yFy — 00,0, = 21(0,0, + 0,6y) 
or Oz0y" — O,*6, = 2(0,0, + 6,0,) 
and since o,? = 1 
0,0, +o,0,=0. . . . « (43°33) 


Dirac describes matrices possessing this property as anti- 
commuting. 
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Pauli has given a set of matrices with the properties expressed 
by (43°32) and (43°33). They are 


_ fo, 1 _ fo, —4 
aaa ek) (ae ee os 
; “rH, 0 . . (43:34) 
an =| 1}. 


These are particular cases of the more general vector in the 
direction (1, m, n) where 1, m, and n are direction cosines: 
n, | —iwm 

61) im, ea! -.. (43341) 

This matrix, it will be noticed, has the Hermitian character 

which the reflexions of § 42-7 might lead us to expect. It may 

easily be verified by actual multiplication that equations (43°32) 

hold for the matrices (43-34) and that the square of each is 

unity, le. is equal to the matrix 


1, 0 
O, 1] 
For example the 1, 1 element of the o? of (43-341) is 
n® + (1 + am)(l — im), 
by the rule for multiplication of matrices, and this is obviously 
equal to 1. Similarly the 1, 2 element is 


n(lL — im) + (1 — im)(— n), 
which is equal to zero. 
It will be noticed, too, that the proper values of (43-341) as 


prescribed by the determinantal equation (43:2) are +1 and 
— 1, since the equation is 


n—c,l—wiwm = 
Etim, —n—c|]” ~” 


and therefore 
— (n®? — c?) — (1 + im)(l — im) = 0, 
or c=]? +m?4+ n2% = ], 


The fact that the square of each individual component of such a 
vector as o, namely o,?, o,? and o,?, is equal to unity, i.e. to 6, 
or the square of the absolute value itself, perhaps needs a word 
or two of elucidation. The matrices of matrix mechanics, or 
Dirac’s ‘ g’ numbers, represent only what is observable, or what 
has some significance for observations. Now the usefulness of 
the spin hypothesis lies in the fact that it ascribes not only an 
angular momentum to the electron, but also lays down that its 
VOL. I111.—17 
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value, i.e. its observable value, in any direction must be h/4x 
multiplied by + lor —1. This is perfectly expressed by such 
a set of matrices as (43-34), the spin momentum being oh/4a = 
sh /2x. 

One other thing deserves a little more elucidation. The /,, 
M,, etc., in (43°3), for example, are apparently the sort of 
momenta which appear in the Hamiltonian expression for the 
energy of a dynamical system and consequently equation (43-021) 
would seem to apply and to suggest that [(M,, M,] =0. The 
explanation of this paradox is that these momenta M,, M, 
and M, are not in fact Hamiltonian momenta. 


§ 43-4. THe Oscrttator IN Matrix MECHANICS 
We start with the defining equation 
ag 
Ms +yq=0, . . . . (43-4) 


where m may be regarded as the mass of a particle in simple 
harmonic motion and yu as the restoring force per unit displace- 
ment. Now, of course, g is a matrix and 


L?O mn 
dt? 


ares 22 
—_ du? mndinn- 


Therefore 


(= Any = anm is L)Gnn = 0 


(the subscript m must not be confused with the mass m), and 
since 


be = 4707,*m, 
where 7, is the classical frequency of oscillation, 


2. 2 2 aoe 
Ar MV Sar Ge Fen re = 0 


and thus 
Yn = +% OY —%m . . . . (43-41) 
Let us next make use of (43°02), namely, 
(Paden a Unk Pk) =1 [summation with respect to k}. 


It should be remembered that in this equation 1 means the 
m, m element of the matrix 1 and that therefore the left-hand 
side of the equation is the ‘ ordinary’ number 1. 
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Now 


dO mi: 
nh 
Pm dt 
or Pink = 2% mMI nk 
Therefore 
472m, 
a h {Yin mk Dhm a ViemImkdkm f = |. . (43-42) 


There are only two values for each v, namely ») and — v9, and 
in the summation with respect to k it is open to us to label the 
y's so that 


Yn,m—-1 = Vo 


Ym, m+1 = — Vo- 
This is consistent with 
Vink = — Yem- 
We get from (43-42) therefore 
475? 


i oh 2Y mk InkLkem = I 


and on summing 

8r?m 
se Ah Yn: m—1 Vm, m—1 Im—1, m Be Vn, m+1 Ym, m+ 1 Vin+ 1; nes = 1, 
and finally 


Se 
h {Ym, m+1m+1,m —~ Im,m—-1Um—-1, m } = 1. 


We have therefore the following sequence of equations: 


An, n+1 Int, n — In-1, n In, n-1 = a 
h 
In—1, n In, n—1 — In—2, n—-1 In—-1, n-2 = Sx*my,’ 
91,292,1 —401%,0 = Sx ™ny, 
_ Ah 
do, 1 91, 0 — ¢-1, 0 Yo, -1 = Same 


On adding up these equations we get 


n+ 1)h 
An, n+1 In+1, n — {-1, 0 70, -1 = at . (43-43) 
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Now we turn to the integrated equation 
cage en 
2m + 99 
where H is the energy of the oscillator. We get obviously 


ay b 
egies a dnt in =H 


Rn? 
and therefore 


om ae = InkMin = Lo ps 


270? mM {V9? — VarVen nk Vien aT Ue 
270? {V9" Sig Vag 3 Ink Lkn =a TP sobs 
On carrying out the summation with respect to k 
Ar *my 4? 
This becomes, if we make use of (43-43) and take g_ 1 , q, —1 to 
be zero, 


Qn+1,n In, n+1 a> Qn, n-1 Un—-1,n = 


(n+ 1)h Mh — Einn 
8702mM V5 82my,  422mr,2 
and finally 
Lian = (n + $)hro. » ee (43-44) 


It is very striking that two methods outwardly so different as 
the wave-mechanical one and the one just given should lead to 
an identical result. 


CHAPTER XIII 
THE QUANTUM THEORY OF THE ELECTRON 


§ 43-5. Tur Wave EQUATION OF THE ELECTRON 


WE have seen in § 35 that the sum of the squares of the com- 
ponents, in a rectangular system of co-ordinates, of the momenta 
of a particle is equal to — m,*c*, where m, is the mass of the 
particle when at rest. In fact, in the special theory of relativity 
the absolute value of the momentum of a particle is m,ic. Thus 
we may write 


Px” te Py” + py? + Pw" =—m,*c?7 . . (43-5) 
where p, = mv, and p, = mic, or if we agree to represent m,c 
by Po. 
Pri + py? + ps? + Pw? + po? =O . . (43°51) 
(cf. § 36-1). 
We pass over into wave-mechanics when we regard each 
p as a differential operator. Thus 


(p27 + py? + ps? + Pw? + Po?)p=0. . (43-52) 
The p,, p,, etc., in this equation symbolize the operators 
_h a 
pa na On 
n= 8 
U Ont By’ 
h oa 
Pz = 9 a » 2.  . (43°53) 
h .@a 
Pw Ont Ow’ 
h a 
Po = a Bo’ 
therefore (43°52) may be written 
CP OV eo OU Og. (Asean) 


Ox® dy? dz? Ow? do? 
249 
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Now 0/dw = o/icot and 


Therefore 


do? he 
and if we confine our attention to those proper solutions which 
contain the time in the factor e~?""’—they are in fact the only 
ones that concern us—we have 
ony 
ot? 
When we combine these two equations we get 


Bay 2, 
— 4n*%y?y. 


ary merc? a2y 
do? hy? Ot? 
Consequently equation (43:531) becomes 


1 o?p | myc? d2y 
Dare ale T= 
vv c? at? a h?y2 at? : 
If we replace h?y? by the square of the energy of the particle, 
namely m?c*, we get 


c? m2 } ot? 
and since 
mo? 1. i vy? 
me v2 = oe 
v* o*p 
2 =a =-0.. . . . (43°54 
a c+ at* (S222) 


This equation describes a propagation with the phase velocity 
e?/v in accordance with de Broglie’s prescription for the relation- 
ship between phase and group (or particle) velocity. 

It is worthy of notice that equation (43-531) can be written 
in the form 1 
Oty 7 z Op 1 ary 
Ox? ae - do® ce? at? iy en?) 
since we may replace w an ict. This means that we may repre- 
sent the wave as travelling through a 4-dimensional continuum 
with the same phase velocity, c, as that with which light travels 
through space. The suggestion therefore arises that we should 


1 Cf. Wilson and Cattermole, Phil. Mag., Ser. 7, Vol. XX VII, p. 84. 
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regard electrons, positrons (which are electrons with their charge 
reversed in sign) and photons as different aspects of one and 
the same thing. We may think of a positron as having the 
momentum + m,c along the axis o, an electron as having the 
momentum — m,c¢ and a photon as having the momentum zero. 
The corresponding components of particle and phase velocities 
will be vp = + moc/m = + c¢/y and u, = + yc for positron or 
electron. 


§ 43-6. Drrac’s THEORY OF THE ELECTRON 


Equation (43-54) and the de Broglie relationship have been 
convincingly verified by experiments on electron waves. Elec- 
trons, however, appear to have properties of which this equation 
gives no hint. There seems to be little doubt that they possess 
angular momentum with which is associated a magnetic moment 
(cf. § 43-3). Dirac has attempted to account for these properties 
of the electron by representing the quadratic operator in (43-52) 
as a product of two factors: 


(OP » ar by Py + Dz + K&pPo + mc) 
X (%:Pr + eyPy + Pz, + %oPo — me)p = 0. (43-6) 
The «’s are matrices with the properties 


Cr Si Se a ged 


(43-601) 


and so on. 

Each of the two factors in this equation is equivalent to zero, 
so that we have two expressions for the Hamiltonian energy 
operator, since H = mc? =c xX mc. These are 


i = — Cla Dx ar by Py SP, De. Hi sete 
HA = ar Clon» oe by Py =F A2Pz Fe XoPo)s 
so that positive and negative energy states are characteristic 
of Dirac’s theory. It is natural to associate these energy states 
with electrons with a negative and with a positive charge, or in 
present-day terminology, with electrons and positrons. The 
latter had not been discovered when Dirac published his theory, 
and he associated the ‘negative’ energy with the proton. 
Dirac derives a magnetic moment for his electron in the 
following way. He replaces the p,, p, and p, of (43:6) by 
PP, +eK,, p, +eK, and p,+eK, respectively and mc? by 


(43-61) 


mce* + eV or mc by me + oe where V is the scalar potential and 
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K,, K, and K, are the components of the vector potential as 
defined by (36" 1). The factors of (43-6) now become 
{%(De + ey) + a,(py + eK,) + a(p, + eK.) + aomec 


tn (me ate —)} x {(P. + eK) + «,(p, + eKy) 


+4,(p, + eK,) + am ec — (me +- —) be = =0. (43°62) 


The multiplication of the two factors yields, in addition to terms 
like «,7(p, + eK,)*, a,?(p, + eK,)?, ete., products which go 
together in pairs, as for example 
Cp y(Do + eK .)(Py - eK ,)p 
+ Gy%e(Py + eKy)(pe + eKy)p 
The sum of these two products, since a,7, = — «,«,, 1S 
Oxy {PxPy + ep, K, i eK Dy a ek, K, 
— P,P, — ep, K, — eK,p, — eK,K,}p. (43°63) 
Now p, and p, are the operators (,/2n1)d/dx and (h/2m1)0/oy 
and they commute in the products p,p, and p,p,. The com- 


ponents K, and K,, also commute in the products e?K,K,, and 
ek K,. Thesum (43-63) therefore reduces to 


eh oa 0 eh oO h oa 
oa 3 aft? + eK, — on ay” oe age? — eK ys nv 
and this is equivalent to 


we Vemi\ Ox oy 


if we drop the symbol y.t For electrostatic units and empty 
space this is 


eh (*Ee ms 


eh 
Mates ig 


to which we must add 
eh 


may 5 
“Onic 


O Lp——— 


and OH. 
It 
We have further the sums of products like 
eV 
t(D. + (me + °=\y — a,(me + Ving + eKay 


1In the foregoing expression the operator’s 0/dx% and d/dy do not 
operate on y, the differentiations dy/dx and dy/dy having already been 
carried out. 
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which can be seen to reduce to 


me = ho 
Ont Ow’ 
or m=— h 0 
i Qnic ot’ 
or finally 
eh 
= E., 
“Onic ~ 
to which we must add 
eh 
YOnic ¥ 
and. — a, de _ 
2701C 


Thus the product (43-62) becomes 
7\ 2 
(Pe + €Ka)* + (Dy + Ky)? + (e+ eK.) ~ (me + =) 


-- ante + Ot OL, os XO £7 y) 


27c 
eh 
=> Sig te Cm +- aye, + a, €,) 
Lmee}y =0.. . . . (43-64) 


The proper values of the product matrices «,«,, etc., are V— 1 
and — V— 1, while those of a,, a,, «,, etc., are + 1 and — 1, 
as we shall see later; so that the terms containing H,, H, and 
H, are real, while those containing €,, €, and €, are imaginary. 
Dirac claims that no physical meaning can be ascribed to these 
latter. 
Now 
me + eV = i + av 
c C c 

where # is the energy of the particle itself. Further, 

iH — MC? + i, 
where HH, is the kinetic energy of the particle and we may assume 
(if we suppose the kinetic energy of the electron to be relatively 
small) that 

mc? > > &#y,. 
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Thus 


eV\? 
(me +- —) = (mc? + H, + eV)2/c? 


= M,*c? + 2m,H, + 2m eV 
and consequently we get from (43-64) 


1 
ky = eV “| By \Pe ae eK.,)? i (py ae eK,,)* = (PD. =F eK ,)?} 


eh : ; , 
rer Vo,0y)H, + (— taya,)Hy + (— t0,%,)H,} 
is SOOT en Bu tne 9 (43-65 
tne oe 7 a a ) 
If we define three matrices o,, o, and o, to have the meanings 
Tp = — 10 yO, 
Oy = — 16y%,, - . .  . (43°66) 
Oz = — 16 Ky, 
we may write the terms containing H in the form 
eh 
eames + o,H, + 0,H,} 
or 
eh 
ae » 6 «6 ss (43°67) 


This term represents part of the energy of the electron, so that 
we must ascribe to it a magnetic moment 


eh 
4m .c 


. (43-671) 


We shall see in the next section that o has the real proper values 
+ 1 and — 1 and we conclude that the electron has a magnetic 
moment of plus or minus a Bohr magneton. This means that 
an observation of the value of the component of the electron’s 
magnetic moment in any direction, if it could be made, would 


: ; eh eh 
yield either + eae — ena 


§ 43-7. Tue MaTRIcEs a 


In describing the matrices «& it is convenient to use the picture 
of a particle moving through a 4-dimensional region made up 
of space plus the extra dimension O (cf. 43°55), or, better still, 
to picture it in a 5-dimensional continuum like that of Kaluza, 
just as we picture a photon in the Galilean space-time of Einstein 
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(cf. 43-531). In doing this we are not necessarily making use 
of Kaluza’s relativity theory, but gaining the advantage of the 
Anschaulichkert of a geometrical representation. Let us think 
of the continuum as possessing a Euclidean character and |, m, 
n,j and k as the direction cosines of the direction of some vector 
in the continuum referred to rectangular axes of co-ordinates 
X, Y,Z, W and O respectively. We may associate the following 
matrix (43°7), and also others, with this direction : 


k, 0, n — 1), Ll — wm 

0, k, L[+im, —n—w4 
n+ij,  l—im, —k, 0 = Keo) 
[T+im, —n+ 4, 0 —k 


If we take in succession the directions of the co-ordinate axes, 
l=1,m=1, n=1, 7 =1 and k =1 respectively, we get 
matrices which have the properties assigned to «,, a, %,, %, and 
a,. Of these «, is a diagonal matrix while «,, is an additional 
one not used in the foregoing presentation of Dirac’s factors, but 
which might have been used with the mc (43-6) instead of + 1 
and — 1. It is obtained, as already indicated, by writing 7 = 1, 
l=m=n=k = 0, in (43:7). Thus 


0, 0, —2, 

0,0, 0, —i 
to=| 0, 00 (43-71) 

0, 1, 0, 0 


It is easy to see by using the rule for multiplying matrices 
that the products «,«,, a,a,, etc., have the proper values + 2 
and —2. In fact 


i, 0,0, O 

0, —i,0, O 

ty =| 0 0, i, 0 

0, 0,0, —i 

0, i,0, 0 

rae i, 0,0, O 

wz = 1 QO 0, 0, t 
i. Ou . (43-72) 
and 

0,1, 0,0 

| —1,0, 0, 0 

ey = 0,0, 0,1 

0,0, —1,0 


J 
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The matrices o,, o, and o, (43°66) are therefore expressed by 


0, l, 0, 0 0, — 2, 0, 0 
_ | 1, 0, 0, 0 _| 4, 0,0, 0 
S% =—10,0,0,1)° % ~10, 0,0, —7/ 
0, 0, 1, 0 0, O, 4 O 
l 0,0, 0 
0.254,-0;. 6 
CO, a 0, 0, 1, 0 . (43 73) 
0, 0,0, —1 


These matrices represent in fact a slight generalization of the 
spin matrices of (43:34). They only differ by a sort of doubling 
which does not affect their proper values or their multiplicative 
properties. 


§ 43-8. Tur Spin MoMENTUM 


The angular momentum expressed by the vector product 
r X p (which we formerly wrote [r, p]) is constant under the 
central forces of the classical theory and this constancy neces- 
sarily passes over into matrix mechanics, provided we use a 
Hamiltonian operator of the classical form, i.e. a function of the 
radial distance from the centre of force and of the squares of the 
momentum components. When, however, we adopt the Hamil- 
tonian operators of (43°61), as we must if we accept Dirac’s 
theory, which are linear in the momentum components, the 
angular momentum r x p is no longer constant. Instead of this 
we find that 


M + oh/4x = constant. . . « (43-8) 
This can be shown in the following way: First of all 
dM, 
dM, 
or dt = [C(a-Dx a Py i Ae Pz a AKI oC + f(r), M,| 


where f(r) is the potential energy function of the central force. 
So that dM,/dt is represented by a sum of Poisson bracket ex- 
pressions. Only two of them do not vanish, i.e. there are only 
two whose factors do not commute. Thus 


dM, 
dt ari Cla, Py» M,| ar C[&,D-, M,,). 
Therefore, by (43°301), 
dM, 


Fi = (4, Dz, — % Py) » + + + (43°81) 
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Let us next consider the rate of increase of «,a,. We are 
using the phrase ‘rate of increase’ in the Pickwickian sense of 
matrix mechanics. We have 


A(X yc.) 
dt 
H being the Hamiltonian operator used to obtain (43°81). This 


reduces, when we exclude the parts of H which commute with 
A jk,, tO 


= [H, «,a,], 


A( ce 0, 


a ae CLO Pys %,%,] + Cla, p,, a, ]. 


Therefore 


A( o,, 0 ) 2701C 
Hh =v: Ge yD yy ~ yey Dy) 


2771 
aS Gee Pehy te a Oj Oz Oy Dz). 


Now Dirac supposes the «’s to commute with the p’s and it will 


be remembered that a,«, = — a,a,, etc. Therefore 
A(a,«,) 2c, , 271c, , 
a a a — (ay "Py % at a 20D) - G(s" Paty = hy 06 Dz) 
da,  d(— 10,«,) 
Hence f= tH 
dt dt =” 
470c 


= “7 (eePu = Dz), 


and therefore 


d 
(ork /40t) = OlttePy — HyPz). . . . (43°82) 


On adding together (43°81) and (43°82) we get finally 
d oh 
SM ae ey eg), 
a oT =] 


in agreement with (43:8). 
It is not therefore the angular momentum M which is con- 
served, but the sum 


M + oh/4a, 


and since M represents an orbital angular momentum we are 
forced to associate oh/4x with an angular momentum of the 
electron itself. This is the spin momentum. 
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§ 43-9. OBSERVATIONS ON Drrac’s THEORY 


We have tacitly assumed that the p,, p,, etc., of (43-6), for 
example, have the same meanings as the respective p,, p,, etc., 
in (43-62). In fact, we have assumed that in all these equations 
Prr Py, ete., are the representatives of mv,, mv,, etc., respectively. 
Now it is an essential feature of the theory that in an electro- 
magnetic field the rdles of the momenta are taken over by the 
extended momenta, J/,(= p, + eK,), I,, etc., and it is these, 
and not the p,, p,, etc., which are conjugate to the respective 
positional co-ordinates x, y, . . . and which should be repre- 
sented by the operators (h/2m1)0/dx, (h/2m1)0/dy, . . . Tespec- 
tively. Dirac’s own description of his theory is not very clear 
on this point. 

The expression 


(Do° + Py” + Bz” + Pw* + Po°)Y, 
which vanishes according to the special theory of relativity, is 
in fact equivalent to 


{1 _ eK.,)* sie (I, com eK)? = (ZT, —_ eK,)* 


+ mc? — aa ee 
0 C C ) 


so that with this interpretation of Dirac’s theory the factors of 
(43°62) only need to be modified by changing the sign of e. 
The ambiguity may be described as resting on the uncertainty 
as to whether emeans — 4:78 « 10-!% or + 4:78 x 10-19 O.E.S. 
units for the electron, and whatever choice we make the result 
will represent either an electron with negative charge or one with 
positive charge (positron). There is of course an associated 
ambiguity in the meaning of H, of (43-65) which is either the 
kinetic energy of the particle or the Hamiltonian energy function. 

Turning back to 43-61 the energy, H, of the particle, which 
of course is equal to mc”, can be positive or negative. Dirac 
associates the former with the electron and the latter with the 
positron. 

In order to meet the difficulty due to the fact that the 
measured value of mc?is necessarily positive even for a positron, 
he makes an appeal to Pauli’s exclusion principle, according to 
which only one electron (or positron) can be in a given state and 
supposes that nearly all the negative energy states are occupied, 
each one by an electron. An unoccupied negative energy state 
will appear as something with positive energy, and this he identi- 
fies with a positron.! The set of occupied states are the electrons, 


1 Originally he identified it with a proton, positrons not having been 
discovered at that time. 
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the comparatively few unoccupied states are the positrons. 
This picture gives a plausible reason for the comparative per- 
manence of an electron and the short term of existence of a 
positron. 

Cattermole and Wilson have recently outlined a theory which 
rests on Kaluza’s relativity theory, in so far at any rate as it 
makes use of a 5-dimensional continuum and identifies the 
charge on the elementary particle—apart from a constant of 
suitable dimensions—with the momentum m,c along the axis, 
O, (cf. § 43:5). Instead of factorizing the quadratic operator 
(43-52), as does Dirac, they represent the electron (positron and 
photon) by differential equations which may be described as 
Maxwell’s equations (of the electromagnetic field) generalized to 
take a 5-dimensional form in the spirit of Kaluza’s relativity 
theory. We cannot describe this here; but must refer the 
reader to the bibliographical list at the end of this volume. This 
electron theory has the advantage that it starts out from premisses 
which are less ad hoc and arbitrary than are those of Dirac’s 
theory and it yields no electric moment, not even an imaginary 
one. 
H. T. Flint arrives at Dirac’s results by starting out with a 
new kind of geometry in which lengths and vectors are repre- 
sented from the outset by matrices. His work is based on 
Kaluza’s 5-dimensional relativity and he assumes the path of an 
electron, like that of a photon, to be a null geodesic in this 
continuum. An interesting feature of his work is the use he 
makes of Weyl’s ‘ gauge’ hypothesis. In fact, Dirac’s equation 
may be described as a ‘ gauging ’ equation. 


CHAPTER XIV 
MISCELLANEOUS SUBJECTS 


§44. Tur Maavetic Quantum NUMBER 


THE mutual energy of an electron orbit and a magnetic field, 
according to the classical theory, is (cf. 41°25) 


JyH/4nme  . . . . . (44) 


in which J, is the azimuthal phase integral on which the old 
quantum conditions (§ 40°8) impose the condition 


J eal N,h. 
Thus the mutual energy of a magnetic field and an electron 
orbit is, according to the older quantum theory, 


ng(eh/4am,c)H . . «ww (44°01) 
and the orbit has therefore a magnetic moment 
neh /4nM QC. 
It is thus an integral multiple of eh/42m,c which is known as the 


Bohr magneton. Sommerfeld calls n, the magnetic quantum 
number. 


§ 44-1. Tue Inner Quantum NumBer—Lanph’s Factor 


Another quantum number, introduced by Sommerfeld, is the 
inner quantum number. Its purpose is to distinguish the 
members in the multiple structure of 8S, P, D, etc., terms. Thus, 
for example, in the alkali metals each P term is double (§ 40:5). 
It consists in fact of two terms differing little in value. The 
inner quantum numbers which distinguish them are 4 and 3, as 
will be explained later. Thus we may symbolize them by P,; 
and P,. The quantum number 7, which in the case just men- 
tioned has the values 1/2 and 3/2, was at first believed to represent 
the total angular momentum of the atom. It is now known to 
be a measure of the total angular momentum of the electron 
orbit, or orbits, in question, i.e. orbital + spin momentum, as 
illustrated in Fig. 44-1. The associated magnetic moment is not, 
however, in the direction of 7 on account of the fact that the 
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ratio of the electron’s magnetic moment to its spin momentum 
is double that of the orbital magnetic moment 
to the associated orbital angular momentum. 
To obtain the component of the total mag- 
netic moment in the direction of 7 we must 
count the contribution from the electron spin 
twice over. That is to say, the component 
of the magnetic moment in the direction of 7 
is not jeh/4am,c but (j + s cos e)(eh/4am,c). : 
It will be seen from Fig. 44-1 that Fia. 44:1 
. ; y 2 -. g2 — [2 
y) +8008 6 = j(1 +] 
and the wave mechanical investigations of §§ 42°3 and 42:5 
naturally suggest the replacement of j?, s? and /? by 9(7 + 1), 
s(s +1) and J(1 + 1) respectively. We shall therefore write 


(9 — Lil 
y) + $COS€ =i(2 ty) (44-1) 


or briefly 
g+scose =79. 

The factor g is known as Landé’s splitting factor (German : 
Aufspaltungsfaktor). In this connexion it should be noted that 
the integer / is identified with 4 — 1, where & is Bohr’s angular 
momentum quantum number (cf. § 42:5). 

The proper values of the component of 7 in any direction— 
and we are more especially interested in the direction of an applied 
magnetic field, H—must be equal to 7 itself or differ from it by 
an integer and therefore we have for the component of the 
magnetic moment of an electron—orbital + spin— 


9.9.B, (9 —1).9.B,...—(j —1).g.B, —j.g.B . (4411) 
in which B represents the Bohr magneton, eh/4xm,c. 


§ 44-2. Pauui’s PRINCIPLE AND ATOMIC STRUCTURE 


The letters 7, / and s are also used to distinguish or specify 
spectral terms and the details of their multiple structure ; but 
in this section they have reference to individual orbits only. 
The character of an orbit is completely specified when the values 
of n (the total quantum number), of / (or &) (the angular 
momentum quantum number), of s (which are confined to 
+ 1/2 or — 1/2) and of the component of / in the direction of s. 
There are thus four numbers required to specify an electron orbit. 

The electronic structure of atoms and, associated with it, 
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the peculiarities of their spectra are based in an important way 
on an empirical principle discovered by Pauli according to which 
no two electrons in an atom can be associated with identical 
values of these four numerical quantities. 

As we have already learned, Bohr adopted Rutherford’s view 
that a neutral atom consists of a massive (but small) nucleus 
with planetary electrons moving round it. The nucleus carries 
a positive charge which is an integral multiple of the elementary 
charge, the integer—now called the atomic number—being 
identical with the number of electrons. Let us first consider 
those electron orbits of an atom for which n=1. Now 
M=n, +k =n, +1-+1 and / cannot be less than zero, so that 
in this case 7, and J must be zero. Hence the component of | 
in the direction of s must also be zero. There can be, therefore, 
only two orbits for which n = 1, those for which s = + 1/2 and 
— 1/2. In the hydrogen atom there is one such orbit and two 
of them in the helium atom. When we pass to orbits for which 
n = 2, one of the possibilities for J is 1 = 0 and clearly we shall 
have two such orbits. But when n = 2 another possibility for 
Lis! =1. In this case the component of / in the s direction may 
have the values + 1, 0 and — 1 and each of these possibilities 
may be associated with either of the values + 1/2 or — 1/2 for s. 
There are therefore 6 orbits of this kind. Altogether, then, 
there are 8 orbits for which n = 2, and by Pauli’s principle no 
atom may have more than 8 electron orbits for which n = 2. 

When we proceed to orbits for which n = 3 the foregoing 
cases for which 1 = 0 and / = 1| are repeated and we have 8 such 
orbits; but there is now the possibility | = 2 and consequently 


its components in the s direction are + 2, +1, 0, —1, — 2. 
Each of these 5 possibilities can be associated with s = + 1/2 
or s = —1/2. There are therefore 10 of these orbits and in all 


18 orbits for which n = 3. Bohr uses the symbol », to mark 
an orbit which has the total quantum number » and the angular 
momentum quantum number k (=/-+ 1). Thus there are in 
an atom at most 


2 orbits of the 1, type, 


2 re) 99 99 24 39 ,) 

6 99 99 99 20 99 5) 
‘ 

2 9 9 99 3y 9 5) 
é 

6 99 33 99 do 9 5) 
€ 

10 99 9? 99 33 99 


We can proceed in this way indefinitely and include all the 
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elements that are actually known. Helium has the complete set, 
namely 2, of orbits for which n= 1. The next element is 
lithium which has, in addition to the two 1, orbits of helium, 
a single outer orbit which, in the unexcited state of the atom, 
is a 2, orbit. It is an orbit in the S state (since k = 1). Pro- 
ceeding further we meet in succession beryllium, boron, carbon, 
nitrogen, oxygen, fluorine, which has for example two 1, orbits, 
two 2, orbits and five 2, orbits, neon which has the complete 
sets of orbits for which m = 1 and n= 2. After neon comes 
sodium with an outer electron like that of lithium, only this is 
in a 3, orbit at any rate in its unexcited state. The outermost 
electron system (in the case of fluorine, for example, the seven 
orbits for which » = 2 or in the case of sodium the single orbit 
for which n = 8) determines the chemical properties of the 
element and also the character of its optical spectra (not its 
X-ray spectra which are associated with the inner completed 
systems of electron orbits). All elements, such as helium and 
neon, which have only completed systems of orbits, are chemically 
very inert. This indicates that completed sets of orbits have 
great stability and we can understand the great chemical activity 
of an element like fluorine which needs a single extra electron 
orbit for completion and its affinity for an element like sodium 
which has such a single electron orbit in its uncompleted electron 
orbit system. It should be noted that the resultant of the 
magnetic moments of completed electron systems is zero and 
that the para- and ferromagnetic properties of elements are due 
to uncompleted systems of electron orbits. 

The general plan, outlined above, of the electronic structure 
of atoms is almost that originally suggested by Bohr before 
the discovery of Pauli’s principle. 


§ 44:3, Tur MULTIPLE STRUCTURE OF SPECTRAL TERMS 


The letters j, ! and s are sometimes used in a wider sense than 
that of specifying electron orbits. The letter / distinguishes the 
different classes of terms. For example, S terms are associated 
with 1 = 0, P terms with] = 1, and soon. Different values of 7 
distinguish the members in the multiple structure of the term. 
In the case of an element like sodium, the optical spectrum of 
which is associated with a single electron, the j, | and s, which 
are used in describing its spectral terms and their multiple struc- 
ture, are identical with the 7, 2 and s which describe the orbit. 
In the unexcited state of the atom n = 3 and! = 0. Its energy 
is that of an S term and 7 =/1+s =0+41/2 or 0 —1/2. So 
far as the energy is concerned we cannot distinguish between 
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4 = 1/2 andj = — 1/2. It is therefore convenient to represent 
this term by 38,2, the number 3 indicating the value of Bohr’s 
total quantum number n. 

It may be remarked in passing that all S terms are single. 
The corresponding terms of lithium and potassium would natur- 
ally be described by 25),. and 458 ,;2 respectively. When the 
sodium atom is excited the total quantum number of the outer 
electron orbit might become 4, for example, and in such a case 
1 would be 0, 1, 2 or 3. When / = 1 the energy value is that of 
a P term. There are clearly two members of the P term, since 
4 =1-+ 8 and may therefore be 1 + 4 or 1 — 3. That is to say, 
j = 3/2 or 1/2. The D term is associated with | = 2 and its 
two members are associated with 7 = 24 and j = li. 

When we turn to atoms like that of magnesium, for example, 
which have two outer electrons, the / which distinguishes the 
term is the vector sum of the l’s of the two electron orbits. The 
same remark applies to s in the equation j = J + s which deter- 
mines the biggest value of 7. The term multiplicity is 2s + 1. 
In the case of the alkali metals, as we have seen, s = 1/2 and 
the multiplicity is 2. In the case of magnesium, calcium, etc., 
which have two outer electron orbits s = 1/2 + 1/2 =1 or 
s = 1/2 —1/2 = 0. When s = 1 the number j can have three 
values, since it varies by integers between / +1 and / — 1. 
It can in fact have the values 7+ 1, J,/—1. In this case the 
terms are triple. But with such elements s may be zero. In 
this case the terms are single. All elements therefore with two 
outer electron orbits have triplet and also singlet systems of 
terms in accordance with the equation 

multiplicity = 2s + 1 
and the possibilities 
1, 
0. 


¢=1/241/2 
gs = 1/2 —1/2 


§ 44-4. X-Ray SPECTRA 


In the first decade of this century Barkla discovered what he 
termed characteristic or fluorescent X-radiation. Some ele- 
ments (silver, for example) he found to emit more than one sort 
of characteristic radiation when exposed to a sufficiently pene- 
trating primary radiation. He distinguished these different 
types of characteristic radiation by their absorbability in alu- 
minium and labelled them K radiation (the most penetrating), 
£L radiation, M radiation, and so on. Subsequent investigations 
with X-ray spectrographs have revealed each of these to consist 
of a series of lines like an optical spectral series. The origin of 


§ 44-4] MISCELLANEOUS SUBJECTS 265 


the K emission spectrum is now believed to be due to the ejection 
from the atom of one of the electrons (called K electrons) for 
which n = 1. The line K, is due to an JL electron (n = 2) 
taking the vacant place. Similarly the K, line is due to an M 
electron (n = 3) taking the vacant place, and so on. The LD 
radiation is similarly due to the ejection from the atom of an 
L electron (n = 2) and the consequent filling up of the vacancy 
by an M, N, O, etc., electron. The spectral terms whose differ- 
ences give the frequencies of the radiation corresponding to the 
observed spectral line exhibit a multiplicity which can be 


n aw) 
2 |S 
eee ee 
M |3;4+— ra nats 
a ANIA [7 
ee alte 
ee ee 
TO We ee 
I/ 
K u TTP 0 | 
Ky Ka 
Fic, 44:4 


accounted for in the same way as can that of optical spectral 
terms. ‘he « term is single or in other words there is only one 
K energy level. There are 3 D levels, 5 M levels, and so on. 
The multiplicities are in fact represented by successive odd 
numbers. ‘These energy levels are distinguished by the quantum 
numbers n, / and 7 in the way illustrated in Fig. 44-4, 

The figure shows all the possible transitions (so far as K, L 
and M levels are involved) in the production of K and L lines, 
the selection rules being based, as our wave-mechanical studies 
would lead us to anticipate, on 


Al +1lor —1, 
Ay + 1or0or —1. 
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§ 44-5. Tur ANOMALOUS ZEEMAN PHENOMENON 


In a sufficiently weak magnetic field the angles between 9, s 
and J (Fig. 44-1) are not different from their values in the absence 
of the field and the angle between 7 and the field remains con- 
stant. The only effect of the field is to make) execute a ‘ Larmor ’ 
precession about the axis of the field. The spectral terms whose 
difference, in the absence of the magnetic field H, gives the 
frequency of a spectral line such as one of the D lines of sodium, 
will be modified by an amount equal to the mutual energy of 
the electron orbit and the magnetic field divided by Planck’s 
constant, A (cf. 40-6). It follows from (44:11) that the possible 
values of this mutual energy are 


j.9. BH, (j — ljgBH, . 
—(j7—1)gBH and —). ¢. B.H 
where B is ha: Bohr magneton. 

Each spectral term is therefore modified by the field by the 
amounts 

. g.B.H/h, (j — 1)g.B.H/h, . 
—(j —1).g.B.H/h, —j.g g.B.H/h, 
and if we represent the magnetic quantum numbers j, j — 1, 
—(j—1), —Jj by the. general symbol n, the frequency 
differences emerging from the modified spectral terms are 
expressed by 
Ay = A(ng).B.H/h 
or Av = A(n,g)eH /4nm,c. 

We shall illustrate the ae effect which these formulae 
express, and which is termed the anomalous Zeeman effect 
since it differs from normal type explained by H. A. Lorentz 
(cf. §§ 26-7 and 41:2), by reference to the D lines of sodium. 
The line D, is represented by 

3817/2 — 4P 372, 
where 3 is the total quantum number, n, of the end state and 4 
that of the initial state. The value of j for the initial term is 
3/2 and for the final term 1/2. Hence g = 4/3 for the P term 


and g = 2 for the end term. The magnetic quantum numbers 
of the P term are 
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The permitted values of Mn, are + 1, — land 0. The changes 
+1 and — 1 give for Av the following possibilities 


a = BH yf 8 8 - a} 


h 3” 3° 
or 
eH 5 5 
- fee. 4 aI 
o aa a ae \ aon 


The lines represented by these values of 4» show circular polari- 
zation when viewed along the line of the magnetic field. When 


An, — 0 we find 
B.H l 1 
a ‘or om 3} 


eH J 1 
Ay = one . -}- i} » 2. (4452) 
and these lines are polarized in the sense that the electric vector 
is parallel to the field. 

For D, we get 


or 


H {4 4 
Ay =———4-, —=),, 1. , (44-53 
” mach sf a 
with circular polarization and 
eH 2 2 
= — = — a “54. 
ae on 3 i} Sa 


for which the polarization corresponds to the electric vector 
being parallel to the direction of the magnetic field. 

When the intensity of the magnetic field is increased the 
observed Zeeman pattern passes over gradually into the normal 
one. This is known as the Paschen-Back effect. 

It may be noted that in the case of singlet terms, for which 
s = 0, the Lande factor, g, is equal to unity. Consequently 
lines which are due to transitions between pairs of singlet terms 
exhibit the normal Zeeman effect. 


§ 44:6. THe GYROMAGNETIC ANOMALY 


Any charged body in rotation possesses a magnetic moment 
and an associated angular momentum. A very simple calcula- 
tion shows that M/J—-M is the magnetic moment and J the 
angular momentum—is equal to e/2m,c where e is the charge on 
the body and m, is its (rest) mass, Consider an element of the 
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body in the form of an anchor ring—and let us suppose for the 
sake of simplicity that the electric density p and the mass density 
p are uniform throughout the body—rotating about its axis with 
the velocity v (angular velocity v/r). If « be the cross-sectional 
area of the ring we shall have a convection current equal to pav and 
consequently a magnetic moment equal to pxvzr?/c in the units 
we have called mixed units. The associated angular momentum 
is p «2zr*yv and the ratio of the two is p/2p’c which is equal to 


charge/(2 x mass X Cc). 


From the point of view of the classical theory therefore we should 
expect that the ratio M/J of the magnetic moment of an electron 
orbit to its angular momentum would be e/2m ec. 

When an iron cylinder, free to rotate about its axis, is mag- 
netized by a field parallel to its axis, the electron orbits must 
turn so that their magnetic moments are in the direction of the 
magnetic field, or at any rate have components in this direction. 
This will produce in the body of the iron an angular momentum, 
and since the field does not exert a couple about the axis of the 
iron cylinder the principle of conservation of angular momentum 
requires that the cylinder as a whole will acquire an equal and 
opposite momentum. We should expect the ratio of the mag- 
netic moment of the cylinder to the angular momentum it acquires 
to have the value given above—according to classical principles 
at any rate. The effect was predicted by O. W. Richardson and 
is known as the gyromaégnetic effect. The measurements of 
Chattock, Bates and others have proved the existence of the 
effect ; but its value turns out to be twice the value originally 
expected, i.e. it appears to be equal to e/m,c. This discrepancy 
is known as the gyromagnetic anomaly. 

We can explain it by supposing the electrons in the iron atom 
which contribute to its magnetic moment are in S states so that 
their magnetic moments are those associated with their spin. 
Since each such electron has the magnetic moment eh/4a1m,c 
and a spin momentum //4x the ratio of the two is in fact equal 
to e/m,c. So once again the hypothesis of Uhlenbeck and 
Goudsmit appears to be verified. 
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